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Errata and Comments 


The book-edited manuscript for this thesis/book could not be found but I found an old 

copy of the original thesis and scanned it to make an electronic book. The scanned version could 
not be accurately processed by optical character recognition, so I did OCR on the manuscript and 
appended it to the digital copy of the book. This allows for searching the text. 


Statistical treatment of the topic was held to a minimum to preserve the readability for 
enginneers with only a minimum of statistical background. I did not see a practical reason to 
increase the complication of the concepts using advanced statistics (engineers say it is like “using 
a sledge hammer to crack a peanut.” 


The reader will find some notational errors of omission. Also, I did not strictly adhear to 
the notation standards of any standards group like the IRE, but these are minimal, for example: 


db instead of dB 
and 
dbm instead of dBm 


Other issues; 


1. My hand writing of capitol Gamma did not always look exactly like the typeset character. 
The over-bar (averaging) is sometimes missing, but the reader can tell it is needed 
because of the context of use. 

J: The use of Noise factor vs Noise Figure was a small issue. North used Noise Factor but 
Friss used Noise Figure, the logarithm of Noise Factor. Most equipment manufacturers 
use Noise Figure. 


Some of the equations and figures were re-used in other sections to avoid over use of 
referral statements and to make the reading friendlier. 


I apologized for not having an index. That disappeared with the book manuscript. 
However, my inclusion of an OCR version of the text will may the searching easy. 
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publisher of professional scientific and engineering books. In response, they asked me to submit 
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whom I had included in my bibliography. They were: John D. Krous, William W. Mumford, 
Aldert van der Ziel, and two others I can’t remember. 


Four of the reviewers gave very positive reviews. The fifth, Mumford, gave a positive review but 
said I did not adhere to the terminology standards of my professional organization, IEEE. That 
was a lie, because I had diligently stuck to those standards. He then suggest to the publisher 
(Artech House), that he be a co-author with me, although he had not written a word of the book. 
The editor from Artech called me and told me they would agreed to publish my book, if 
Mumford was a co-author. They thought it would improve sales since he was well know and I 
was not. I was very insulted by this and refused, so Artech withdrew their offer to publish. 


Next, I approached Iowa State University (ISU) Press, and upon seeing the manuscript and the 
great reviews, they agreed to publish the book. They sent it through their editorial process for a 
few weeks and sent it back to me for review and revision. I had the marked up manuscript in my 
hands. As I was reviewing it, I had a bad accident and broke both bones in my right leg and broke 
the sliding ankle joint. I was bed ridden for three weeks and then got around on crutches. I was 
unable to complete the review and revision of the manuscript. Finally, I was able to get around 
enough to visit the editor at ISU Press, to let him know my situation. He was extremely angry 
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PREFACE 


The subject of noise theory for electronic circuits and systems is 
one of those specialized areas which normally cannot receive adequate 
coverage at the undergraduate level. This is not because the subject 
level is too advanced but is the natural consequence of the time limita- 
tions of such a program. These circumstances make it necessary for the 
engineer who eventually works in this area to learn the subject on a 
"do-it-yourself" basis. This approach is time consuming under the best 
of conditions and frustratingly difficult under the worst. This author 
has experienced the good fortune of having both the time and the neces- 
sary help to accomplish such a task. This work is an attempt at sharing 
this experience and learning. 

As with any text which is basically tutorial, most of the concepts 
are not original. There are a variety of books and papers that deal with 
the various aspects of receiver noise theory. Unfortunately, when try- 
ing to study these references, the variety of technical levels and 
notation are difficult to overcome. In addition, the information is 
scattered throughout many technical publications and study can only 
be accomplished by access to a large library. 

The technical level is suitable for self-study by the new graduate 
or practicing engineer who finds he must work in this area. The prac- 
tical aspects of the subject are emphasized and many examples, deriva- 
tions, tables and graphs are presented. Terminology and definitions 
are clarified and emphasized so the user may read as much available 


literature as necessary. It is this author's firm belief that every 
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article on a subject contributes toward better understanding and it is 
because of this that a large bibliography is included. An equivalent 
eiecuxt interpretation is used on most of the problems because it was 
felt that this would give the best practical insight. It is assumed 
that the user is fluent in circuit theory, especially two-port theory, 
and the needed aspects of communication theory. Several other aspects 
of noise theory such as information theory and propagation have not 
been included either because of time limitations or because they are 
adequately treated elsewhere. 

For any work of a review nature, the author is greatly indebted to 
the authors of works already published. To the fullest possible extent, 
these authors are gratefully acknowledged by the many references. In 
particular, this author obtained much help from the papers and books 
published by Bechmann, Bennett, Bracewell, Brown and Nilsson, Davenport 
and Root, Friis, Haus and Adler, Kraus, Middleton, North, Pappenfus 
and Bruene and Schoenike, Pastori, Rothe and Dalke, van der Ziel and 
the many IRE (or IEEE) Standards pertaining to noise. 

The author's committee chairman, John Basart, has helped immensely 
with guidance and suggestions concerning technical content and has 
cheerfully endured the time consuming task of proofreading. He intro- 
duced the author to concepts in Radio Astronomy which were used to 
solve many noise problems. This work could not have been completed 
without his continuous encouragement and firm belief in the stated 
goals. 

Sincere thanks are given to the Engineering Division of Collins 


Radio Company and, in particular, Dave Hallock for the initial 


ix 


motivation and encouragement in this area. Dave's practical approach 
and insights into noise measurement problems have greatly influenced 
the approach taken, 

The author's very special thanks go to his wife, Kathy, whose 
constant encouragement, patience, and understanding made this writing 
task much easier and to his daughters, Carla and Tracy, who spent 
many evenings without their father. 

The author is indebted to Janice Hufferd for her helpful sugges- 
tions concerning text organization and for typing the manuscript. 

Although every effort has been made to eliminate errors in the 
text, tables and figures, some will inevitably occur. The author 
strongly encourages anyone finding errors to write him so corrections 
can be made. Also, any suggestions on how to improve the text, 
tables or figures by any additions, deletions or modifications, will 


be greatly appreciated. 


Ames, Lowa Steve F. Russell 


May, 1973 


I. INTRODUCTION 


The history of noise theory for electronic circuits and receiving 
systems should properly begin in 1827 with the discovery of what is now 
called Brownian Motion. The discovery of random thermal motion by 
Robert Brown eventually led to the kinetic theory of matter and to 
Boltzmann statistics. This idea of thermal motion of elementary particles 
was eventually applied to the motion of free electrons in a conductor 
(Free Electron Gas Theory). In 1928, J. B. Johnson published a paper 
on the experimental investigation of thermal noise currents in a conduc- 
tor. In the same publication, a companion paper by H. Nyquist discussed 
the results given by Johnson on a theoretical basis. Using arguments 
from thermodynamics and statistical mechanics, Nyquist derived expres- 
sions for the mean-square noise currents and voltages in a conductor. 
This formulation, which became known as the Nyquist theorem, is used as 
a basis for deriving many noise equations. Shot noise caused by the 
flow of electrons under the influence of an electric field was already 
known at the time and the addition of what we now call thermal or 
Johnson noise completed the explanation of the physical sources of 
circuit noise. Much of this text will deal with the phemonena which 
Johnson referred to as, "that disturbance which is called 'tube noise' 
in vacuum tube amplifiers". 

Many papers concerned with the theoretical and measured properties 
of noise came after those by Johnson and Nyquist. By 1930, shot noise 
and thermal noise had been lumped together into a phenomenon called 


fluctuation noise. Papers by Llewellyn (1930, 1931) and Ballantine (1930) 


discussed noise in receiver circuits and a paper by Case (1931) discussed 
receiver design to minimize'fluctuation noise’. Landon (1936 and 1941) 
presented the fundamental ideas on how to describe the statistics of 
noise. It was during this time that radio static experiments by Karl 
Jansky (1932) led to the digcovery of "a steady hiss type static of un- 
known origin". What Jansky had discovered was radio noise emission from 
the galactic plane. This discovery marked the birth of radio astronomy. 
As late as 1941 there was still no commonly used technique for 
specifying the noise characteristics of a radio receiver. Receiver 
sensitivity specifications depended upon a variety of variables including 
antenna resistance, bandwidth, modulation and detection characteristic, 
and measurement method. Two-port noise theory was still in the distant 
future and there was a pressing need to have a single figure of merit 
for specifying the absolute sensitivity of a receiving system. The 
problem of receiver sensitivity comparison was solved in 1942 when D. 0. 
North proposed a figure of merit he called "Noise Factor". The noise 
factor of a receiver depended upon only the antenna resistance; thus, 
if two receivers were compared with the same antenna, the one with the 
lower noise factor would have the better sensitivity. H. T. Friis 
(1944) used North's idea and expanded on it by rigorously defining 
"noise factor" in terms of signal-to-noise ratios and applying it to 
two-port networks in general. Friis defined available signal power, 
available noise power and effective noise bandwidth. He also suggested 
that a standard noise temperature of 290 °K be adopted. It was also in 
this paper that Friis derived the equation for the total noise factor 


of networks in cascade. It is unfortunate, however, that Friis used 


the term noise figure instead of noise factor for the same entity 
described by North. These two competing terms are still used inter- 
changeably in the literature. In an attempt to distinguish between noise 
factor given as a number and noise factor given in db we will use the 
following notational convention. When referring to numerical noise 
factor as defined by North, the symbol, F, will be used. The term 

noise figure will be used to denote the noise factor in db and the 
symbol, NF, will be used. This distinction is especially helpful to 
newcomers to the field because it helps distinguish the numeric and 
decibel designations for noise factor. Noise figure should always be 
clearly labeled in db. The numerical values of F and NF are sometimes nearly 
equal as can be seen from Figure 11A-1 in Chapter XI. 

The concept of noise factor (or noise figure) as a means of 
specifying the absolute sensitivity of a two-port network has increased 
in popularity until today virtually all specifications and manufacturers 
literature employ this concept. Around 1950, the idea of an equivalent 
noise temperature was being used for antennas and diode mixers. The 
idea of an equivalent or effective noise temperature for specifying 
absolute sensitivity has had particular appeal to those working i the 
fields of communication theory and radio astronomy. The effective 
noise temperature specifies exactly the same information as noise factor 


and, in fact, they are related by the definition 
A 
T. = (F - 1) qs 


where To = 290 °K is the defined standard temperature of receiver noise 


theory. 


Now that absolute sensitivities were specified, interest turned to 
the investigation of the effect of detector characteristics on signal- 
to-noise ratio. Papers by Fubini and Johnson: (1948), Middleton (1948) 
and DeLano (1949) presented theories on the effect of linear detectors 
on signal-to-noise ratios. The first book devoted entirely to the problem 
of receiver noise and the detection of low-level signals in noise was 
written by Lawson and Uhlenbeck in 1950. This work was a summary of 
noise theory in receiver circuits and detection theory for weak radar 
signals. The next complete treatment of noise in electronic circuits 
was written by van der Ziel in 1954. This work covered the entire scope 
of circuit noise including thermal noise, device noise, statistical 
methods and the Fourier Analysis method of characterizing fluctuating 
quantities. 

It was during the period following 1954 that solid-state devices 
began to show serious promise for future electronic applications and 
interest in two-port noise theory soared. Many papers were written 
in the latter fifties on noise theory for junction diodes and transistors. 
The most prominent author in this area was A. van der Ziel who, with dif- 
ferent colleagues, published papers on shot noise in junction diodes and 
transistors (1955, 1957 and 1958), noise theory for junction diodes and 
transistors (van der Ziel and Becking, 1958) and others (Hanson and van 
der Ziel, 1957). Uhlir contributed papers on shot noise in junction 
diodes (1956) and shot noise in junction-diode mixers (1958). This inter- 
est in solid-state noise would continue through the sixties. 

The Theory of Noisy Fourpoles written by H. Rothe and W. Dahlke 


(1956) is the classic reference on noise theory for two-port networks. 


Their paper showed how to derive the four noise parameters of a two-port 
network. They also showed, in a rigorous way, how noise factor was 
related to the noise parameters of a two-port and how the effects of 
noise matching and noise tuning were explained by the model. This 
spurred an interest in noise factor theory and several authors started 
investigating rigorous circuit theory definitions and optimization. Most 
notable of these were papers by Haus and Adler (1957, 1958a, 1958b, 1959) 
Adler and Adler and Haus (1958). 

The statistical theories of noise were not being ignored during the 
fifties. In 1954 a collection of papers were published (Wax, 1954) 
which dealt with noise theory and stochastic processes. The concepts 
of using statistics, Fourier transforms, and autocorrelation functions 
to solve noise problems were becoming popular. The classic textbook, 
which treated the topics of probability and random variables, power 
spectral density, transform methods, noise processes and statistical 
detection, was Random Signals and Noise by Davenport and Root (1958). 
This book introduced the engineer of that period to new techniques which 
he could use to solve a wide variety of noise problems. It also 
emphasized the need for knowledge about the theory of random variables 
and transform methods. 

Continued interest in solid-state noise in the sixties was encour- 
aged by the variety of new devices being invented. The field-effect 
transistor, in particular, seemed to promise newer and better low-noise 
amplifiers. Noise theory for field-effect transistors was discussed in 
papers by van der Ziel (1962a), Bruncke (1963 and 1966), Klaassen (1967 


and 1969), and Robinson (1969). An engineering text devoted entirely 


to the field-effect transistor was published in 1965 (Sevin, 1965). 
Junction-transistor noise theory was being refined. A letter by Cooke 
(1961) discussed the phenomenon of an upper-noise-corner frequency and 
gave a noise factor equation showing frequency dependence. The noise 
behavior of high-frequency transistors was becoming increasingly impor- 
tant because device technology was on the verge of producing high 
quality UHF and microwave transistors. An excellent treatment of the 
noise performance of microwave transistors was given by Fukui in 1966a. 
He combined two-port noise theory and solid-state device theory with the 
parasitic effects of transistor packaging. This treatment thoroughly 
discussed noise factor dependence on source impedance, operating fre- 
quency, and device parameters. Other treatments of high-frequency 
noise in transistors were given by Agouridis and van der Ziel (1967) 

and by Baechtold and Strutt (1968). The noise generation in transistors 
used as mixers was given a thorough treatment by Webster (1961). 

Interest in the theoretical aspects of noise factor and absolute 
sensitivity was increased in the early sixties by advances in low-noise 
device technology and the advent of Masers and pasetee "Quantum 
Electronics" was a term being applied to the union of quantum theory 
and electronics which produced these devices. Fantastically low noise 
temperatures (only a few degrees Kelvin) made people wonder what 
theoretical limit of sensitivity existed. Various papers addressing such 
topics as zero-point energy, thermal and quantum noise and the fundamental 
noise limit of amplifiers were presented by Siegman (1961), Gordon (1962), 
Heffner (1962), Buckmaster (1965) and Oliver (1965). To take advantage 


of the lowest possible noise factor, one must be aware of two-port noise 


theory and circuits that will achieve the minimum. A variety of papers 
and books on how to design low-noise amplifiers have been written. A 
sample of the available literature includes books by Rheinfelder (1964) 
and by Jolly (1967) and papers on low-noise amplifier design by Johnson 
(1966) and Antman (1967). Noise-factor theory was also being updated 
to include the possibility of negative-conductance amplifiers and to 
give more explicit definitions (Fisher, 1962; Haus, 1962 and van der 
Ziel, 1962b). Workers in the area of noise theory were becoming in- 
creasingly aware of two-port noise theory (Cooke, 1962) and noise factor 
problems (Ekiss and Halligan, 1961). 

Several excellent books on noise and related theory were written 
in the sixties. To mention just a few, the most readable book for the 
self-study beginner was Electrical Noise by William R. Bennett (1960). 
This book discussed many of the aspects of noise theory encountered in 
receiving systems. Another book, by D. Middleton (1960), was a very 
rigorous and thorough treatment of statistical communication theory. 
Middleton's book discussed detector theory in more detail than any 
reference known to this author. The important applications of Fourier 
Transform Theory to noise problems as well as a wide variety of other 
scientific problems prompted Ron Bracewell (1965) to write an entire 
text devoted to the Fourier Pransform and its applications. Bracewell's 
book is still the most complete engineering reference on the subject. 
It may surprise the reader to learn that a book, Radio Astronomy by 
J. D. Kraus (1966), is an excellent text on receiving system fundamentals. 


Such topics as radiation laws, wave polarization and propagation 


fundamentals, antennas, receivers and noise theory are presented along 
with radio astronomy fundamentals. 

With a proliferation of new theories and new terminology it is 
necessary to have standards on terms and methods so that newcomers to 
the field can understand the literature. To keep up with the rapid 
pace of noise theory the Institute of Radio Engineers (later the IEEE) 
published several standards on noise theory. These standards covered 
the topics of noise in electron devices, noise measurements, two-port 
noise, and noise performance of amplifiers and receiving systems. 

Sensitivity measurement theory, noise measurement theory and 
especially the topic of measurement errors have not received the com- 
prehensive type of treatment that other subjects have received. This 
can probably be attributed, in part, to the lack of academic interest 
in the subject as well as the broad spectrum of applications to be 
encompassed. Although several references dealt with a very specific 
measurement problem, none were found that covered a broad spectrum. 
There are three basic categories under which papers concerned with noise 
measurement may be placed: noise factor measurements, mismatch errors 
in noise measurements and noise temperature standards. Noise factor 
measurements were discussed by Hudson (1955), Anouchi (1958), Matthews 
(1967), and Golding (1968). The problems associated with impedance 
mismatches in receiving circuits, and how the noise temperature of 
a source or noise factor of a receiver are affected are treated by, 
Brady (1964), Harris (1966), Livingston and Bechtold (1968) and Pastori 
(1968b). Papers on the various types of noise sources and how the 


equivalent noise temperature is determined are given by, Hart (1962), 


Wells et. al. (1964), Eisele (1964), Miller et al. (1967), and Stelzried 
(1968). 

The theories of sensitivity and noise in electronic circuits will 
continue to be improved and refined. Basic concepts are well established 
but work will continue in the areas of device noise, detector noise and 
noise measurement. New microwave devices and the need for better receiv- 
ing systems in astronomy and space applications will keep the field 
active. Totally new concepts of communication such as laser communica-— 
tions and laser heterodyne receivers will demand much effort in the 
area of noise theory analysis and quantum effects. For persons inter- 
ested in starting major work in this field, a Recommended Reference List 
is given in Part T of the Appendix. 

As stated in the Preface, the goal of this work is to provide a 
self-study guide for engineers and scientists wanting to learn noise 
and sensitivity-measurement theory for receiving systems and circuits. 
Many topics had to be omitted to limit the work to a reasonable scope. 
Most notable of these were audio noise, flicker noise and quantum noise. 
The text was written from the viewpoint of a design engineer working 
with high-frequency receiving systems and circuits. The author used 
the text to answer many of his own questions about receiver noise. 

Many fundamental questions were formulated to serve as a basis for 
writing. Among these were the following: 
a. Why are we interested in the sensitivity of a 
receiving system? 
b. What are the important functional blocks of a communi- 


cation link and how is the receiver related to them? 
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c. What are the important functional blocks of a receiver 
and how do they affect sensitivity? 
d. What is meant by an optimum system and what trade- 
offs are involved? 
e. What is noise, what are its sources, and how is it 
generated? 
f. What is two-port noise theory? 
g. What are the various methods of specifying receiver 
sensitivity and how are they interrelated? 
h. What mathematical tools are used to solve noise 
problems? 
i. How are the various quantities used in noise theory 
rigorously defined? 
It is hoped that the answers to these questions and many others 
have been provided. | 
Many of the cudivicuas chapters have been made as self-contained 
as possible so that they can be referred to without reading the entire 
work. The Appendix contains many derivations and definitions used 
throughout the field and is written in such a manner as to have reading 
continuity. It is recommended that the Appendix be read or at least 


scanned before continuing into the technical part of the text. 
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II. GENERAL ASPECTS OF A COMMUNICATION SYSTEM 
A. The Ideal System 


As far as the user is concerned, the ideal communication system is 
one which allows him to conduct a maximum amount of business at a min- 
imum of cost and maintenance while obtaining a maximum of operational 
reliability, efficiency and convenience. This ideal system must have 
a large signal-to-noise etie with reliable, 24-hour operation. The 
system must be free from external influences such as man-made static 
and ionospheric disturbances. 

To build such a system would require efficient and reliable trans- 
mitters and receivers with large antenna arrays and most likely a 
satellite link. For all but the most sophisticated levels of comnunica- 
tion in government and industry, the ideal system is economically pro- 
hibitive and a practical system must be employed which utilizes many 
design compromises. This chapter is concerned with the compromises made 
in the signal-to-noise ratio of the system and how to make meaningful 
measurements of receiver sensitivity. To best analyze this problem it 
is necessary to examine the four basic system components of a practical 


communication system. 
B. The Practical System 


Each practical communications system consists of a transmitter, 
receiver, associated antennas and the propagation path between communica- 
tion points. The signal-to-noise ratio of the communication link 


depends on all four components and the performance of each is 
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interdependent on the others. For this reason, it is possible to make 
many tradeoffs among the various components and still maintain an 
acceptable link. The following discussions of each component are in- 
tended to give the reader an overview of the complete system to aid 

in the understanding of later, more detailed information. Refer to 


Figure 2-1 for a system diagram. 


1. The transmitter 

For system sensitivity studies, the transmitter may be considered 
to be a device which encodes information on an RF signal, amplifies this 
signal to an appropriately high power level and applies it to an antenna 
system. The system design engineer need only know the type and content 
of modulation, RF power level, output impedance, signal-to-noise ratio 
and harmonic-spurious content to be able to specify the other system 
components. For the purposes of this study, the transmitter will be 
represented by an equivalent Thevenin voltage generator having a 
specified available power output, impedance, modulation, and signal-to- 
noise ratio (T-SNR). The type and content of modulation is important 
in the fact that the demodulation of low-level signals is dependent upon 
the type of modulation. The transmitted signal-to-noise ratio is impor- 
tant because it determines the SNR limit that can be achieved with any 
system. It would be uneconomical, for example, to design a communication 
link to have a 50 db signal-to-noise ratio when the transmitted ratio 
was only 30 db. Likewise, the off-channel noise contributed by the 


transmitter may interfere with other channels or with the primary 


*Transmitted signal-to-noise Ratio 
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receive channel. The transmitter in a good system must be designed to 


minimize these undesirable effects. 


2. The propagation path 


The propagation path of a communication system is that which the 
desired signals must traverse to get from the transmitter to the re- 
ceiver. The path of these electromagnetic waves may be short and line- 
of-sight as_in a microwave link, or it may be intercontinental such as 
with international shortwave broadcasting and ham radio. The path may 
be extraterrestrial as with communication satellites, planetary probes, 
solar system radio astronomy, and moon bounce experiments, or it might 
be cosmic as in galactic and extra galactic radio astronomy. 

The physical nature and length of the path has much to do with the 
reliability and signal~to-noise ratio of the link. Such aspects as 
power decrease with distance and interspace absorption and background 
noise must be considered in any design. Because of the complexity of 
the variables involved in trying to predict space path performance, 
there is no "best" approach for every case. As a result, there is still 
a lot of design flexibility in the interface between the space path and 


the antennas. 


3. Antennas 

The antenna is the most important component in a high quality 
communication link. The quality of the transmitter and receiver may be 
excellent but if they are used with inadequate antennas the complete 
system will operate poorly. Such concepts as antenna directivity or gain, 


characteristic impedance and equivalent noise temperature must be 
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understood before attempting to select the proper antenna design. 
Especially when determining the system sensitivity, the antenna's 
equivalent noise temperature must be taken into account. Many antennas 
have such a high equivalent noise temperature that receiver noise is a 
minor consideration. This is true most often at frequencies below 30 
MHz. Specification of antenna gain alone will not provide a good sys- 
tem because, in addition, one must consider minor lobe response, 
sidelobe noise pickup, bandwidth and the susceptibility of the antenna 
to man-made noise. It is worthwhile to examine sky temperature and 
its effect on antenna noise temperature when designing a system. Once 
the antenna parameters are determined, it is possible to model the 
antenna with a Thevinin equivalent circuit using the antenna radiation 
resistance and the superposition of signal and noise generators. This 


technique is employed in Chapter III. 


4. The receiver 

In modern solid-state communication system designs, the receiver is 
second in importance, and a very close second, to the antenna. The 
receiver and antenna are intimate partners in the task of providing a 
usable sensitivity. When the antenna temperature is low (it may be in 
the 3-20°K range) the system sensitivity is determined strictly by the 
receiver noise contribution. For this reason, the receiver is a very 
important component. On the other hand, the state-of-the-art in solid 
state RF preamplifier design is such that noise figures of 2-4 db 
(noise temperatures of 170-440°R) are common. In effect, this puts a 


burden on the system designer to make a compromise between the antenna 
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and the receiver noise specifications. In spite of this, the author con- 
siders the receiver to be the most important contributor to a well de- 
Signed, low noise, high quality receiving system. This viewpoint is 
useful in RF circuit designing and testing of low-noise receivers. 

The information theory requirement, that the receiver faithfully 
reproduce the information transmitted, places many restrictions on:1) 
the preservation of signal-to-noise ratio, 2) the type of demodulation 
scheme incorporated, and 3) the presentation of data at the sensory 
transducer. These requirements are often conflicting and a study of the 
noise aspects of a receiver aids in choosing among the alternatives. An 
understanding of the various schemes of measuring receiver sensitivity 
will help the user choose the appropriate method. 

The design of a receiver from antenna to demodulator requires 
basically that a specific receiver signal-to-noise ratio and bandwidth 
be provided. The selection of the minimum acceptable SNR and bandwidth 
is primarily the task of information theory and is not discussed in 
this report. The approach used here is that the designer has these 
parameters as boundary conditions and wishes to determine the system 
circuits and restraints. 

These topics and others will be discussed in the next Chapter where 


the important aspects of a complete receiving system are presented. 
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III. RECEIVING SYSTEMS FOR SENSITIVITY STUDIES 


A thesis on the sensitivity measurements for optimum receiving 
systems would not be complete without a summary of the theory of receiver 
operation. After trying to omit this section, it ae the feeling of this 
author that the thesis would lack the unifying effect of a chapter on 
receiving systems. Much thought has gone into the preparation of Figure 
3-1 which contains most of the basic building blocks of a double conver- 
Sion heterodyne receiver. An attempt has been made to keep it as gon 
plete as possible without excessive clutter. There are six main sections 
to the receiving system illustrated: 

1. The electromagnetic transducer 

2. The feed system 

3. The RF translator 

4, The IF amplifier 

5. The demodulator-detectors 

6. The sensory transducers. 
The sections were selected on the basis of their effect on receiver 
sensitivity measurements. 

Elementary theory of operation and functional definitions will now 
be discussed for each main section. The first section, on antenna 
theory, is presented from a system engineering standpoint. The opportun- 
ity to present the antenna topics necessary to develop equations for 
signal power did not present itself in any other chapter so they are 


presented in this one. For this reason, the antenna section will cover 


much more detail than the others. 
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A. Electromagnetic Transducer (Antenna) 


Wireless communication between two points can only be accomplished 
if the circuit voltages and currents at the transmitter are transformed 
into electromagnetic waves that will propagate through space to the 
receiver where the waves can then be transformed back to voltages and 
currents to be detected and processed. The devices which accomplish 
these transformations are electromagnetic transducers which, at radio 
frequencies, are called antennas. The RF antenna transduces between 
electromagnetic waves and voltages and currents in the same manner as 
a loudspeaker does between soundwaves and electrical current or a 
thermocouple does between heat energy and electrical current. The 
techniques of analyzing antennas are much the same as those for any 
transducer. For the antenna, energy transfer equations are used to 
develop circuital and field equations. These equations may then be 
combined to characterize the antenna as a two=port device. 

The fields produced by an antenna are not computed directly except 
in the simplest of cases. For the best accuracy, it is necessary to 
measure the fields and then characterize the antenna on the basis of 
its directivity and radiation intensity. 

The physical nature of a practical antenna is such that it will not 
radiate power evenly in all directions. In fact, for many applications 
it is desirable to radiate power in a narrow beam. The shape of the 
antenna radiation pattern affects its performance and is usually deter- 
mined empirically for applications requiring exacting performance. To 


characterize this, the power output as a function of angular direction 


“~ 20 


is specified by the radiation intensity U(e,g) in watts per steradian. 


Figure 3-2a shows the coordinate definition to be used in this report 


and Figure 3-2b shows a typical two dimensional radiation intensity 


pattern (beam power pattern). 
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Figure 3-2. Antenna Radiation Pattern 


For comparison purposes and for gain reference, it is convenient 


to define the concept of an isotropic radiator (isotropic antenna). 


isotropic radiator acts like a point source of radiation and does not 


(a) Coordinate definition. (b) Antenna radiation pattern- 
plane view in the 9 = 90° 


The 


favor a particular direction. The result is an equal flow of radiation 


in ali directions with a radiation intensity of 
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U (9,4) = UW, = 
iSotvopic aa 4 TT 


(A.1) 


where We is the radiated power. The equivalent power density at a 


distance ty from the isotropic radiator is: 


5 = — 
: 417 i? 


(A.2) 


For an antenna which is not isotropic, as is the case of the typical 
beam pattern shown in Figure 3-2, the radiation intensity varies as 


a function of angular direction as specified by: 
Antenna Radiation Intensity = [J (9,9) (A.3) 


A non-isotropic antenna is usually characterized by the directive 


gain, D(®,¢), which is the actual radiation intensity normalized by 


the average intensity: 


ave 


Directive Gain, D (0,4) = 


The numerical factor of antenna directivity is the maximum value of 


directive gain: 
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Antenna directivity can also be specified in decibels: 


Dap = 10 logo D. (A.6) 


Directive gain and directivity will specify the performance 
factors for an antenna but there are other convenient quantities that 
are used to describe antenna performance which simplify the mathematical 
discription. These will now be presented and applied to specify the 
performance of the antennas in a communication system. 

The normalized power pattern for an antenna is obtained by 


normalizing the antenna radiation intensity to its maximum value: 


_U (0,9) 
U, Ce. 8) 


Normalized Power Pattern, R (e,$) (A.7) 
With this definition, P (99) always lies between zero and unity. 
Directive gain can now be conveniently defined in terms of the 


normalized power pattern and antenna directivity: 
D(0,) = D P(9,4) (A.8) 


We now state the important fundamental relationship which exists between 
the normalized power pattern, the antenna beam solid angle, and the 


antenna effective aperture which, by definition, is 


2 
Il 
~ 
Nv 
ll 


P (0,9) dd (A.9) 
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where ’ = Wavelength, meters 
A, = Antenna effective aperture, ne 
Q, = Beam solid angle, aone 
P 68%) = Normalized power pattern. 


The last relationship to be developed will relate antenna directivity, 
effective aperture, and beam solid angle. 
Substitute into Equation A.9 an expression for the normalized 


power pattern obtained by combining Equations A.8 and A.4 


Pesce U (2,9) (A.10) 


so that the beam solid angle becomes: 


(A.11) 


4 D Usve | 


Using (A.1) this reduces to: 


St, = + — U (e,9) d SU (A.12) 


The integral over a 4m solid angle of the radiation intensity is simply 
the total radiated power Wee Using this in (A.12) and combining with 


(A.9) gives the desired equations: 
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D = +t = 47T oe (A.13) 
A 

In the discussion thus far, no mention of antenna losses or 
reference to antenna geometry has been made. Both directivity and 
losses depend upon the type and size of the antenna. We will now 
briefly examine antenna efficiency and physical aperture. Suppose we 
have a receiving antenna oriented so that the direction of maximum 
gain is toward a completely polarized point source and that the polari- 
zation of the antenna is matched to that of the source. If the 
antenna were lossless, the signal power available from the antenna, 
We would simply be the product of the power density incident on the 


antenna, S.> and the effective aperture of the antenna: 


W.= S.A, watts. (A.14) 


On the other hand, in a lossy antenna, the available power would be 
reduced by 17R losses’, To account for this loss we will define an 
ohmic loss factor k as the ratio of the actual effective receiving 
aperture of the antenna, AL. and the effective aperture, A,» which was 
determined entirely by the radiation pattern as related in equation 


A.13. The ohmic loss factor becomes 


*Other antenna losses, such as scattering, will not be discussed 
in this work. For more detail refer to Kraus (1966, Ch. 6). 
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k, = At (of k,« 1) (A.15) 


and the signal power available is determined from (A.14) by replacing 


A_ with kA 
e re 


Wo=S A =S kA (A. 16) 
r rer 


where We = Signal power available from the antenna, watts 
S. = Power density incident at the antenna, watts /M- 
A, = Effective aperture determined entirely by the 
radiation pattern, va 
A, = Actual effective receiving aperture, M 
k. = Ohmic loss factor, dimensionless. 


A measure of the increase in radiation intensity provided by a direc- 
tional antenna over that of an isotropic radiator in called the 
antenna gain. Antenna gain takes into account ohmic losses and is 


defined as (Kraus, 1966, p. 213): 


(A.17) 


i! 
* 
i] 


Antenna Gain, G.. = 


The antenna gain is always less than antenna directivity because the 
loss factor is always less than unity. 

The physical aperture of an antenna is difficult to define when 
the antenna is small compared to the operating wavelength but when it 


is large, its value is comparable to that of the effective aperture. 
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For a comparison between size and effective area, and as a means 
of comparing antennas, the aperture efficiency, Sap" is defined as the 
ratio of the actual effective receiving aperture to the physical aper- 


ture: 
A, A. 
ee lie k a (A.18) 
P P 


For the interested reader, a more extensive discussion of antennas, 
particularly beam shape and efficiency, can be found in Chapter 6 of 
Kraus (1966). The essential antenna parameters that have been presented 
will now be used to demonstrate methods for calculating antenna require- 
ments in a communication system and methods of estimating signal-to- 
noise ratios. 

Consider the simple communication system of Figure 3-3. The power 
density incident at the receiving antenna, and due to the transmitter, 
is determined by the product of average power density and the directive 


gain of the transmitting antenna: 


S. = (wes ) D, (ee, fe) watt /M- (A.19) 


When the transmitter is far away from the receiver so that it looks 
like a point source, the signal power available at the receiving antenna 
is found by multiplying the received power density and the actual 


effective receiving aperture: 


For the above equation, k. 


power at 
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Tena = '< ———+ Receiving 
oan Antenna 


Figure 3-3. Idealized Communication System 


2 2 
=SA, = Sy Dek: A = A- 5G, 


the receiving antenna becomes: 


ke We k. 


W, = (Ks: ee | D, (64, ge) D, (o,4-) “2— 
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(A.20) 


is the ohmic loss factor for the receiving 
antenna and the effective area is obtained on the assumption that the 
receiving antenna is directed toward the transmitter to achieve maxi- 
mum gain. When the receiver is not directed for maximum see and if 


both transmitting and receiving loss factors are used, the available 


(A.21) 
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28 Qo” antenna zenith 


Figure 3-4. Comparison between Antenna Beam Pattern 
and Incident Flux Direction 


where W. and We represent actual received power and transmitted power. 
Substitution for the directive gains in (A.21) using (A.8) yields the 


final result: 


We = ke ky DD, We (G2) [Blown Ro. 6) 


2 
= Wi GC. GC, fare) [P. (x, ) Pp, (6,, 4] (A.22) 
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where, k = Transmitting Antenna ohmic loss factor 
k. = Receiving Antenna ohmic loss factor 
D. = Transmitting Antenna directivity 
D.. = Receiving Antenna directivity 
We = Transmitter power input to the antenna, watts 


P (9.5) = Transmitter normalized power pattern 


P(@,¢.) = Receiver normalized power pattern. 


Equation A.22 shows that, when the transmitting and receiving antennas 
are not directed for maximum gain, the received power is reduced by the 
product of the normalized power patterns. 

For the general case of receiver operation, the power received is 
determined by the direction of incident flux and the antenna directive 
gain. In Figure 3-4, the received flux from a point source is not 
directed for maximum power. When this happens, the power received is 
determined from Equation A.22 where all the transmitter terms are re- 


placed by the substitution 


S = bi, PAG 59) (A. 23) 


and the power received becomes; 


2 
W, = Sr (4 D, k. Pp. (ov, dr) (A. 24) 
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The receiver normalized power pattern is always less than or equal to 
unity and (859) is the angular direction between the antenna zenith 
and the point source. 

The last aspect of antenna system operation will now be considered— 
the propagation path loss. In any practical system the received power 
is always less than that predicted by (A.22). The reason is that the 
propagation path was assumed to be a vacuum in obtaining Equation A.2 
but actually the signal is always attenuated by traveling through a 
lossy dielectric or ionized media such as the earth's atmosphere or 
a gas cloud in space. To account for this reduction in signal a space 
loss factor, ko? is introduced in Equation A.22. By introducing ks and 
examining the system requirement for antenna gain and transmitted power 
we can assume a value of unity for the normalized power patterns to 


obtain the following requirement 


A 2 
Wy, = Ws GC, CG, (Ger) k, i825) 


where G 


as Transmitting antenna gain 
G.. = Receiving antenna gain 
ke = Path loss factor (0 £ ks 1). 


Equations A.22 and A.25 will be used in the antenna noise section to 


compute signal-to-noise ratio for a communication path. 
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B. Feed System 


The term feed system will be used to refer to the interconnection 
-between antenna and receiver RF translator. The losses in the feed 
system add directly to the receiver noise figure and cause a reduction 
in signal-to-noise ratio. Because of this reduction in sensitivity, 
it is important to consider the noise aspects of the feed system. 

A typical feed system may contain elements such as switches, 
feeaiine connectors, diplexers, attenuators, filters, baluns, trans- 
formers, impedance transforming networks and assorted lengths of feed- 
line. Each of these elements have losses and produce noise which must 
be accounted for in low-noise designs. As an illustration, consider 
Figure 3-5 which shows a hypothetical communication center that incor- 
porates several feed system components. In most practical cases, the 
total insertion loss, in db, of all the feedline elements can be added 
to the receiver noise figure to obtain the total noise figure as seen 
by the antenna. To add db loss directly, it is assumed that the feed 
system components are at standard temperature and the SWR of feed 
system and antenna is 1:1. Take as an example the following typical 
feedline installation: 

1. Connector losses at 0.1 db each = 0.5 db 
2. Balun loss = 0.5 db 

3. Antenna switch loss = 0.1 db 

4. Feedline loss = 0.8 db 


Total feed system loss = 1.9 db. 
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Figure 3-5. Communication System Illustrating Typical Feed 
System Components 


The losses in this typical feed system would add 1.9 db to the receiver 
noise figure. If the receiver noise figure were originally 3.5 db 

the total noise figure would be 5.4 db. This represents a doubling in 
effective noise temperature which is a serious degradation for low- 
noise systems. A typical feedline contribution to noise figure will 


be in the range 0.5 to 3.0 db. High-quality low-noise systems will be 
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considerably less than typical whereas commercial broadcast receivers 
may have losses of 10-20 db. To help in estimating the effect of the 
feed system on system noise figure, Table 3-1 has been prepared. This 
table summarizes the range of losses which might be expected for 
typical feed-system components. 

It is the resistive losses in the feed system that decrease 
receiver sensitivity and increase the system noise figure by causing 
signal power losses. Additional receiver sensitivity decreases may 
occur when noise is injected into the feed system from external sources. 
Care should be taken to provide adequate shielding to minimize inter- 


ference from man-made sources. 


Table 3-1. Losses for typical feed-system components 


Component Loss--db” 
Coax connectors -01 - 0.2 
Balun 0.2 ~ 1.0 
Impedance transformers -05 - 0.3 (0.1) 
Antenna switch -O1 - 1.0 
Diplexer 0.5 ~ 3.0 (1.0) 
b 
Feedline = 


“Typical number shown in parenthesis. 


Depends on length and type of line. Data on transmission- 
line loss is available in handbooks (International Telephone and 
Telegraph Corp., 1956, p. 614). 
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As a typical example of noise being injected into the feed system, 
consider the case of full duplex operation with a diplexer. The noise 
sidebands from the transmitter may be large enough to cause an in- 
crease in noise on the receive channel. This injected noise would 
increase the system noise temperature and cause a reduction in signal- 
to-noise ratio. 

The previous discussion of feed system considerations and problems 
is by no means exhaustive. The noise aspects of the feed system vary 
so much from one to another that the best recommendation this author 
can make is that the designer carefully consider all aspects of his 
individual installation. The effects of transmission lines and 


attenuators on receiver noise are considered further in section IV-C. 
C. RF Translator 


The term RF translator has no fixed definition in radio engineering 
so it will be necessary to define its meaning in this severe: 
The RF translator is that portion of a heterodyne receiver 
which selects a band-limited spectrum of high-frequency 
signals and frequency translates or heterodynes them to 
a different (usually lower) frequency. 
A typical RF translator will include: 
1. RF amplifying and filtering 
2. A mixer for heterodyning 
3. Injection signal filtering and amplifying 


4, First IF filtering and amplifying. 
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The scheme shown in Figure 3-1 is reasonably general and incorporates 
most of the features found in an RF translator. Many translators are 
much simpler than that illustrated but it was felt that the basic 
elements of all designs should be incorporated in the example. It is 
possible to develop a satisfactory translator with only the first RF 
filter, first mixer and first IF filter. 

The RF translator determines many of the important operating 
parameters of a heterodyne receiver. The ones we will be most con- 
cerned with for noise studies are noise figure and RF selectivity. 
Almost without exception, the receiver noise figure is determined by 
the RF translator. The criteria for low-noise operation are that the 
RF amplifier and first mixer have enough gain to overcome the equivalent - 
noise of succeeding stages while contributing a minimum of their own 
noise. 

In most translator designs, the requirements of good distortion 
performance and low noise are conflicting. Obtaining good distortion 
performance means having very selective filtering and high dc power 
input to the active devices. Both of these conditions degrade low-noise 
performance. One of the goals of this report is to provide the reader 
with the information necessary to make good decisions concerning trade- 
offs between distortion and low noise. A brief discription of each 
element in the RF translator will now follow. Emphasis will be ade 
on those aspects of operation which affect receiver noise performance. 

The tuneable RF filters are used to select the desired range of 
RF spectrum to be received. Filter tuning is made to "track" the local 


oscillator tuning which, by means of the tuning voltage generator, keeps 
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the desired signal bandwidth, as determined by the first IF filter, 
within the passband of the RF filters. The RF filters attenuate 
signals outside the receiving passband to reduce distortion and inter- 
ference and also reject the image-frequency response. The important 
parameters of the RF filter are its bandwidth characteristic and 
insertion loss. The more important of these two parameters, as far as 
noise performance is concerned, is the insertion loss. The insertion 
loss of the first RF filter adds directly to the spot noise figure of 
the first RF amplifier. For this reason it is desirable to keep the 
filter passband attenuation as small as possible while still obtaining 
the desired selectivity. This problem is complicated when the filter 
has ripple in the passband. Ripple causes the noise figure to be 
dependent on what portion of the filter passband is being used. 
Generally speaking, the first RF filter should be used primarily to 
protect the RF amplifier from the strong signals which cause cross- 
modulation. The second RF filter is used for cross-modulation and 
image rejection ahead of the first mixer stage. 

The RF amplifier is the first active stage in the receiver and, 
as such, determines the important operating characteristics of noise 
figure and cross-modulation. The RF amplifier has four basic functions 
and responsibilities in the heterodyne receiver: 

1. It has gain to boost the amplitude of the received 
signal 
2. It determines the cross-modulation distortion level 


for the receiver 
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3. It must have enough gain to overcome the noise 
figure of the mixer 
4. As the first active stage, it has the largest 
effect on receiver noise performance 
The basic requirements of an RF amplifier are that it have a low enough 
noise figure to meet the total system requirement and have a high 
enough gain that the noise contribution of the mixer is minimized. 
Using a device which has a gain much higher than that needed to over- 
come mixer noise should be avoided because the additional signal 
amplitude degrades the distortion performance of the mixer. It is 
the RF amplifier that is the topic of much of the noise theory of 


this report. 
D. IF Amplifier 


The IF (intermediate frequency) amplifier in a heterodyne 
receiver is needed for two primary reasons: 

1. to produce the large voltage gain required to 
amplify the RF translator signal from the low 
microvolt range to the tenths of volts needed 
to operate the detectors and demodulators 

2. to control the amplitude of the signal voltage 
input to the demodulator--detectors by means of 
feedback in an AGC (automatic gain control) 


circuit. 
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Sometimes other functions may be performed such as limiting for FM 
reception and additional bandpass filtering when the first IF filter 
is inadequate but these will not be discussed. 

The IF amplifier typically has 60-100 db of gain and an AGC 
range of 20-50 db. AGC action helps keep the signal at the demodulator- 
detector constant for large changes in antenna signal. This feature 
is needed in applications where a particular operating point must be 


maintained. The spectrally translated bandwidth of the IF amplifier must be maintained 
within the RF bandwidth that was initally determined by the RF translator, 
i.e., the bandwidth of the IF signal must be narrower that the RF filter bandwidth. 


This will assume that the signal spectrum at the demodulator- 
detector is fixed both in bandwidth and in amplitude. Sensitivity 
problems can occur if the IF bandwidth is much larger than the RF 
bandwidth as was shown in the derivation of the Friis Equation 
(Appendix, Part J). 

The gain of the IF amplifier is linear in AM and SSB applications 
but may be logrithmic in the case of radar or other pulse-code modu- 
lated systems. For FM, the IF amplifier operates as an amplitude 
limiter. The gain characteristic of the IF amplifier affects the 
method used for noise analysis. Because of their definition, noise 
figure and noise temperature cannot be used to characterize a non- 
linear receiver and hence can only be applied when the gain character- 


istic is linear. 
E. Demodulator-Detector 


Every receiving system needs a demodulator to recover the infor- 


mation (modulation) on the received signal. An ideal demodulator will 
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have an output which is the exact replica of the modulation signal at 
the transmitter. The varying degrees to which practical demodulators 
accomplish this goal is the predominate factor in their study. Some- 
times the output of a demodulator may consist of nearly equal portions 
of signal and noise while in radio astronomy both signal and noise 
have the same spectral characteristics. For these cases, it is 
necessary to analyze the noise performance of the demodulator. Most 
practical demodulators will fall into four classes as determined by 


their input-output characteristics: 


1. Linear I 
Cena ne 
Vv 


2. Half-wave square law 


3. Full-wave square law 


4. Exponential T 
| Vv 
Lr: K 
V 


The demodulator is usually used for signals which have a good signal- 


to~noise ratio (greater than 6db). For low SNR systems, the detection 
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of the signal in noise must be accomplished by a detection scheme which 
will improve the SNR. Five such schemes are listed below: 

1. Integration and storage 

2. Autocorrelation 

3. Synchronous detection 

4, Matched filtering 

5. Statistical detection by threshold sampling. 

All of these techniques are used to improve the signal-to-noise 
ratio of the detected signal and, in theory, are capable of supplying 
an arbitrarily large signal-to-noise ratio if given enough process 
time. 

For any detection scheme, a tradeoff can be made between the 
detected SNR and process time. If one is willing to sacrifice process 
time for SNR, it is possible to detect an arbitrarily low signal level. 
For "real time" operation, where the signal is demodulated instantly 
upon reception, it usually takes a SNR of 6db or better. 

More information on demodulators and detectors can be found in 
texts on radio engineering and electronic circuit design. 

For more information on detection theory, refer to communication 
theory texts such as Beckmann (1967, Ch. 7), Papoulis (1965) and 
Middleton (1960, Ch. 13). A further discussion on demodulator-detectors 


will be made in Chapter VIII on the theory of sensitivity measurements. 


F. Sensory Transducers 


An often overlooked subject in technical reports is that of sensory 


transducers. These devices are very important and yet difficult to 
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describe. Regardless of the type of information sent over a data link, 
it must still be comprehended by a human observer. For ease of compre- 
hension, the time scale of presentation must be of the same order of 
magnitude as the biological integration time of the human observer. 
This is analogous to high speed and time-lapse photography which is 
capable of presenting to the human observer a sequence of events either 
too fast or too slow to comprehend with his biological senses. The 
task of the sensory transducer in a communication system is to present 
the demodulated data in a useful and understandable form. To 
accomplish this, devices such as loudspeakers, meters, lamps, 
oscilloscopes and stripchart recorders have been used. The type of 
sensory transducer employed has a major effect on the type of sensitivity 
measurement to be made. For example, in FM systems it is desirable to 
specify the quieting ratio as a means of evaluating the quality of a 
music or voice channel. To obtain quieting ratio, we use a meter to 
measure signal-to-noise ratio and a loudspeaker to qualitatively 
determine the minimum ratio that is still pleasing. In pulse code 
modulated systems, we are concerned with fast risetime pulses usually 
amplified by a logarithmic IF amplifier. In this case, it is not 
possible to use linear measurements such as noise figure and one has to 
utilize a means such as tangential noise sensitivity in which the 
observer uses an oscilloscope as a sensory transducer and observes the 
pulse height above the noise level or "grass". As a final example, we 
look at the strip chart recorder. The best application of this trans- 
ducer is in systems which require integration times much longer than 


human biological integration time. For example, in a very low 
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signal-to-noise ratio receiver as is used in radio astronomy. In many 
observations, data may be integrated and correlated for minutes or 
hours. In this long time span the only meaningful display is by means 
of a chart recorder which can record events occurring over several 
hours and compress them into visually comprehendible segments. 

In all of these systems the critical requirement still remains 
that the information must be as understandable and as pleasing to the 
observer as possible. Often the necessary integration time is obtained 
by the use of a meter, chart recorder, or stage scope. Methods of 
sensitivity measurement which employ these types of readout devices 


are presented in Chapter IX. 
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IV. NOISE IN ELECTRONIC CIRCUITS 


The study of noise processes in electronic circuits is a fascinating 
but almost overwhelming task. It includes determining what kinds of 
noise physically occur and their statistical properties. Then one 
must examine the physical sources of noise and determine their effect 
on both passive and active circuits. Finally the theory of noise in 
two-port devices must be studied to explain and predict the performance 
of low-noise amplifiers. 

At the outset of this work, it was thought, by the author, that 
the basic concepts of noise theory for electronic circuits could be 
concisely presented but after much detailed study it was decided that 
the subject area is much too broad, and detailed coverage would be 
beyond the scope of this text. The most difficult task was to separate, 
out of the large body of probability and random variables theory, the 
important ideas needed to present the noise theory of receivers. Then 
it was discovered that it is not practical to try to assimilate the 
vast number of papers on noise in electronic devices. To solve these 
problems it was decided that only the most fundamental concepts would 
be presented and then only those that are used in other parts of the 
thesis. With this presentation it is hoped that the casual reader will 
get the basic concepts without overwhelming detail and yet an extensive 
bibliography is supplied for the reader who wants more detail. 

To obtain the best understanding of these topics it is necessary 
that the reader obtain other viewpoints and methods of presentation. 


Therefore, for comparative purposes, the reader is encouraged to consult 
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such widely used texts as Davenport and Root (1958), van der Ziel 
(1954), and Bennett (1960). For a broader coverage of the topics of 
probability and noise in communication engineering refer to Beckmann 
(1967). For a rigorous presentation of the theory of probability, 


random variables and stochastic processes see Papoulis (1965). 


A. Noise as a Physical Phenomenon 


1. Brownian motion and thermal agitation 


In 1827, a Scotch botanist named Robert Brown observed the irregular 
zigzag motion of minute particles suspended in a liquid. It was found 
the smaller the particles, or the higher the temperature of the liquid, 
the more violent the motion. This phenomenon, known as Brownian Motion, 
has had a profound effect on science. The existence of Brownian Motion 
has led to the kinetic theory of matter which states that matter is 
composed of small particles called molecules which are constantly moving. 
It is also significant that the motion becomes more violent as the 
temperature increases. It is the energy of this motion that we use to 
define a thermal or kinetic temperature. 

The term thermal agitation is used to discribe the Brownian Motion 
of atomic particles in materials. The same thermal agitation causes the 
molecules of a gas to move about just as it does a suspended particle. 
The postulation of thermal agitation of electrons in a conductor has 
led to the theory of thermal or Johnson noise. The resulting random 
voltages and currents caused by this thermal agitation account for many 
of the noise processes found in a receiver and their study will be an 


important topic of this report. 
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2. Shot noise 

Shot noise is also caused by a flow of electrons but, in contrast 
to the lack of an external field which exists for thermal noise, it is 
caused by the flow of electrons in a dynamic system. The derivation 
for the noise current of a shot noise source cannot be conducted with 
the same thermodynamic arguments that are used for thermal noise. This 
contrast is highlighted by comparing the two types of electronic noise. 
Shot noise in a vacuum tube is caused by the undirectional flow of 
electrons from cathode to plate* while thermal noise is the random 
thermal motion of elections. Shot noise is encountered in all electronic 
devices which have current flowing in them and, in particular, the shot 
noise in diodes, transistors and vacuum tubes is important in receiver 
noise studies. The flow of electrons in semiconductor devices causes 
the shot noise which piasues all active devices and causes them to have 
a noise factor greater than unity. For this reason a noiseless solid 
state amplifier is impossible because even if the thermal seibe coaeees 
could be reduced to zero by cryogenic techniques the device will still 


need electron flow for operation. More information on shot noise will 


be given in section B of this chapter. 


3. Statistical properties of noise 


The thermal motion of electrons in a conductor and the flow of 
electrons in an amplifying device are both examples of random processes 
and the particular noise voltage or current which results is a sample 
function of that random process. As such, noise voltages and currents 


are not deterministic as are noiseless, sinusoidal voltages and currents 


* Also referred to as the anode 
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but are probabilistic i.e., at any instant in time the magnitude and 
phase cannot be exactly specified but only characterized by a range 
of values and a probability of occurrence. To study noise processes 
in communication systems one needs to become familiar with the 
probabilistic discriptions of noise. 

There are two averaging process in noise studies which must be 
defined. These are the ensemble average (also called the statistical 
average) and the time average (Davenport and Root, 1958, Ch. 4). 
Suppose an ensemble of identical noisy receivers are reproducing, on 
strip-chart recorders, their output noise fluctuations. Now at a time 
ty the noise voltages of the ensemble are arithmetically averaged. 
This is the so-called ensemble average. Now suppose the strip-chart 
record of just one of the receiver outputs is averaged in time. This 
then is the time average. Mathematically the statistical average is 


defined in terms of a probability density function, p(x), for a 


a. 


stationary process: — +00 
(Xt»> = |x pw dx Ter 
=o 
and the time average is: T 
X(t) = Lim | X(t) dx 
T20 (44.2) 
° 


There are two important properties of random processes to be 
considered before beginning a detailed study of noise processes. These 
are the properties of stationarity and ergodicity. A random process is 
stationary if its statistical properties do not change with time. For 


a strict mathematical definition of stationarity refer to Beckmann 
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(1967, p. 190). A random process is ergodic if the ensemble average 
is equal. to the time average i.e. if the equality is satisfied with 


probability one: 


P [xx = x@] = J (4a.3) 


It is very desirable to deal with qandom processes which are both 
stationary and ergodic as these properties allow many simplifications 
in the analysis. Fortunately, most random processes studied in 
communication engineering are both stationary and ergodic. 

A measure of the variability of a random process can be determined 
by another important characteristic called the variance (or dispersion) 


0”, defined by 


+00 
2 
Oo,” = if - «>| p® dx = <x*> — «x>* (44.4) 


where for a random variable with zero mean (<x> = 0) the variance equals 


its mean-square value: 


on” =<x*> when &x>=0 (4A.5) 


The square root of the variance is the standard deviation, 9, and the 
square root of the mean-square value is the root-mean-square (RMS) value 


of x as: 


/ 2 
RMS value of X, , i LX? (44.6) 


The mean-square value of a random variable is determined by the second 


moment of the distribution: 
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+ oO 


<¥* > = | x? pix) dx (44.7) 


-cO 


The mean-square value of a stationary random variable can also be 
determined from its time autocorrelation function (Appendix, Part A) 
and from its power spectral density function. The autocorrelation 


function is 


Tie 
— 9: | 
R,(T) = Rim sz ) XA X(t-4) dt (4A.8) 
To 
-Te 
and the mean square value becomes: 
Ve. 
X'> = X® = Ro) = kim r 
x (0) =e [Xe ] dt (4.9) 
-Ye 


> ee tle. A 
21r (wo) dw (4A.10) 


The covariance of two random variables is the mean product of 


their deviations: 


Covariance of X and Y = ( fk-o0] ly -<y>]) (4A.11) 


The covariance is a measure of the interdependance of X and Y and is 


used to determine the correlation between two random variables. 
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To actually specify the correlation between two random variables, 
the correlation coefficient is defined by normalizing the covariance 


with the square root of the variances as 


Cov (xy) 
Correlation Coefficient, Ny = peed 
x 
Y 


(44.12) 
where, upon substitution of another form of Equation 4A.11 


COV (x,y) = ([x-<x)] ly ze v3] = {XY> —<x><y¥) (44.13) 


gives as a final result: 


Y= CXY> —X? LY? nan 
xy Ox oy 


The correlation coefficient is used in the analysis of noise in two- 
port devices and often has associated with it the units of impedance 
or admittance. Also, the correlation coefficient is generally complex 


as expressed by: 


Tas = lyje® (44.15) 
where 
O<]y] <) 


-Te g9£T 


The two most important ways of describing a random variable are by 
use of the probability distribution function and the probability density 


function. These functions are defined by the mathematical relationships: 
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Probability Distribution Function 


Qa 


— 0 


Probability Density Function 


Plxea] — Pp [k¢ (a-aa)] 


P(a) = dim 
Bare ae (44.17) 
ie, Si é 
= S— Psa) 


The probability density function p(x) can be interpreted as the 
probability that a random variable x has a value falling on the interval 
[(a -Aa) <x < a]. The probability distribution function relates the 
probability that the random variable will have a value on the interval 
[-~ < x <a]. To conclude the discussion of statistical properties we 
now summarize the density and distribution functions of the noree: 
distributions commonly encountered in communication systems. 

The most important distribution, because it is so often encountered, 
is the Gaussian Distribution. This distribution adequately describes 
the distribution of the magnitudes of noise voltage and current for 


both thermal and shot noise sources. The Gaussian probability density 


function is given by 


—(X—Xo)* 
l e@ #%* (44.18) 
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and the distribution function as 
P(xea) = a [ + erf a=) ae 


where Xo = <x>, the mean or average value of x. 


2 - 
= The variance of x. 


2 


Ox 
{x >= a7 + x 
x Oo 


and the well known error function is defined as: 
= —2_ ‘ot d+ (44.20) 
crf (4) ~~ Vr ; 
° 

When using standard tables one must take care to determine the definition 
of the cumulative distribution function F(y) actually tabulated. 

For example, in the Standard Mathematical Tables published by 
the Chemical Rubber Co. (1971, p. 575), the error function must be 


* 


computed in the following manner: 


ere(sh-) = 2F()-1 (44.21) 


where 
1 (yee 
rii= ais | dt 


and tables of F(y) are provided. Figure 4A-1 is a plot of density and 


distribution functions for a Gaussian process. 


) Ko 


Figure 4A-1. Probability Density and Probability Distribution 
Functions for a Gaussian Random Process 


The Rayleigh distribution characterizes the envelope of a band- 
limited Gaussian noise voltage. The probability density function for 


a Rayleigh distribution is 


PU fe 
2 2 
Pi) = oe ere X>0 (4A. 22) 
x 
and the distribution function is: 
2 
x 


P (x 4a) =i1-¢ . X>o (4A. 23) 
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It will be shown later that the noise voltage output of an ideal 
envelope detector is a random variable with a Rayleigh distribution. 


Curves for the density and distribution functions are shown in 


Figure 4A-2. 


Amplitude 


Probability Density and Probability Distribution 


Figure 4A-2, 
Functions for a Rayleigh Distribution 


~ 


The average or mean value and mean-square values for a Rayleigh distri-~ 


bution are: 
(co 


<X> = | x poo dx =|= OK (44.24) 
C-) 
and 
© 
«XD = | x*podx = 207% (4A.25) 
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The variance of the Rayleigh distribution is: 


a” = <x*> —{xy = (e a +) ome (4A. 26) 


It is important to notice that the mean value, mean-square value, and 
variance for a Rayleigh distribution are all expressed in terms of 
the variance of the "parent" Gaussian process, a 

Another distribution that is important to receiver noise studies, 
because it characterizes the noise current distribution at the output 
of a square-law device, is the chi-squared distribution (International 
Telephone and Telegraph Corp., 1956, p. 992). The probability density 


function for this particular chi-squared distribution is (n = 1) 


1 e 20,2 
Ox VeTTx 


P() = x20 (44.27) 


where a,” is the variance of the "parent" Gaussian process. 
To demonstrate that this is indeed a probability density function 


we show that 


oO fore) - X 
2g, 2 
ai, Sal Seas 
pix) dx — 6, Ver “>! dx = 1 (4A. 28) 
° ° 


and from integral 671. of Standard Mathematical Tables (Chemical Rubber 


c |= 
Te dx =| (44.29) 


Co., 1971, p. 449) 


8 
| 
3 
x 
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so upon substitution into Equation 4A.28: 


co 
(x) dx — ee ees 27F Ox* = T (4A. 30) 
P Ox Vet V 
0 
The curve of the chi-squared density function is shown in Figure 4A-3. 
The mean value and mean-square values for the chi-squared distri- 


bution are: 


oo 
2 
xX) = |] X p(x) dx = Ox (44.31) 
o 
and (Davenport and Root, 1958, p. 254) 
a 
<x> = J x® pix) dx = 30,* (4A. 32) 


p(x) 


Amplitude 


Figure 4A-3. Probability Density Function for a 
Chi-Squared Distribution 
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The variance of the chi-squared distribution is: 
2 2 2 
O° = <x*) — <x" = 2G (4A.33) 


The exponential density function characterizes the noise output 


of a low-pass filter following a square-law device. It has the form 


~ 


| 
P(x) = Ge C (4A.34) 


with mean value, mean~square value, and variance of: 
re) 


X Plx)dk = Ox* 


<Xx> 


° 
co 


kx) = X™ p(x) dx = 20,7 (4A. 35) 


° 
ee ee 2 + 
Oe =<€X°> —<€X>” = OK 
The last distribution we will consider is the Poisson Distribution. 
This distribution is used for noise processes which are impulsive as 


for example ignition noise and many types of man-made noise. The 


Poisson distribution is 


n —nt 
p(n) = {ni T) Ce : (44.36) 


where p(n) is the probability that exactly n pulses will occur in a 


time interval of duration t and n is the average number of pulses 
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occurring ina unit of time. When n is large, the Poisson distribution 
tends to a normal or Gaussian distribution (Papoulis, 1965, p. 570). 
As a matter of fact, shot noise is Poisson distributed but with the 
average number of electrons flowing usually greater than 6.28 x 10°, 


(one nanoampere) shot noise is very well represented by a Gaussian 


distribution. 


4. Noise spectrums 


Specifying a random variable such as a noise voltage or current 
by the appropriate probability density function is theoretically 
adequate but not very useful for receiver noise studies. Three other 
ways of specifying the character of a random variable are more useful. 
These are: 


a. The autocorrelation function (Appendix, Part A) 


Ve. 
R(t) = tim LE | xeernceeude (44.37) 
ner “Ve 


b. The power spectral density function 


Z (ws) = fF [Ra ()] = } Rx(t) eer yy (4A. 38) 


-00 
c. The mean~square value 
(9) 
Ree a al 
X* = of Fw) dw (44.10) 
“00 


= Rx (o) (44.9) 
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fos) 
or xX? = | x% p(x) dx. (4.7) 
Be) ; 
Since all physical sources of noise are both band-limited and time 
limited, the integrations over all frequency and time are never 
really carried out. At most, in any real system, the functions 
specified above are only approximated. 

We now will examine the spectral characteristics of the types of 
noise encountered in electronic circuits. In noise analysis it is 
often convenient to work with either the spectral density or the auto- 
correlation function. Thus, it is convenient to know that they form 
a Fourier transform pair i.e., they are reciprocal Fourier transforms 


(Beckmann, 1967, p. 214): 


+00 a 
Pw) = | R(t) E dt (44.39) 
| +00 ce 
R(t) = oF J (w) © dw (44.40) 
- 00 


If the random process characterized by R(t) is real, then R(t) is 
real and even. For this case $(w) is also even (Papoulis, 1965, 


p- 338) and the reciprocal transforms become 


eo 


Pw) = R(t) CosWHt dt (4a. 41a) 


- od 
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+0o 


R(%) = on Zw) Coswt dw (4A.41b) 


-—-o 


where $(w) is the two-sided or complex Fourier transform i.e., 6(w) 
is an even function so it has a magnitude in both the positive and 
negative frequency regions. Since for real physical systems only 
positive frequencies have meaning, the transforms of Equations 4A.41 
can be modified by introducing the single-sided or one-sided power 


spectral density S(w) defined as (Appendix, Part R): 
S(w) = 2 Pw) for Wo. 


Now the real-frequency or single-sided transform pair becomes: 


Sas = 2] R(T) Coswt dt (4A.42a) 
fo =] : 
R(T) = om S (w) Cos WT dv (4A.42b) 


Sometimes, however, it may be easier to integrate the complex form 
as given by (44.39) and (4A.40). 

If this is necessary, the "real world" spectrum represented by 
S(w) must be changed by amplitude scaling and the even function trans- 


formation to give: 
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Pw) = 4 sw +4 sew) 


When any of the above transforms are carried out,the resulting tunction 
must be real. If the function obtained is complex, then the result 
is not correct. Some examples of how to obtain these transforms will 
be briefly illustrated in the derivations to follow. Table 4A-1, on 
page 66, will summarize the results of these examples and other commonly used 
transform pairs, 
First consider band-limited white noise with a spectral intensity 
of No watts/hz. The autocorrelation function is obtained from the 


integral (Equation 4A.42b): 


wp + Be 
= aly. wT 
R(t) = sq7 | No Cos dw 
Aly 
Wy ~ Ze 
Aw 

_ N Sin "3 %v) 
= Sa AW Cos WT ra (44.43) 


Applying the complex transform and extending @(w) to negative frequencies 


gives (Equation 4A.40) 


zi jw | No jwt 
Rivv=an |e dy +(e dt 


a) 
~ Wp - 8? Fig 
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sin( eT) 
wn 
R(t) = Me Aw Cos WT ae (44.44) 


which is the same result as (44.43) but requires much more computational 
effort. For the base-band spectrum, let w= 40> and the autocorrela- 


tion function becomes: 


R(t) = ove Sin A& = t Cos AY St = fe Aw sagen et (4A.45) 


Observing the limiting relationship 


: Sin X 


Xx—-90 


leads to the mean-square value 


Re) = —2 Aw (40.46) 


which shows that the mean-square value is dependant only upon the spec- 
tral intensity and the bandwidth. Next we look at the Gauss-—Markoff 
process which characterizes the spectrum obtained from a random tele- 
graph signal. Also, the same integration is valid for the RC low-pass 
filter if the constants are changed. The autocorrelation function is 


of the form: -bivI 
R (r)= (44.47) 
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and the power spectral density is: 


+00 
~bIT] -jwt 
gum = |rre eC" dv 
ee +0 ag 
_bItl -bItI 
= Tle coswt dt —jo* |e snwr dt 


The second term is zero because it is the integral of an odd function 


so we are left with: 


co 


-bt 
PU =207 {O° sur dv =202 
o 


b 
b* +w? 


(44.48) 


The reciprocal transform of (44.48) will give (44.47) so these two 
equations form the transform pair for a Gauss—Markoff process. 

The transform pair for the RC low-pass filter is obtained from 
those for the Gauss-Markoff process by making the following substitu- 


tions: 


o? — —! 


epee 
Pe Rc and ~ 4RC 


Now let's look at the autocorrelation function for deterministic 
function such as a single frequency sinewave. For this simple example, 
the autocorrelation function can be found directly from Equation (4A.37). 


The sinewave function is: 
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Xt) =VN Cos Wet (44.49) 


which gives the following autocorrelation function: 
Tle 


R, &) = ie ae for Cos Ww, t VN," Cos (Wy t = We, tT) dt 


- Yo 
Te. 
Bee a Cas Wet [cos wet Cos We Y + Sin Wot Sin Wo | dt 
—p ao 
~VYa 


The integral of the odd part of the integrand over the period is zero 


so we are left with: 
Te 


R, (%) = Sim = Ne Cos WoT és We t dt 


T -» co 


-VYo 
(44.50) 


— 


Cos Uy ¥ 


No 
2 
The two-sided power spectral density function for a single frequency 


sinewave can be shown to be 


g (wo) = 7 () [s (w-We) + § (usw) | (44.51) 


where 5(w-w) is called the Dirac delta function (also called the unit-— 


impulse function) and is characterized by its sifting (or sampling) 


property as 
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F(x) § (x-%) dx =f(%) (4A.52a) 
oh X 
or from the Fourier inversion integral (Davenport and Root, 1958, p. 
368) as: 
: on 
j (w-We) t 
$ ( w= We) = ae ec dt (4A.52b) 


CoO 


The unit impulse function is also an even function. 
Taking the complex transform of 6(w) we get R(t) as given by 


Equation 4A.40 


+00 
jw % 
R(t) = a. Ta] § (w-We) + $ (w+ we] ei Sas 
= = oe aa = at Cos Ut (44.53) 


which is the same result as (44.50). Now we consider the important 
example of working with the single-sided transform pair for a single- 
frequency sinewave. The power spectral density amplitude must be 


doubled to keep the mean-square value constant so: 


S,6) = TT Ne § (w - We) (44.54) 
The autocorrelation function becomes: 
fe 2) 
ae fel 
Rit) = sx | SM) Coswre dw (4A..55a) 


° 
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Rit) = + Cos We T (4A.55b) 


where the integral is for positive frequencies only and the complex 
part has been dropped (see Equation 4A.42b). 

The common requirement for all the results is that the mean-square 
value remain the same for both the single-sided and double-sided 
transforms. The following mean square values are computed: 


a) From (44.49) 


_—_— 2 
2 eak value 
tin =-(e) = & 


b) From (44.50), (44.53) and (4A.55b) 


R.) = 4B ces (woo) = + 


c) From (4A.51) 


oe 
on Te [S$ ww.) + §(w+we)] dw = “ 


—0 


d) From (44.54) 


= TT No S ( w- we) dw = +t. 


Oo 
These values all check and are a good indication that the transforms 


used were correct. 
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Table 4A-1. Fourier transform pairs which have special application 
to communication noise studies 


er eee 


$(w) or S(w) R(t) 


(a) Pure white noise 


= N, = No §(%) 


Oo “e- 4 Wo = Wat AY bond 
a 2 
Aw No Aw Cos Wo Sin (42%) 
= No for bw-We) S > oT oe Aw + 
a : No 
QO other wise R(0\ = ae Aw 
(c) Base~band white noise No noo 
No 
Tv 
Y Aaa 
0 INT ~ r) tT 
No ter 0 WS AW = st Aw |S" cau] 
= AWYT 
oO Other wise 
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Table 4A-1. (Continued) 
Fn ee ac a RY Ne eS ee teh RE IT ae eee ee Tere 


$(w) or S(w) R(t) 


~~ | + Go? (Rc 


(e) High-Q tuned circuit 


Lea Cae) Rio = “aa 


(£) Gaussian filter 
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Table 4A-1. (Continued) 
a ae ee 


$(w) or S(w) R(t) 


(g) Gauss-Markoff process 


w 


o 
_ 20*b 
b* + w?# 


(h) Binary transmission 4 


-—T 


° aT at aa ° T 


—— 


sin(S) 
Ew 


=T 


(i) Single-frequency sinewave 


TIN,S (os = 4) 


(68) 
(e) Wo 


= TNS (Ww = We) 


Table 4A-1. (Continued) 
pa ee ee gt ee 
$(w) or S(w) R(T) 

a ag a ee a ES ee 8 ee 


(j) Sawtooth spectrum 


No No Wo 
4 
0 We o ° - 
P ~jTrust 
No(i- B,) ofwew,| _ Me J |sinmat eo 4 
= ™~ (any Tv 1T We T 
oO other wise 
R(o) = a We 
(k) Triangular spectrum 
No No Wo 
~ We o we o 2t ie 
We 
ool N . 
iS 8) , 
me (IHR) mote] a [inten 
= ™~ eT No 
re) jw > Wo 2 T 
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The user is not limited to using those transforms given in the 
table as there are many more transforms that can be applied to 
electronic systems. Not only can the transforms be used for filters 
and noise analysis but also for such things as determining the far 
field pattern of an aieenia fais its aperture distribution (Kraus, 
1966, p. 168). Tables of Fourier transforms are available as well 
as several examples in Kraus (1966, Sec. 6-8), Beckmann (1967, Ch. 7), 
Papoulis (1965, Ch. 10), International Telephone and Telegraph Corp. 
(1956, Ch. 35) and Bracewell (1965). 

As a last word on the spectral density of a noise voltage we will 
discuss the term "white noise", Any noise source which produces a 
flat noise power spectrum over the bandwidth of concern is termed a 
white noise source. For practical reasons, many sources are considered 
white even though they are not perfectly flat. The concept of a pure 
white noise is abstract because such a random process cannot exist. 
This can be explained by seeing that such a power spectrum would require 
infinite power. Still, it is convenient to define pure white noise as 
a mathematical process so that it can form a basis for looking at other 
noise spectra. White noise and flat spectrum are synonymous terms. 

The majority of noise sources encountered in electronic circuits 
are both Gaussian and white. Sometimes this leads to a confusion 
whereby the terms white noise and Gaussian noise are thought to be 
synonymous. Especially when just beginning to study in this field,it 
is sometimes difficult to keep the two straight. The differences are 
now explained. The property of being white characterizes the spectrum 


of the noise while the property of being Gaussian characterizes the 
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probability density of the noise voltage amplitudes. For example, the 
thermal noise from an ideal resistor is both Gaussian and white but 
after the noise is passed through a tuned circuit it is no longer white 
although it is still Gaussian. Most of the shot and thermal noise 
sources used in this report will be considered to be both white and 


Gaussian. 


B. Physical Sources of Noise 


1. Thermal or Johnson noise 

The experimental aia theoretical basis for the theory of thermal 
noise currents in a resistive conductor was presented in 1928 by J. B. 
Johnson of Bell Labs* and H. Nyquist of American Telephone and Telegraph. 
Johnson concluded that the statistical fluctuation of electrical charge 
in a resistive conductor produced a random voltage between the ends of 
that conductor. This noise voltage, which appeared to depend upon the 
resistance as well as the absolute temperature of the resistance, did 
not depend on the resistive properties of the material from which the 
resistor was made. To verify this, Johnson measured the apparent noise 
voltage of resistors made of many different materials such as; platinum 
and copper wire, India ink, carbon filament, salt (NaCl), copper sulphate, 
and sulphuric acid in alcohol. The agreement in measured and predicted 
values of thermal noise voltages for the variety of resistances led to 
the conclusion that the generation of thermal noise currents in a 
resistor was independent of the material type, physical shape, and 


conduction mechanism. Johnson noted, however, that these conclusions 


*Bell Telephone Laboratories 
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may not apply to electronic resistances, that is, resistances which do 
not obey Ohm's law. 

The noise produced by thermal agitation (Brownian motion of 
electrons) in a conductor is called thermal noise or Johnson noise in 
honor of Johnson. Nyquist used Johnson's experimental evidence as 
proof for the validity of his theory of noise generation. He used 
principles of thermodynamics and statistical mechanics to arrive at an 
equation for the thermal noise power in a resistor (Nyquist, 1928; 
Sears, 1953). Statistically, thermal noise is a random process which 
is Gaussian and, for all practical frequencies, is also white. The 
average value of the noise voltage produced by a noisy resistor is 


zero but the mean square value is non-zero i.e., 


V(t) =O Va(t) #0 (4B.1) 


Nyquist's derivation of the mean-square noise voltage for a noisy 
resistor produced two equations. The first was based on classical 
equipartition (Sears, 1953) while the second was based on the quantum 
view of radiation. It is the first equation, which we now realize is 
a low-frequency approximation (Appendix, Part A) that is widely used for 
radio circuits. The second equation although seldom used is thought to 
be the correct one although there may be some doubt (Lawson and Uhlenbeck, 
1950, p. 77). 

An important concept that was used by Nyquist in his derivation was 
that of thermodynamic equilibrium. Without this postulation, which means 
that the electrons are in a field-free region, derivation of the Nyquist 


equation is not possible. 
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The power spectral density function for an ideal physical resist- 
ance (ideal meaning no stray reactance and constant resistance over all 
frequencies) was first published by Nyquist (1928). The power spectral 


density is given by Planck's factor (Nyquist, 1928; van der Ziel, 1954, 


p. 9): 


hf (4B.2) 
h , 
elt — | 


Sy) = 


The available noise power (Appendix, Part C) for a resistor, Ro» is the 


integral of the power spectral density function over the noise bandwidth, 


Af: 
Af 
fot > 
2 
_ = S (w) df watts. (4B.3) 

4R; R 

Af 

. ory 


The integration over the finite bandwidth, Af can be carried out after 
making some approximations for the Planck factor. 

At radio frequencies the Rayleigh-Jeans approximation for small 
frequency-to-temperature ratios is valid. The Planck factor is expanded 


using a Laurent power series of the following form 


ee es a ae ge Sy es gs 
| x a ae Seo F pice Saar 


— 


which gives for Equation 4B.2 the series 


(4B.5) 


2° 
“h 

| 

> 

+1 
iat 
= 
+ 
|- 

x Fa 


w¢ hf 
where if kr < < 1 we get: 


pf awr(i-st) - aes 


When f£/T < 400 MHz/°K, the Rayleigh-Jeans approximation gives less than 
a one~percent error and we obtain the radio-frequency power spectral 


density function as: 


S R (w) = kT warts (Rayleigh-Jeans Approximation) (4B.7) 
Zz 
Integrating Equation 4B.3 and solving for the mean-square noise 


voltage 


—— 


Af 
Vv," = 4. { KT, df = 4k T; Rs AF volts. (4B.8) 


gives the mean-square noise voltage for a noisy resistor of value R. at 
temperature Ty and over a bandwidth Af. We now summarize with the 
important conclusion: 
The mean-square value of noise voltage produced by the 
thermal agitation of electrons in a resistor at radio 
frequencies is given by the famous Nyquist formula, 
Vr = 4k TR, Af 


volta’ (4B.9) 
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Boltzmann's constant, 1.38 x 10723 joules/°K 


where k= 
T. = Physical temperature of the resistance, °K 
R, = Ohm's law or dc value of resistance, ohms 
Af = Effective noise bandwidth, hertz. 


It must be remembered that the Nyquist formula is restricted to band- 
limited white noise at frequencies and temperatures where the Rayleigh- 
Jeans approximation to Planck's Radiation Law is valid. These criteria 
are almost always met for practical electronic circuits. 

Representation of the mean-square noise voltage by the Nyquist 
formula (4B.9) can present some mathematical and conceptual difficulties 
when it is applied to practical circuits. First of all the power avail- 
able from a noisy resistor is finite (Appendix, Part A) so we must 
realize that Equation 4B.9 is valid only over bandwidths where the 
Rayleigh-Jeans approximation is valid. This presents no practical 
difficulties as all circuits have enough stray reactance to limit the 
bandwidth. The second difficulty comes about in trying to represent the 
bandwidth by a single quantity, Af. Actually, for every circuit we must 
apply the relationship (Appendix, Part B, Equation B.1) between input 


and output spectral densities 
S,@) = [gcol® S; (w) 


which is now done for the cascade combination of a noisy resistor and 


an ideal bandpass filter as shown in Figure 4B-l. 
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Ideal 
Bandpass Filter 


—Odb 
Of 


Figure 4B-1. Circuit for Defining the Nyquist Equation 


The ideal bandpass filter has no losses and a perfectly rectangular 


passband of bandwidth Af. When (B.1) is integrated as done in Part B 


of the Appendix and the mean-square output voltage Vv, is computed we 


get 
Sie 
Vie Rs | 93 (@) |g Pd $ =4R, kt gs Af (4.10) 
te ~ 2 


where if the net gain of the filter is unity (lossless) then we get 


the mean-square output voltage as before (4B.9): 


ve = 4k TE RAS 


For ease of representation, the equations used in many papers on noise 


are written in the Nyquist form of (4B.11) but it must be remembered 
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that it is only shorthand notation for the process expressed in Equa- 
tions 4B.10 and B.4 of Part B of the Appendix. When the input is white 
noise, the simple representation of Equation 4B.8 accounts for the 
situation of Figure 4B-1. 

It has become common practice to represent any noise source which 
can be represented by Figures 4B-1 or B-l (Appendix, Part B) by its 
Nyquist equivalent circuit. Figure 4B~2 illustrates the Thevenin 
noise generator which is used for this representation. 

For notational convenience the bandpass filter is not shown al- 


though it is always implied through use of the bandwidth Af. 


Rs 


Vig =4kTs Rs Af 


Figure 4B-2. Nyquist Equivalent Noise Source 


We see from the figure that any noise source can thus be represented by 
specifying the three parameters; source resistance Ro» source tempera~ 
ture a and effective noise bandwidth 4f. In certain applications, such 
as noise factor computations, where the bandwidth is a common factor in 
all expressions it is possible to represent the noise source simply by 
an equivalent resistance, RG or by an effective noise temperature 


T The most common representation is the use of equivalent noise 


eff° 


resistance which has nothing to do with the physical source resistance 
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but merely expresses the noise power available. For this representa- 


tion, the mean-square noise voltage is written 


Vi = 4kT, RAAF (4B.11) 


where T R_=TR_ (see Figure 4B-2) 
Oo eq ss 
Ts = Standard temperature, 290 mk 
eq = Nyquist equivalent noise temperature, °K 
Af = Circuit effective noise bandwidth, hz. 


This representation is most often used for device noise studies where 
the noise sources are current generators caused by shot noise and there 
is no physical resistance Ro» to use for a reference. This concept will 
be used in the study of two-port noise theory. 

The second representation is the use of an equivalent (effective) 
noise temperature. Effective noise temperature is used in specifying 
antenna noise and in reflecting all the receiver noise back to the 
source. The concept of effective noise temperature is also handy for 
specifying noise sources and excess noise as is done for a source 
resistance whose noise power has been increased by addition of a shot 
noise source. In any given application and for a specified bandwidth, 
the reader may expect to see a noise voltage generator represented by 
the Nyquist equivalent circuit in one of three ways: 


a. Mean-square value, v2 


Vv 2 
2 : —_ tt 
b. Equivalent noise resistance, Roa = Ger AE 
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Vv 2 
. _ in 
c. Equivalent noise temperature, P54 = 4kR_OF 


A better idea of the concepts of equivalent noise resistance and noise 


temperature is obtained by application as will be done in later sections. 


2. Shot noise 

The noise produced by the flow of electrons under the influence 
of a net electric field is called shot noise (Papoulis, 1965, Ch. 16). 
The term "shot noise" is very descriptive because the electron stream 
is analogous to a stream of small shot. Whereas thermal noise was 
characterized by thermodynamic equilibrium; shot noise is not. For 
this reason the statistical nature of shot noise is different because 
it is Poisson distributed though, practically speaking, the electron 
current is large enough that shot noise can be very well approximated 
by a Gaussian distribution. The spectrum of high-density shot noise 
is white just as is a thermal noise source. For most applications, a 
narrowband shot noise process is indistinguishable from a narrowband 
thermal noise process. 

Shot noise is present in vacuum tubes, transistors, diodes, and to 
a lesser and more unpredictable extent in all electrical conductors. 
It is both the discreteness and randomness of the electrons in an 
electrical current that determines the characteristics of shot noise. 

As an example, Bennett (1960, p. 55) demonstrated that an electron 
current (discrete changes) which is perfectly uniform would produce a 
spectrum which consisted of a signal at the pulse rate frequency and 


its harmonics ‘but nowhere else. If, however, the flow is not uniform 
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then this randomness of flow will give rise to a uniform noise spectrum 
and hence, shot noise. The shot noise in electronic devices very often 
contributes to a degradation in receiving system sensitivity and we 
tend to think it is totally undesirable when, actually, the shot noise 
generated in a temperature-limited vacuum diode is very useful as a 
noise source for measuring sensitivity. 

The power spectral density function for a temperature-limited 
vacuum tube diode is given by (Smullin and Haus, 1959, p. 14) (Lawson 


and Uhlenbeck, 1950, p. 79) (Bennett, 1960, p. 59) 
S, (w) = 2 q I. (4B.12) 


where Electronic charge, 1.60 x 707+" coul 


ro) 
i] 


I= 1 tt = average or DC current, Amperes. 


Since the noise diode is always used in conjunction with a specified 
source resistor it is more meaningful to examine the noise power pro- 
duced by a diode (shot noise) and a resistor (thermal noise) in parallel. 

Figure 4B-3 illustrates how a noise diode producing shot noise can 
be represented by equivalent noise voltage or noise current sources. 


The mean square noise current produced by the diode is 


At 
a aql. df =2qL af (4B .13) 


o 


and that of the noisy resistor is: 


Af 
Ine = 4+G& [kr df = 4kTG, AF (4B.14) 
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Figure 4B-3. Noise Diode Producing Shot Noise 


Likewise, the mean-square voltages of the equivalent noise voltage 


generators are: 


Af 
Vie = Re feql. df = aq. R; Af (4B.15) 


AF 
Ve = an, | kTs df =4kT RAF (4B .16) 
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The available power per-unit-bandwidth from the combination of 
resistor noise and diode noise can be computed by adding the power 


contributions from each: 


Vie Ve ee bee > aes 
so tt | FR + Ts watts/hz = (4B.17) 
4Rs AR, / AF 2 


which is also the power spectral density for the diode-resistor combina- 
tion. This spectral density is important for the calculation of noise 
measurement equations and will be used later. Rewriting, we express 


(4B.17) as a power spectral density: 


3: (wo) = +. qt. Rs + k Ts watts/hz (48.18) 


3. Blackbody radiation 


Blackbody radiation is important in receiver noise studies because 
it is this radiation which accounts for most of the antenna noise. All 
materials at temperatures above absolute zero contain energy in the 
form of thermal motion (Brownian motion) of elementary particles. This 
thermal energy causes the material to radiate electromagnetic energy 
and, by reciprocity, to also absorb it. A material which is a perfect 
emitter or absorber is referred to as a blackbody radiator and will 
emit and absorb radiation at all frequencies. 

The radiation emitted from a perfect emitter, or blackbody, is 


characterized by Planck's radiation law which actually formulates the 
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source brightness, B, as a function of temperature and frequency (Kraus, 


1966, Sec. 3-6) 


- gy| hf __watts 
B.S 2 (-t-) Ree TO ge ete (4B.19) 


e@ekT — | 


where f£ = Frequency of observation, hz 
c = Velocity of light, 3 x 10° m/sec 


h = Planck's constant, 6.63 x 107>4 


j/sec 
T = Source temperature, °K 


rad = Solid angle, steradians. 


The expression inside the brackets is known as Planck's factor which re- 
places the kT factor in classical laws and accounts for the quantum 
aspects of thermal radiation. 

There are two special cases of Planck's radiation law which are 
applicable at high and low frequencies and are used in many practical 


applications. At high frequencies where hf >> kT, the Planck factor 


_ becomes 
~hf 
hf x 
re i cr 
e aes 


which upon substitution into Planck's law gives-the high frequency 


approximation know as the Wein Radiation Law: 


Bza(ty hf e kt aS Te 
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which actually is valid for £/T > 10° Mhz/°K. 


At radio frequencies, where hf < < kT, the Planck factor becomes: 


ht = kT warts (4B .22) 


h hz 


aR 
] 


which upon substitution into Planck's law gives the Rayleigh~Jeans 


approximation: 
F \% watts 
=.2 (~) =—e__'‘__+ (4B .23) 
B Cc kT mn - hz - rad” 


which is valid for £/T < 400 mhz/°K. 


When the frequency-to-temperature ratio is in the range: 


400Mhz/°K < £/T < 10° mhz/°K 


the Wein and Rayleigh-Jeans approximations are no longer valid and 


Plank's radiation law in the form of Equation 4B.19 must be used. 


4. Atmospheric noise 


The noise that is produced in the earth's atmosphere is often 
strong enough to cause interference in a radio receiver. The receiving 
antenna picks up these atmospheric noise signals which increases the 
effective noise temperature of the antenna and results in a reduction 
in the receiving system sensitivity. At high radio frequencies (> 1 Ghz) 
the atmospheric noise is caused by atmospheric absorption in water and 
oxygen molecules. At frequencies below 20 Mhz, noise known as 


"atmospherics" results in very high noise temperatures. This noise 
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is the result of atmospheric lightning and ionospheric ionization. 

It is estimated that the earth experiences about 200 lightning strokes 
each second. Ionospheric noise is caused by the solar wind and changes 
in solar activity affect the amount of noise. Atmospheric noise must 

be considered in a low-noise receiving system design. For further infor- 
mation consult Kraus (1966, p. 237), Grimm (1959), Jolly (1967, p. 137), 
Skolnik (1970, p. 39-5) and International Telephone and Telegraph Corp. 
(1956, p. 763). Quantitative data on antenna noise will be given in 


Chapter IV-C. 


5. Extraterrestrial noise 

Noise sources outside the earth also cause interference to low-noise 
antenna systems and in the frequency range of 20 to 1000 Mhz are usually 
dominant factors. The earth receives radio noise energy from the sun, 
Jupiter, the milky way galaxy and from other galaxies. The character- 
istics of this noise, its origin and cause are the object of study by radio 
astronomers. There are thousands of known radio sources in the sky but 
only a few are strong enough to cause interference in a low noise system. 

The eadio noise from extraterrestrial sources is caused by two 
primary mechanisms; thermal emission from hot ionized gasses and 
synchrotron radiation. Synchrotron radiation is caused by the radial 
acceleration of charged particles in a magnetic field. The strongest 
extraterrestrial noise sources are the sun, Jupiter, supernovae 
remnants, the Cygnus galaxy and hydrogen clouds. All of these sources” 
vary in their temporal and spectral characteristics so that the problems 


associated with each must be studied as separate phenomenon. The sources 


*Discovered by Kark Jansky, 1933 
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which emit continuously have spectra which may be considered flat over 
the bandwidth of most practical receivers. 

The sun is a strong radiator of energy in the form of thermal 
noise and solar flares. At radio frequencies the noise emission is 
higher than that predicted by a blackbody temperature of 6000 OK 
(measured optically) and the excess noise is thought to be due to 
sunspot activity. For example, at a frequency of 100 Mhz the equivalent 


blackbody temperature can vary from 5 x 10° to 10? 


°K which is calcu- 
lated on the basis that the sun's angular extent is 0.224 deg’. This 
temperature is not constant with frequency and varies with sunspot 
activity. Very large solar flares can release large bursts of energy 
throughout the radio spectrum (Kraus, 1966, Sec. 8-7). These violent 
bursts can severely disrupt radio communication by causing radio static 
and also by disturbing the reflective ionospheric layers. 

Jupiter bursts, which occur in the frequency spectrum around ten 
meters, are not very frequent and are usually predictable. The bursts 
are strong enough to cause interference but, because they are infre- 
quent, are not a serious consideration in designing a communication 
system. The radio emission from the other planets is too weak to be 
a factor. 

Extraterrestrial noise sources as a whole are generally weak and 
only a few sources account for most of the potential interference. 

The strongest sources of emission are due to clouds of ionized hydrogen 
and supernova remnants which emit by the synchrotron process. The 
strongest of these sources are Cassiopeia A (3C 461), Cygnus A (3C 405) 


and the Crab nebula (Taurus A, 3C 144). The ionized clouds of hydrogen 
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in our own Milky Way galaxy (Cass. A) are the strongest source. It 
was this noise that was first received by Karl G. Jansky in 1932 ata 
frequency of 20.5 Mhz to thus begin the science of radio astronomy 


(Kraus, 1966, p. 6). 


6. Man-made noise 

Because of increased industrialization and mechanization and the 
rapid population growth, man-made noise has an ever increasing effect 
on the sensitivity limit of a communication link. In urban areas, the 
contribution of man-made noise is such a large part of the total system 
noise that it very often determines the sensitivity limit. One example 
of this is the noise created by an automobile in a mobile communication 
system. A large factor in the success of any mobile system is how 
effectively automobile noise can be suppressed. 

Frequently, the maximum usable sensitivityis governed by man-made noise 
sources is difficult to determine without field measurements under 
operating conditions. The usefulness of field measurements can be 
illustrated by the example of an aircraft flying around the world. 

When the aircraft is over water or sparsely populated land the noise 
level external to the aircraft is due mainly to thermal, solar and 
galactic sources. As the aircraft approaches an urban area, there is a 
significant increase in the noise level--sometimes several db. With a 
field intensity measuring system it is possible to plot the noise level 
as a function of geographic location and frequency. This information 
is useful in designing reliable communication systems for aircraft. It 


is hoped that the following discussion of the most common sources will 
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help the designer to become aware of potential problems due to man-made 
noise. 

a. Power lines The power leakage of high-voltage power lines by 
discharge, radiation and induction, resulting in noise interference to a 
communication system,is referred to as "power-line noise". Power-line 
noise is caused by a multitude of physical defects in a power distribu- 
tion system, often simply aging. It becomes a serious problem to nearby 
communications because it is almost impossible to maintain a low-noise 
system near a power line. 

The reader can testify to the seriousness of the problem by remember- 
ing the last time he was driving in the country listening to a weak radio 
Station. As the automobile approached a rural power line the noise 
drowned out the weak station. Only when the car had traveled a consider- 
able distance from the power line did the noise fade. Ham radio opera- 
tors minimize power-line noise by orienting their dipole antennas 90 
degrees to the power line to minimize coupling. Two-way communications 
employing ground-plane antennas minimize power-line noise by elevating 
the antenna well above the power line. It is often the most practical 
solution, however, to separate the antenna sufficiently from the power 
line because power-line noise decreases rapidly with distance. 

b. Automobile ignition The noise generated by the automobile 
ignition system is referred to as impulse noise because of its frequency 
and amplitude characteristics. Ignition noise causes the 'popping' 
sound in an AM receiver when an automobile passes the antenna site. The 
impulsive nature of ignition noise makes possible the use of an IF 


noise blanker to reduce or eliminate the annoying popping in voice 


89 


communication . This is accomplished by silencing the receiver 

for the duration of the pulse which a procedure that has little effect on 

voice intelligibility. For other systems such.as data transmission, 

the effect is more severe. Usually the parity error of the system be- 
comes too large to be practical. A solution for ignition noise is a 
suppression system on the automobile which eliminates the high-frequency 
energy from the impulses. This is usually accomplished by shielding 

and adding series resistance to the high-voltage wires. 

c. Thermal radiation from surrounding objects The black-body 
radiation from objects close to the receiving antenna induces noise and 
must be accounted for in low-noise systems. Any source of heat such as 
electrical power plants, industrial processing plants and chimneys will 
induce noise in nearby antennas (Lawson and Uhlenbeck, 1950, p. 107). 

d. Electrical arcing Severe noise can be generated by any electri- 
cal device where arcing occurs. Examples of these devices where arcing 
is a normal mode of operation are; small universal motors in appliances 
such as shavers, grinders, table saws, vacuum cleaners, mixers, blenders 
and a host of other household appliances. Arcing of the commutator in 
a DC generator is a common source of noise and is often noted as "genera- 
tor whine" in a mobile receiver. 

e. Neon and fluorescent lamps Sources of lighting which employ 
ionization of gases to generate light will also act as gas discharge 
noise sources. This effect and the pulsing nature of the AC power 
source cause the loud buzz heard in a communications receiver operation 
near neon or fluorescent lamps. Metropolitan areas can contain 


hundreds of thousands of neon lights which act as a large noise 


*Suprisingly, the earth itself is a source of radio noise because its average temperature 
is nearly 273 Kelvins. 
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generator with a somewhat flat spectrum which usually results in a 
severe noise problen. 

f. Static discharge The buildup and discharge of large amounts of 
static electricity causes noise in the radio spectrum. This noise is 
caused by the acceleration of a large number of charged particles 
(electrons) much the same as with shot noise. Manifestations of static 
discharge noise are "wheel static" in mobile systems and electrostatic 
charge generators such as a Van de Graf generator. 

g. Digital switching system In electronic systems employing a 
large number of switching circuits such as a telephone relay bank or 
digital frequency synthesizers, the almost random impulses of current 
generated from a large number of circuits switching causes noise. The 
noise can usually be reduced by shielding but, because the switching 
circuits are so intimately associated with the receiving system, enough 
noise usually leaks through to cause interference. 

h. Electrical propulsion devices for space vehicles Ion propulsion 
engines for space vehicles exhibit a multitude of noise sources due to 
the acceleration of charged particles in the plasma. Some of these 
noise generating mechanisms are electron radiation, electron-ion colli- 
sions, ion radiation, and black-body radiation (Wanselow, 1963). Wanselow 
discusses some analytical and experimental studies of RF noise generated 
by two types of ion propulsion engines. His conclusions are that only 
two types of propulsion noise are important:  electron-radiation from 
plasma boundry accelerations and a noise-growth mechanism. The noise 
growth mechanism which theoretically has a noise power spectrum of 


~-100 dbm/mhz is caused by plasma oscillations. This type of noise is 
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limited to frequencies less than 5% from the plasma frequency (from 


200-500 mhz). 


7. Special noise generation effects 


There are sources of noise which are caused by physical phenomena 
which are not usually associated with communication noise studies. The 
source this author is familiar with is the phenomena called Barkhausen 
noise. It is present in ferromagnetic materials that are subjected to 
a changing magnetic field. The domain wall motion in the material is 
impeded by imperfections and impurities in the crystalline structure. 
The domain wall will "hang up" on one of these and store magnetoelastic 
energy while the motion is stopped. Suddenly, the domain wall will 
break free and give up the stored energy with a burst. This sudden 
energy burst can induce electrical current in the electrical circuit 
of which the magnetic material is a part and cause the effect called 


Barkhausen noise. 
C. Noise in Passive Communication Circuits 


The passive elements of a communication system have an important 
influence on its performance. A knowledge of the noise behavior of the 
most important elements can aid in the design of a low-noise system. 
The development of special analysis techniques and equations makes it 
desirable to present these topics in a separate section. The noise 
power equations for generalized resistive networks have been derived 
and applied to the calculation of the noise contribution of a resistive 


attenuator. These equations are especially helpful in low-frequency 
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calculations. Antenna noise is given a comprehensive treatment because 
it is so important to a low-noise system. Tuned circuit and filter 
noise are discussed because they affect the noise factor of RF pre- 
amplifiers. Finally, transmission line noise equations are derived and 
presented because they are important in computing total system noise 


temperature and in measuring noise factors. 


1. Resistive networks 

To effectively derive noise equations for resistive networks it 
will be helpful to present both the Thevenin and Norton forms of the 
Nyquist equivalent circuit. Using the Nyquist representation, a noisy 
resistor RL at a temperature say can be represented by equivalent Thevinin 


and Norton circuits as shown in Figure C-l. 


Noisy Resistor Thevenin Equivalent Norton Equivalent 
R,@ O°K 
a —_——___ pom , 
Ree or = Ih G,@ O°K 
n n 
ve 
Vet = 4k Ta Rn AF T? = 4k Tn GAF 


Figure C-l1. Circuit Models for Noisy Resistors 
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Notice that the resistance (or conductance) in the equivalent 
circuit is at zero degrees Kelvin. The noise of the resistor is 
always accounted for by the noise generator so it will always be 
assumed that the resistor in the model is noiseless and its temperature 
will usually not be illustrated explicitly as it has been in Figure C-l. 
a. Noisy resistors in parallel A network consisting of several 
noisy resistors in parallel can be reduced to a single noisy resistor 
by considering the proper conditions of power transfer i.e., the single 
equivalent resistor must deliver the same noise power as the network. 


Figure C-2 represents the resistive network. 


He) ee aes —O 


Figure C~2. Noisy resistors in parallel 


; wt ? 
The current in the load, G,, due to the i ‘ noise source is: 


Lb? 


= Yo 
VE: = (¢kT, G; Af) 2 


L 
G+2 Gi 


(4C.1) 


where we consider each resistor to be at a different temperature. The 


power delivered to Gy due to the ae source is: 
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Gi 


od 
| 


= 4kT Gre Af (4C.2) 


@ 


Because the individual noise current generators are totally uncorrelated, 


the total noise power in the load GC, is the sum of the individual noise 


powers: 
Gy 
m 2 
(G + = Gi 


tsa 


Total Noise Power, Pp = 4 k(= T; Gi) AF (4C.3) 
t=1 


The resistive network can now*be reduced to a single resistor whose 


noise values are given in Figure C-3. 


Ti =4ktG At Gi=z Gs: eee 


} t=! 


Figure C-3. Norton's Equivalent for Noisy Resistors in Parallel 


If all of the resistors are at the same temperature, TY» the noise 


current generator becomes; 


I, = tkTy (G +64 Ga) AF (4C.4) 
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b. Noisy resistors in series In a manner analogous to that for 


the previous section, it is possible to express the total noise power ina 


load Ro due to several noisy resistors in series as: 


(4C.5) 


Ri 
(Ri + = Ri)" 


t=] 


Total Noise Power, Pr = 4k (2 si Ri) AF 


The series of noisy resistors can be reduced to a single resistor 


whose noise values are given in Figure C-4. 


Vv, = 4kT, Ra AF 


Figure C-4. Thevenins Equivalent for Noisy Resistors in Series 


If all of the series resistors are at the same temperature, TL» the 


noise voltage generator becomes: 


—_— 


Vi = 4kT, CR, + Ret -°* Rm) AF (40.6) 


n 


We can now summarize the results for both series and parallel resistive 


networks for both Thevenins and Nortons equivalent circuits: 
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Parallel Resistors 


Tt = 4k E TG] Af 


n 


m G, a =! Gi 
ae = Te 
2 =o = 
V, = 4k ei | ss 
Series Resistors (4C.7) 
ve = 4k €,TiRi Af 
mM 
Rn = S aa 
‘a ist 
2, TLR 


T? =4k| aa [Ot 


The simple cases of two resistors in series and in parallel are 
summarized in Figures C-5 and C-6, 

It is appropriate at this point in the development to apply the 
resistive noise power formulas to a resistive network of significant 
practical importance~-the Resistive Ladder Attenuator. For purposes 
of illustration, the circuit manipulations will be performed in detail 
for a Symmetrical-T Attenuator. The methods shown will be applicable, 
in general, to any resistive network. Figure C-7 shows a Symmetrical-T 
Attenuator with a noisy resistive source R, We now proceed to derive 


a Thevenin's equivalent circuit for the nodes a-b. Important circuit 


Vi=4k (TR+TERe) AF 


T K,+Re 
T*= 4k TR, vTe Re NS 
(R, + Raz) 
Figure C-5. Two Noisy Resistors in Series 
O 
G, +Ge 
ep G,+Ge2 
ve 
© 
SS Ve (1G, +T. Ge) 
ee VP =4k LOAF 
I; = +k(1G +h G) at (G+ G,)* 


Figure C-6. Two Noisy Resistors in Parallel 
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Figure C-7. Symmetrical-T Attenuator 


relationships for the attenuator are given with the circuit. We now 
proceed to obtain the Thevenin's equivalent by a series of Thevenin- 


Norton conversions. First combine R, and Rj: 


R,@ T, 


R,@Ts mae 


Parallel the resultant with Ry» change both to a Norton's equivalent 


and combine: 
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(7, R, + Ts Rs) 


= Aft 
we (R, +Re)® | 
} 
=4kT. Re Af 


Combine both current generators and convert the resultant to a Thevenin's 


equivalent: 


5 p= Ra(R+Rs) 
Re 8 a R, +R, + Rs 
Ve 
— 2 
Vg = 4k] om is #| Re At 
d 


Finally we combine the above circuit with the final ladder resistor 


(Ry @ T3) to obtain the Thevenin's equivalent for nodes a-b. 


a | 
_ Re(Rit Rs) _ R.\ 
Barr BG Bee ae. Ry (|+2 z) 
R, 
2 2 
ar Ro (TR, Ts Rs) Ta Re (Ri +Rs) oR] OF 

Vie ie +h{ Be +Re+ R,)@ (R,+ Ro + Rs) 3% 

b 


Figure C-8. Thevenin's Equivalent for Noise Output of a 
Symmetrical-T Attenuator 
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The Thevenin's equivalent can be further simplified by considering the 
practical case where the resistive attenuator is at one uniform tempera- 
ture and the source resistance R,is at another. Applying these 


restraints and substituting for Ry and R, in terms of R,and K, the current 


ratio from input to output, we can perform the following manipulations 


(International Telephone and Telegraph Corp., 1956, Ch. 9): 


Vin = 4kT Rs Af 1202 Ty 


@ 
(Tins +TeR) T2Rs KER) 
ig ee 
2 


a - +TRs 
2 2 2K = 
Rs( K*—| ) R:( K*~| ) 
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Combining and simplifying, 


| K= hers k-\ Ket 
P Ree Rey ele) 2 K Kel TP Rs Kay 


—p.[%& tk fh 42 -p lt Een] 
= Role +1, K+ Ede) =R. [E+ K= 


Ts +7, (N-1) N21 


T= N 


A summary of the results of this analysis on a resistive attenuator 


at uniform temperature is given in Figure C-9. 


Qa 


Resistive 


Attenuator Rs a) Ook 


wr Te thi (n-1) 
Vy, = 4k pA Nag 


Figure C-9. Thevenin's Equivalent Noise Generator for an Ideal 
Resistive Attenuator at a Uniform Temperature 
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Some common examples for standard values of attenuation and the corre- 


sponding Thevenin noise generator are given in tabular form below. 


Table C-1. Mean-square noise voltage output v.s. attenuation 


. _ in 2 
Attenuation N= > Von 
out 
0 db 1 4kTR AE 
ss 
T + T) 
3 db 2 4kR (2) at (mean of T_ and T._) 
s 2 s 1 
T + 3T, 
6 db 4 4k R. (*—yt 
s 
4 
. T, + oT, 
10 db 10 4k R, ( 0 JAE 


When the value of attenuation becomes large, the value of Thevenin's 


noise voltage generator approaches the value: 
qe 
Vn = AKR; ‘er + Tyy ) Af N > loo (4C.9) 


The noise voltage generator can also be expressed in terms of the "gain" 


rg 


oO. 
Pin 


of the attenuator G = 


———— 


Ve = 4kRs1T, + & (%-T)| Af Gah (4C.10) 


h 
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These results should be compared to.the equations for transmission 


lines which were derived on an entirely different basis. 


2. Tuned circuit, transformer noise 


The noise analysis of a tuned circuit may be done a variety of 
ways depending on the desired goal. The analysis presented here will 
show some applied results of Nyquist's theorem and how the effective 
noise temperature of the antenna source resistance is increased due to 
the noise added by the losses in a tuned circuit. Nyquist's theorem 
(Bennett, 1960, Sec. 2-8; Lawson and Uhlenbeck, 1950, p. 74) states 
that the noise power available at the nodes of an RLC network at 
uniform temperature is simply the noise power available from the real 
part of the driving point impedance (see Appendix, Parts C and E). Con- 
sider the circuit of Figure C-l0a, a resistor and capacitor in parallel. 


From AC circuit theory, the driving point impedance is 


Z,(w) = Rw) + J X(w) 


- —Rewe 
= Rs . Saeco es (4C.11) 
J+ u® R2 C2 f+ wR, Cc 


and Nyquist's theorem states that the incremental mean-square noise 


generator is: 


Rs dé 


} +w* Re C* 


dV? = 4kT, Rw) df = 4kE 


(4C.12) 
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Figure C-10. Nyquist's Theorem Applied to a RC Parallel 
Network 


Comparing the mean-square noise voltage of the original source resistance 


dvi = 4kT. Rs df 


gives the result: 


2 e 
= ee ee (4C.13) 


Whereas the mean-square noise voltage of the source resistance depends 
upon Ts: R, and bandwidth, the equivalent noise voltage is a function 
also of frequency and capacitance. These results should generally be 
kept in mind: 

a) The resulting equivalent mean-square voltage obtained by 

applying Nyquist's theorem is frequency dependent. 

b) The available power is frequency and bandwidth limited. 

The mean-square noise voltage available from the source resistance is 


limited only by the sample bandwidth, Af 


Vy; = PK TE Ry At (40.14) 
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while the mean-square noise voltage from the RC network is limited to 


(Appendix, Part B, Equation B.16): 


\, = 4kTs Rs, RTS d= = 4kTs Rs ez ahz| (4¢.15) 


° 


By comparison with (4C.14), the effective noise bandwidth is oR C 
s 


which is in agreement with Part B of the Appendix. 


Now consider the parallel tuned circuit of Figure C-11. 


Figure C-1l. Nyquist's Theorem Applied to an RLC Parallel 
Network 


From AC circuit theory we get 


Rs 
j + RE (we- de)” 


R (w) 


(4C.16) 


Making the substitution 


R 4 
oa ore = Re Woe We = aro 
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gives the result in terms of the circuit Q at resonance: 


| 
FC). oh ig ae ar (4C.17) 
1+ (S-S) 


In a manner analogous to that done for the RC network we have: 


dvi = 4kTER.df 
(4C.18) 


| 


2 a GQ 
[4+ Q, (Ss aot: 


duiesdy 


Integrating to find the total mean-square noise voltage gives: 


ob 


= df 


V2 = 4KTR, T fe 


= 4kTs Ks (2 =) (4C.19) 


a (£- 4) 
1+ Qe VR F 
For the RLC parallel-tuned circuit, the equivalent noise band- 
width is 
At = 2k 
2 Qo 


and since the circuit Q at resonance is equal to the ratio of resonant 


frequency to 3db bandwidth we get the result, 
At = = Bw (4C.20) 
eae 3db ¢ 


In conclusion, the effective noise bandwidth for a parallel-tuned 


circuit is 1/2 times the 3db or half-power bandwidth. 
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At frequencies near resonance, the Nyquist resistance of (4C.17) 
can be approximated by 


-O5 


Rt) = Rs for Ga <x OQ. (4C.21) 


where Qa) is the frequency increment away from resonant frequency W. 
The proof of this can be seen by expanding the denominator of (4C.17) 
in a power series. 

The circuit manipulations that are required to show the noise 
factor degradation for a lossy tuned circuit will be included to 
illustrate noise calculations. Figure C-12 shows the schematic repre- 


sentation of the input circuit for an RF amplifier. 


Antenna Ideal Transformer 


! 1: 


RF Device 


Tuned Circuit Input 


Figure C-12. Equivalent RF Input Circuit for an RF Amplifier 


The resistance R_ represents the parallel equivalent resistance of the 

; : , pe 
tuned circuit. The noise current generator i. Trepresents the effective 
noise of the RF device referred to the input. The ideal transformer is 


used to represent the transformation of R. that is necessary when R. is 
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finite. Now we eliminate the transformer and show all noise sources 


by noise current generators explicitly in Figure C-13. 


RF Device 
Input 


Figure C-13. Parallel Equivalent of RF Input Circuit 


The purpose of the transformer is to maintain a constant parallel 


resistance for the amplifier input. It is only meaningful to compare 
noise performance when the source resistance is held constant. Under 


ideal conditions (lossless tuned circuit) the following relationships 
hold 


Ideal conditions 
2 


a =1 

oe = 0 Source resistance = R, 
i eG 

P 


while for a lossy circuit . is finite and: 


Non-ideal conditions 


Vv 


a= R,.<R,f0 , A 


= 4k 1G, AF Cp= ee, 
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a* R, Re 


PR, + Rp = Rs 


Source resistance = 


For a lossless network the noise factor is (Appendix, Part E) 


Se 5 
ei a a fies | + = (o% =1) 


'$ 


while for the lossy network we have: 


(4C.22) 


Letting the mean-square noise current generators be represented by 


their Nyquist equivalents 


I? =4kh.G, At | (LE =7,) 


- = 4k Tp Gp AF | (4c.23) 
Tf = 4kT. G At 


the noise factor of Equation 4C.22 becomes: 


(4C.24) 


ion 2 1G thG 
Fr. = [+a EG 


Upon substitution for ans the final result for the noise factor of an 


RF amplifier with lossy input network is obtained: 
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_ i R Tr 
bP) oe ge) lc 


Several limiting cases are noted: 


a. For large R_ (R_ > > R,) 
pee eS 


le aia tT + Jp R, (4C.26) 
i: oR: 
b For Large R_ and T ¢ qT, 
a Rs 
= ee a 4.27) 
Fi Te Rp ( 
c. Ideal conditions (R_ + ~) 
cn ee aE Ee ee 
I, 
Fim Jt (Compare, Appendix, Part E) 
b Ts 


For most low-noise designs Equation 4C.27 is appropriate. Limiting 
case d can be thought of as the "noise factor of a tuned circuit". 
A word of explanation is needed for why the tuned circuit frequency 
response didn't enter into the problem. The reason it does not is 
because the device noise is referred past the tuned circuit and the 


effect is accounted for in the value of ie One last example of 


111 


the numerous applications and special cases for Equation 4C.24 is that 
of the case where the parallel equivalent resistance a is equal to 


the transformed resistance a’R.. Mathematically we have 


i 


a’ Rs =R, = ie Rs ron RefoeR, = Rs 4 a*=2 


which upon substitution into Equation 4C.24 gives 


~ us 
F=l]t +2 — (4C.28a) 
a fe 

If it is assumed that the parallel resistance is near standard tempera- 


ture (IT. =~ T_) then 
P ° 


F=e(i+) 
a (4C.28b) 


which is twice the ideal value (special case c). This is the so-called 
3db noise figure degradation point (twice noise factor) and serves as 
a handy point of reference in measurements. 

To discuss transformer noise, two broad categories are considered; 
narrow-band LC matching networks and the linear~core transformer. For 
LC matching networks, the techniques developed for RC and RLC networks 
can be applied. For the linear-core transformer, the losses in the 
transformer equivalent circuit will be discussed. Figure C-14 shows a 
transformer equivalent circuit with circuit values referred to the 


primary. 
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EF = 


Figure C-14. Transformer Equivalent Circuit 


The noise in the transformer comes from the ohmic loss resistances 
Ry and aR, and from the magnetization loss resistance Ro: If the 
transformer has a ferromagnetic core the noise temperature of R. might 
be higher than ambient because of a Barkhousen noise contribution. 

For practical applications the transformer is assumed to be at 
standard temperature (T, = 290°RK) . For computations, this author's 
practical experience has shown that noise factor for a transformer can 
be calculated from its insertion loss by treating it as a resistive 


attenuator or a transmission line (Parts 1 and 4 of this Chapter). 


3. Filter noise 

Filter noise and filter loss have their most important effect in 
the low-noise portions of a receiver. In particular, the first RF 
filter directly affects noise factor and noise temperature. The analysis 
for filter noise is only approximate because the exact analysis of a 
multistage filter would be extremely difficult. For analysis we will 


consider the RF bandpass filter as represented in Figure C-15. 
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RF Amplifier 


Antenna 


Lossy 
Bandpass Filter 


Figure C-15. Block Diagram for RF Filter Noise Analysis 


The antenna, filter, and RF amplifier will now be replaced by 


their equivalent circuits as shown in Figure C-16. It is assumed that 


the bandpass filter can be represented by a resistive attenuator (Pad) 
and a lossless filter in cascade. The noise generated by the filter 


is accounted for with the pad and the attenuation out of the passband 


with the filter transfer characteristic. 


Symmetrica 
Resistive Lossless Filter 


Attenuator 
@T 

Pp 
Flat loss, 


| Hwy)” 


Figure C-16. Equivalent Circuit for RF Filter Noise Analysis 
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The attenuation of the pad has a value of the flat loss* of the 
filter. The noise factor of Figure C-16 is obtained by applying the 
definition of the ratio of input and output signal-to-noise ratios. 
|H(w) |* is the power attenuation factor for the filter where H(w) 
is the current transfer ratio and represents the attenuation of a noise- 
less filter (purely reactive elements). a represents the referred 
noise of the receiver. 

Now we proceed to write the noise factor for the circuit of 
Figure C-16 as the ratio of total mean-square current output to that 
due only to the source resistance at standard temperature: 

Is IH(wy|* + ibs [Hcwy]* + a 
Re — (4.29) 
| H@y{* 


2 
s 
N 
The noise factor equation ig further reduced by substituting the 


following Nyquist equivalents 


I =4kT G Af 
s os 
I ee 4kT G Af (4c .30) 
P P P 
2 
I =4kT_G Af 
r ros 


vay , 
where tS is a noise current generator across nodes 1-1 which represents 


the noise generated by the pad at temperature Pa This noise 


*The flat loss of a filter is defined to be the insertion loss of 
the filter at the frequency of maximum amplitude. 
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representation for the resistive attenuator can be better understood 
if the equivalence between the pad and the transformer/resistor 
representation of Figure C-12 is shown. Refer to Figure C-17 for 


definitions. 
l:a / 


Resistive 
Attenuator 


I; 


Re — 
———_ 


Figure C-17. Equivalence Between Resistive Attenuator and 
Transformer/Resistor Combination 


The mean-square output current ies for the transformer circuit is 


(assume an ideal transformer and any source temperature) 


a 7 
I; = = +I, = 44R,(& +7, -#)ae (4C.31) 


while that for the attenuator is (Figure C-9): 


ran = 4k R, (Ese )as (4C.32) 


Using the identities 


= (4C.33) 
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and substituting into (4C.31) we get: 


T ar} 
Te =4kr.(& +4 Se) oe 


=4kR, (Brew) as (4C.34) 


The noise factor equation (4C.29) was actually obtained with the 
resistive attenuation replaced by the transformer equivalent so that 


the current generator 2 could be used to represent the filter noise. 


Reducing Equation 4C.29 we obtain 


Tp Rs ae Ty 
= fo S| + —4. = *=N 4C.35 
Fee | +a T Re TH? Te (a ) ( a) 
R a4 
and since i = 4 > we get the final form: 
P a 
Tr tT _N | 
F,=ft+— N-] fo 2 4C.35b) 
rt Tc ( ) cz | H@w|* ( 
The equivalent noise temperature is: 
Io= i NU + Ty (N-1) (4C.35c) 
ne | Hw] * r 


This analysis can be applied to the case of the simple parallel tuned 
circuit of Figure C-12. Equation 4C.25 is simplified by the substitu- 


tion Pe = N which yields: 
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Tt 
Fo = | + 7 N + Pe (N-1) (4C. 36a) 


The results of (4C.25) were derived for the case when the device noise 
is referred past the tuned circuit. This corresponds to the case 
|H@)|? = 1 and Equations 4C.35 and 4C.36 are equivalent. The spot 
noise factor at all frequencies for the single-tuned-circuit filter 

of Figure C-12 is (apply Equation 4C.35a and compare to Equation 


4c.25): 


r 
Pita Se (o®—1) + = at I +G0(2 - 2 (4¢.37) 


Application of these techniques to other filters will yield similiar 
results. It should be noted that, for ideal impedance transformations, 
the available power and noise temperature remain unchanged. The noise 
bandwidths for some simple RF bandpass filters are compared to their 
3db bandwidths in Kraus (1966, p. 265). 

It cannot be emphasized enough that the receiver mean-square noise 
generator and hence receiver noise temperature qT. depends upon the 
filter output impedance and frequency. The rather simple expressions 
of Equations 4C.35 cannot relate the complicated dependence of T. on 
both Zo and frequency. The section on two~-port noise theory will help 


explain these complicated dependencies. The noise factor in this 
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section is a spot noise factor and thus it and the resulting noise 


temperature are both point functions of frequency. 


4. Antenna feedline--transmission line noise 

The noise behavior of a transmission line is important because the 
noise temperature of a noise source as seen through a lossy line and 
the system noise temperature of a receiving system are both affected. 
The transmission line will increase noise factor and introduce errors 
in noise calibrations. Figure C-18 illustrates a noise source and a 


transmission line as might be used in a noise standard. 


R Transmission Line 
$s 


Ox 


O 
| e- x 
Noise Source b 
X=b 


X=0 


Figure C-18. Noise Source and Transmission Line Noise 


The quantities in Figure C-18 are defined as follows: 


R, = The resistance of the noise source. 
Ve = The mean-square noise voltage of the source 
in a bandwidth Af. 
P_ = Available power of the noise source. 
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a (x) = Attenuation in nepers per unit-length for an 
incremental section of line, dx 
TO) = Noise temperature of an incremental section of 
line, dx 
b = Total length of line 
P_._ = Available noise power at the output 


we Effective noise temperature at the output. 


The following assumptions will be used in deriving an expression for 
nt’ 
a. The transmission line is homogeneous 
b. Line losses are small enough that the characteristic 
impedance is real (distortionless line) 

c. The noise source is impedance matched to the line, R. = Zo: 
The noise power, Put available at the output is determined by two differ- 
ent sources; the noise power available from the noise source after it 
has been attenuated by the line and the noise power contributed by the 
lossy transmission line. 

The available power, Pit will depend on the power available from 

the noise source, the noise power available from the line, and the line 
attenuation factor. From transmission line theory we know that the 
voltage wave along the line is attenuated by an exponential factor as 
expressed in the equation 


A A -aAXk 
Es = & S (Voltages in RMS Values) (4C .38) 
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and for a distortionless line the power attenuation is proportional to 


the mean-square voltage attenuation: 


A A, ~-2ax ~ DolX 
2... oe 
Be. ee R=pe (4c.39) 


The power absorbed in a differential element of length, dx becomes 


(see Equation 4C.42 for definition of terms): 


Power absorbed = —~ C AX, (x) Py) dx (4c .40) 


When the line is in thermal equilibrium the power absorbed is equal to 


the power generated (Siegman, 1964, p. 374) so: 
Emission Power = 2 A(X) PG) dx (4C.41) 


Since the thermal noise power generated is independent of the total 
noise power flowing, a differential equation for the change in total 
power in a line length dx can be written by combining the emission and 


absorption equations 


d Pe) = —2 dn Pwdx +2 an RO dx (4C.42) 
where P(x) = Total power traveling in the transmission line 
Ps) = Emission power in the line, due to thermal emission, 
generally a function of x 
a Gx) = Line attenuation in nepers per unit length, also a 


function of x. 
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The conditions of power absorption and emission in a transmission 
line are analogous to those which exist for the emission and Absorption 
of electromagnetic radiation in a gas cloud. For example if a radio 
source (noise source) is observed through an emitting and absorbing 
cloud (transmission line), the source brightness observed (available 
power) will depend upon the true source brightness and the emission 
and absorption coefficients which characterize the cloud. 

Equation (4C.42) can be rearranged to give a relationship called 


the "equation of transfer": 


3d Pw 


ag +2da,) P&® = 2a Pw (4C.43) 


This differential equation of the first order and first degree is 
a form of Leibnitz equation and is directly analogous to that obtained 
by Kraus (1966, p. 95) for external irradiation with internal emission 
and absorption as applied to radio and optical astronomy. The general- 
ized form of Equation 4C.43 and its solution are given by: 


JPW +QPwo = Re 
dx (40.44) 


Pin = Aexo[-foal] + exp[-faas] fer[s aur] Recs 


By substituting the terms of Equation 4C.43 into 4C.44 and integrating 
over the length of the transmission line we will evaluate the power 


available at the output as: 
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b 
“Te ~Te 
P; =AC +€ [2a RW exp[(2 und] dx (4C.45) 
where 5 : 
TT = | 24 dx (4C 46) 
(6) 


Now we will apply the boundary conditions for Equation 4C.45 to 
solve for the constant A and to determine the shveteal meaning of the 
other terms. It should be pointed out that the line attenuation, & (x), 
and the line emission power, P&®)> are generally functions of 
position and must be kept under the integral sign. For a line of zero 


length, b = 0, the power available at the output is simply P so that: 


= A= Pp when b= 0. (4C .47) 


Total line loss is computed by integrating the attenuation over the 


total line length 


b 
2 cle b 
N= exp feanw dx =C° = et (4C.48) 
o 
ine 
where a aes f a Gx) dx the average line attenuation in nepers— 
fe) 


per-unit-length 
b = Total line length 


N = Line loss factor. 
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For notational simplicity we will let the attenuation of a line of 
length, x, be: 


x 
Nx = exp fe adn) dX (4c.49) 


fe) 


Now Equation 4C.45 can be written in the form: 
P, =a IR + f2d.wPRw N, 3 | (4c.50) 
°o 


Since the noise powers are all proportional to a noise temperature 


(Nyquist representation for thermal noise), 


Pit =k Sar Af 
Po =ktT_ Af 
s s 
Po) =k T@&) Af 


we can obtain the expression for noise temperature at the output by 
dividing Equation 4C.50 by kdf to give: 


a Ts + | 2d.) TON, dx (4c .51) 


ae 
N 


For the special case where the line attenuation-per-unit-length and the 


line temperature are constants we have 


It 
2 


a Gd) » a constant 


ti 
A 


TL a constant 
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and the integral in Equation 4C.51 becomes: 


b b 
BadoX 2ole b 
2% T | Ndx =24%1e dx =le -ll & (4C.52) 


° °o 


Equation 4C.51 may now be written in two forms as 


I 


The Ty, +TU-W) (4.53) 


or 


_t% Ba 
resis +h (l-e -) (4c.54) 


where N= etc and tT = 20 b. 
c fo) 


The nepers attenuation of the line, TO is called the optical 
depth in astronomy. An optical depth of unity corresponds to a reduc- 
tion in the source noise power, Ps? of 1l/e. It should be noted that 
Equation 4C.51 is an exact expression for computing the effective 
noise temperature for any distribution of line temperature and attenua- 
tion factor while Equations 4C.53 and 4C.54 are valid only for attenua- 
tion and temperature constant and independent of x. 

Equation 4C.53 is often written in any one of the three forms 


(compare Figure C-9) 


Tae = 4 L- + Te co) (4C.55a) 


125 


] 
0 ee N (Ts -T) (4C .55b) 


HeeGeeegn, (€-$) wow 


where tT. = Source temperature, °K 
T = Constant line temperature, °K 
2a ‘ 
N=e oP. line loss factor 


€ = 1/N, Transmission efficiency (0 < e« < 1) 
a = Constant line attenuation in nepers per unit 


length. 


For the matched, homogeneous transmission line the total line loss 


factor is called flat loss and can be computed in db as: 
Flat loss in db = 10 log \N = 20 ab loge. (4C.56) 


Noise due to attenuation has also been discussed in Kraus (1966, p. 261). 
Stelzried (1968) shows an alternate derivation to Equation 4C.53 and 
also shows solutions to Equation 4C.51 for temperature and attenuation 
distributions that are not constant. 

The second term of Equation 4C.53 can be thought of as additive 
noise in the system i.e., the noise power added to the noise source by 
the transmission line. Notice that for the special case where the 


transmission line and the noise source are at the same temperature 


T. = Ty and a = Ps (4C.57) 
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The results for the equivalent noise temperature of a noise source as 
seen through a lossy transmission line will now be summarized and some 


useful limiting cases presented. The equation that will be used is 


Te = eT. +7]. (\-€) (4C.55c) 


where Ring Noise temperature of a noise source as seen 
through a lossy transmission line 
T, = Noise temperature of the source 
qT. = Uniform noise temperature of the transmission 
line 
F eit 
e= 5 , the transmission efficiency (0 < « < l). 
in 
pene a ~2Qgb 
The transmission efficiency, ¢€ = e » accounts for the flat loss or 


insertion loss of the transmission line. A value of e« = 0 corresponds 
to an infinite loss while e« = 1 is a lossless line. The following 
limits are observed: 


a. Infinite line 


e>o “nt 
b. Lossless line 

lim 

eo ne as 


c. Line temperature equals source temperature 


Lim 
T -T er = a 
c Ss 


d. Transmission line at cryogenic temperatures 


Lim 
T,70 a ~ a # 
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e. Zero source temperature 


Figure C-20 is a plot of Equation 4C.55c normalized with respect to 


the source temperature, TS: 


(40.58) 


The effect of a lossy, noisy transmission line on the noise 
temperature of a receiving system will now be presented with Figure 


C-19 defining the terms. 


Noisy 
Receiver 


Figure C-19. System Noise Temperature and Transmission Line 
Noise 
The total receiver noise temperature and noise factor at the 
source terminals can be obtained by considering the transmission 
line to be a resistive attenuator (unity SWR) and letting « = 1/N. 


This will allow the use of Equations 4C.35 with [H(w) |? = 1 to give: 


Normalized Noise Temperature, T /T °K 
nt’ ’s 
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T 


Intercept is T 
s 
Numbers shown are for 


T =T = 290 °K 
c Oo 


5.0 


40 


0.5 1,0 


Attenuation Factor, ¢€ 


Figure C-20. Noise Temperature of Noise Source Through a 


Lossy and Noisy Transmission Line 
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tL i ey as ee 
F, = | a oi + (< \) (4C.59a) 


Te = roa cae (221) (4C.59b) 


The noise temperature is also seen in the alternate forms (compare 
Equations 4C.55 with e« = 1/N): 


y, = Etho-e aes 


= T. ++) (n-t) (4c. 60b) 


ONT, ON) (4C.60c) 


The noise that is added by the transmission line is represented by the 
factor (T. + TN - 1). Sometimes the factor TQ - 1) is referred 
to as the noise temperature of an attenuator because it is the additive 
noise after accounting for the effect of flat loss. 

The results for the total receiver noise temperature at the source 
terminals as seen through a lossy transmission line will now be summar- 
ized and some useful limiting cases presented. The equation that will 


be used is 
The = | +(T +) (N~1) (4c.61) 


where T = Total receiver noise temperature as seen through 


a lossy transmission line 
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TY = Receiver noise temperature at the receiver 
terminals 
qT = Uniform noise temperature of the transmission line 


N = l/e, Line loss factor (l1<N<™®). 


The following limits are observed: 


a. Large line loss 


lim 
no>1 tre 7 8 (I, io tT) 


b. Lossless line 


lim x 
Nel ee = oe 


c. Line at cryogenic temperatures 


d. Noiseless receiver 


iim 2 
T 70 ae @ - 1) 


e. Low-noise receiver 


lim 
T*st Tt - qT + a (N - 1) 


f. High-noise receiver 
lim 
T >oT rt r 
r oc 
Figure C-21 is a plot of Equation 4C.61 normalized with respect to 


receiver noise temperature, Te 


= | +(=£+1)(N-I} (4.62) 


ntl: 


Normalized Total Receiver Noise Temperature, T 


al 


1.3 


1.8 


1,3 


1,2 


Figure C-21. 
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Noiseless Line 


Loss = 1 db 


1.2 1.3 14 15 1.6 1.7 1.8 1.9 


Line Loss Factor, N = P,_/P 
; in’ out 


2.0 


Total Receiver Noise Temperature, Including Noisy 


Transmission Line 
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Figure C-21 shows the effect of any resistive attenuation device, with 
a flat loss N, on the total receiver noise temperature. 


By definition, the total receiver noise figure is: 


7 i | wo 
NF, = 100 (1+) =0 oq] + + EAE (n-1) db (4c. 63) 


For the particular circumstance where the temperature of the transmission 


line is standard temperature (T. = Ty)» the noise figure becomes 


= Tt 
NR, = 10 Jog N(1+=2) =NF, +1oSeqN dh (40.64) 


with NF. the receiver noise figure. 

This leads to the widely used rule-of-thumb that the total re- 
ceiver noise figure as seen through a lossy pivenieston Aine is the 
sum of the receiver noise figure at the receiver terminals plus the 
line flat loss in db. Although this rule-of-thumb is valid only when 
T ¢& To: it can generally be used for rough calculations and, for 


c 


laboratory measurements, is usually adequate. 


5. Antenna noise 

The noise temperature of a receiving antenna is determined by the 
noise environment in which the antenna is operating. Under worst con- 
ditions this noise comes from man-made and natural sources while under 
the best conditions the noise temperature is due to only natural sources 
such as cosmic noise and ground temperature. For theoretical considera- 


tions the noise temperature is determined by the integrated noise 
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brightness distribution from all parts of the antenna's environment 
while in practice the actual value is approximately calculated by 
considering only the major sources of noise. For precision work, the 
noise temperature must be measured (Chapter IX-D). 

In the theoretical case of an ideal isotropic antenna in free 
Space, the antenna noise temperature is zero. The isotropic antenna 
in homogeneous space, where cosmic noise is uniformly distributed, has 
a noise temperature equal to the space noise temperature. In actual 
space, the noise is due to a large number of thermal and non-thermal 
sources and these sources have an almost random distribution. For 
these conditions the antenna noise temperature is the integrated noise 
brightness distribution. 

When a beam antenna is employed, the noise temperature is deter- 
mined by the temperature of the noise sources within the main beam. 
For example, a narrow beam antenna, with 10 db gain, in a uniform noise 
environment will have a noise temperature the same as that of an 
isotropic antenna but the received signal from the beam direction will 
be ten times larger, thus increasing the signal-to-noise ratio. In 
contrast, a broad beam antenna directed at a point source signal will 
receive a large noise contribution from noise sources at large angular 
distances from the signal source. When this happens, a narrower 
antenna beam can often bring a good improvement in the signal-to-noise 
ratio. 

For radio telescope applications where the main beam is pointed 
at the sky, the minor lobes will be pointed in undesirable and often 


noisy directions such as the ground. When the main beam is pointed 
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toward a cold part of the sky, this noise contribution of the minor 
lobes becomes very significant. Because of this, it is desirable to 
reduce the minor lobe response as much as possible or a least when 
this cannot be done, the antenna should be designed to place the minor 
lobes in low-temperature directions. 

The six major noise sources which contribute to the equivalent 
noise temperature of an antenna are solar radio noise, cosmic noise*, 
man-made noise, atmospheric noise (static), ground noise, and antenna 
conductor noise. Solar radio noise is a result of intense radio 
emission from the hot sun. Neglecting solar flares, this noise emission 
is so intense that it may produce several degrees of noise temperature 
in the antenna. Quite often the intensity is high enough that solar 
noise coming in on a minor lobe can completely mask the weak, desired 
signal on the main lobe. Obviously, solar noise is reasonably pre- 
dictable and can often be avoided (such as night operation). Cosmic 
noise is the result of powerful thermal and non-thermal radio noise 
emitters which occur throughout the universe. These sources account 
for much of the antenna noise in the high HF and low VHF frequencies. 
Man-made noise is discussed in a previous section. Atmospheric noise 
or static is a problem at the frequencies below 20 MHz and is the 
exclusive limit of sensitivity at the frequencies below 5 MHz. This 
radio noise comes from disturbances in the earth's atmosphere and may 
be in the form of a steady hiss, a popping noise, whistlers, and light- 
ing discharges. 


*The term cosmic noise will be used to denote extraterrestrial 
noise other than the sun. 
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Ground noise is a result of the antenna receiving thermal radiation 
from the ground. This can be minimized by proper antenna directivity 
and shielding. The thermal noise contributed by the antenna conductor 
resistivity is usually so small that it can be neglected. This is 
especially true when the antenna conductor resistance is small compared 


with the antenna radiation resistance. 


Atmospheric 
Solar 


Tee ay j 


Cosmic 


P+ Ra 


+0 


Was 


Receiver 
Transmitter a 
Man-made bP) 


Ground 


Figure C-22. Schematic Representation of Antenna Environment 
Showing Signal and Noise Sources 

Figure C-22 is a schematic representation of the noise sources 
that influence the low-noise performance of a receiving antenna. 
For purposes of discussion, the noise due to extraterrestrial sources 
(solar and cosmic) and atmospheric sources will be called sky noise. 
The antenna, as an electromagnetic transducer, will be represented by 
the two-port equivalent circuit of Figure C-23. 

The following terms will be defined: 


RS = Antenna radiation resistance, ohms 
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Receiving Antenna 


Figure C-23. Two-port Equivalent Circuit for a Receiving 
Antenna in a Noisy Environment 


a 
! 


ao Ohmic loss resistance of the antenna, ohms 


; o 
Thin = Physical temperature of the antenna conductors, K 
2 : 2 
e. ¢ Mean-square signal voltage, volts 
V 2 = Mean-square noise voltage due to all noise sources 
ra 


2 
external to the antenna, volts. 


The mean-square noise voltage is represented by the Nyquist equivalent 


Ve KC Ts Fly Tam) Rea AF (4c.65) 


where T oxy = teplee * Tedemie © T atmospheric 


ba 
i] 


Antenna temperature contribution due to ground noise 


La) 
il 


Antenna temperature contribution due to man-made 


noise. 
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The temperatures in Equation 4C.65 are not the actual temperatures 
of the various sources but are the equivalent antenna temperatures 
induced in the antenna by the noise flux from these sources. The 
physical temperature and the equivalent temperature are related and 
can be calculated in special cases (Kraus, 1966, Sec. 3-18) but for 
the most part,the equivalent temperatures must be measured. To do 
antenna calculations it is convenient to reduce the circuit of 
Figure C-23 even further and develop an equivalent signal source to 


represent the antenna. This antenna equivalent is shown in Figure 


C-24. 


(a) Two-source Thevenin (b) Two-source Norton 


Figure C-24. Signal Source Equivalent Circuit for a 
Receiving Antenna 


The following terms for Figure C-24 are defined: 


R, =R + the total antenna terminal resistance which 


A ra Bohm? 


is the source resistance for the receiver 
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v, =4k T, Ry 4f, the total mean-square antenna noise 


voltage for all antenna noise sources. 


The total antenna noise temperature is determined by combining the 


ae ae 


mean-square noise voltage contributions from Ves T, is 


and Rohm’ mn 


determined as follows: 


Ea Ue 4k Rat Te RAP coe 


s = A . 2 
Setting ve 4k Ty Ry f and solving for Ty yields 
fe Tea Ria = me Rohm 
oy anes Chee amas eon 
ra ohm 
where T =T +°Ts oT 
ra sky g mm 


If the antenna ohmic loss factor is low (Equation A.20, Chapter III) 


then the total antenna noise temperature is approximated by (Ronm<<Fra?? 


ra 
St ee aT won 
ra 
* Tolar ss T cosmic = T emospheric x a Tom 
+ Thm ol (40.68) 
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For most practical applications, Equation 4C.68 will represent the 
total effective antenna noise temperature for all calculations. It 

is important to note that, unless all other sources of noise are 
extremely low, the noise temperature of the antenna conductors have 

a very small contribution to the effective antenna noise temperature. 
The antenna noise equivalent circuit of Figure C-24 is used in the 
derivation of the relationship between blackbody radiation and circuit 
noise. This relationship is demonstrated in Kraus (1966, Sec. 3-18) 
and Lawson and Uhlenbeck (1950, Sec. 5-2). 

Numerous graphs are available on the amplitude of sky noise for 
various conditions. While none of these graphs will allow highly 
accurate calculations, they are useful for obtaining an estimate of 
the magnitude of sky noise. Figure C-25 is a plot of sky noise tempera- 
ture as a function of frequency for an idealized antenna. The graph 
is a composite of data obtained from Skolnik (1970, p. 2-32), Kraus, 
(1966, p. 237) and International Telephone and Telegraph Corp. (1956, 
Ch. 25). For data at frequencies below 10 Mhz, consult the curve in 
Henney (1959, p. 19-16). 

In this context, an idealized antenna is a pencil beam antenna 
with no ohmic losses and zero ground noise. The antenna is pointed 
toward the sky. The wide variation in sky temperature at any one 
frequency is caused by the variable factors of beam direction and time 
of day. Generally the zenith angle affects the atmospheric noise con- 
tribution while beam direction affects the galactic noise. Naturally 
the time of day and level of sunspot activity will affect the sun noise 


contribution. The noise temperature of an actual receiving antenna can 
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be considerably lower than the temperature of Figure C-25 because the 
main lobe response is not pointed at the sky. The noise temperature 
of the graph does give a good approximation to the sky noise tempera- 
ture for a horizontally oriented dipole. 

Even if it were possible to have a perfectly noiseless receiver, 
communication over long distances would still be plagued by antenna 
noise. By taking into consideration the ideas developed in Chapter III 
for antennas it is possible to discuss the signal-to-noise ratio for 
an antenna. The available signal power for a receiving antenna is 


determined by Equation A.24 in Chapter III 


aa 22 ae 
aR, eae S, G RB (a, 4) (4C.69) 
where A = Operating wavelength 
S. = Signal power density at the receiving anterina 
Ge = Antenna gain 
P (65 ¢,) = Normalized power pattern. 


While the available noise power in a bandwidth Af is, 


ral k T, AF (4C.70a) 


> 


We are now assuming that the antenna noise is white for the receiver 
noise bandwidth 4f. Actually the antenna noise temperature is a 


function of frequency and the exact expression is: 


142 


V2 © | 
a (f) 
4R, ~ k [a = df (4C.70b) 
A Gre, 
a) 
where ait). is the normalized receiver frequency response (Appendix, 
max 
Part B). 


The maximum signal-to-noise ratio for the antenna is the ratio 


of the two powers (PCO so) = 1): 


2 
Antenna SNR = ~ ae (4C.71) 


In radio astronomy applications, the "signal" is also "white" 
noise and the antenna SNR can also be written as 


Ths 


Antenna SNR =——=> (4C.72) 
A 
where Tus is the antenna noise temperature due only to the signal and 
qT, is the total antenna noise temperature minus that due to the signal. 
The antenna SNR is also written with the received power density ex- 


pressed in terms of the transmitter characteristics and path loss 


Wanation ASS. Chapter LIT): 


2 
Antenna SNR = ( A } MMe G5 Gy K (4C.73) 
417 k Ta Af 


A similiar form of this equation can be found in Blake (1972). 
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D. Receiving System Noise Temperature 

The antenna SNR and antenna noise temperature do not tell the 
whole story of receiving system sensitivity. It is the system noise 
temperature, Toys? which is made up of noise from the antenna, feed 
system, and receiver which will determine the sensitivity and SNR of 
the communication system. The system noise temperature is all the 
noise of the system referred to the antenna and referenced with respect 
to the antenna resistance. Figure D-1l shows an elementary receiving 
system with the basic components that determine system noise temperature; 
antenna, feed system, and receiver. We will show in this section how 
to calculate the system noise temperature and noise factor when the 


noise characteristics of the basic components are known. 


Antenna Feed System Receiver 
Sys 
Te te 
T, 


Figure D-1. Elementary Receiving System for System Noise 
Temperature Calculations 


The important factors to be determined are the effective input 
noise temperature at the receiver terminals TL; the total receiver 


noise temperature (which includes the feed system), Te and the 


antenna noise temperature, T The simplest equation for system noise 


AC 


temperature is: 


+ = TT +T, (4D.1) 


When Ty and T. are measured values, we are finished with system noise 


t 
temperature calculations but usually we have to calculate the value of 


T_, or in a design problem we make tradeoffs which affect T 


and T and 
rt r 


A t 


we wish to calculate the predicted noise temperature. 

As a simple example consider the case when the feed system is a 
transmission line of flat loss N, connecting receiver and antenna, and 
the transmission line meets the criteria establish for Equation 4C.60c. 


The system noise temperature is: 


Tos = ath, = tly +h (n-n (N21) (4D.2) 


Sys 
The system noise factor is: 


ae 
A. = }+— | (4D. 3) 


Te 


For this example it has already been shown that the total receiver 


noise figure is: 
NE, = NF, + 10 toy N (oT) (4c. 64) 


and for noise figure measurements of the receiver it is possible to 
measure NF Lt and simply subtract the cable flat loss. This can be 
helpful in bench testing receiving systems where it is sometimes desir- 
able to separate the receiver and noise source or when a resistive 
attenuator (Pad) is inserted between noise source and receiver. 

For a receiving system which has more than one lossy element be- 


tween the basic receiver and the antenna, it is not a simple matter to 
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compute the total receiver noise temperature, T. . The lossy elements 


t 
usually consist of; antenna relays, coax connectors, sections of trans- 
mission line, and rf filters. When all the lossy elements are at the 
same temperature it would be possible to add up all the losses and 
compute a total attenuation, Noo and compute the system noise temperature 
as before. This scheme will not work for the more general case where 
each lossy element is at a different temperature. The solution to the 
problem of different temperatures requires the application the theory 
presented in Chapter IV-C. The exact analysis involves the evaluation 

of integral equations by digital computer except in a few special cases. 
The exact approach is not worth the effort for most applications. A 
much simpler procedure will now be presented which can give the total 
receiver noise temperature to engineering accuracy. The scheme employed 
is to use a recursive formula which is valid for a cascade of lossy 
elements when the SWR is low. The figure below will illustrate this 
procedure. 


de Pie Ty 


_ \ \ 
Al ee eer © O—+N, Te O—-~ N, © Receiver 
ny 


Loss Elements 


Figure D-2. Total Receiver Noise Temperature Calculations 


Now we apply a slightly different form of Equation 4D.2 to get the 


following recursion formulas: 
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Example: 
Ty = T. + (T, + TJ), - 1) qT, = 200 + (290 + 200)(1.1 - 1) 
Thy = Ty + (T, + TL), - 1) Thy = 249 + (290 + 249)(1.26 - 1) 
Tist = Thy + (T, + Ty) W, - 1) That = 389 + (240 + 389)(1.1 - 1) 
Toy = That + (T, + Typ) Q, - 1) Thy = 452 + (240 + 452)(1.58 - 1) 


T 853 °K NF. = 5.86 db 
rt rt 
(4D.4) 


The accuracy of the results obtained with the above recursion formulas 
can be contrasted with the results obtained by a simpler and often used 
procedure which requires only a knowledge of element losses. For this 
calculation the loss elements are assumed to be at standard temperature 
(I, = T,) and the total loss of the feed system is the product of the 


individual losses. With these assumptions we get the following equations: 


N,, = N_N,N.N 


| aa Cae ok a 
Tes. = TN, + TS (N, - 1) assume (T, = T)) 

(4D.5) 
Th. = 200 (2.42) + 290 (1.42) = 484 + 412 = 896 °K 


NF. = 6.12 db Error = + 0.26 db or 45 °K 


It is important to note that the Equations 4D.4 and 4D.5 are valid only 
assuming that the SWR at each point in the system is essentially unity. 


Once the system noise temperature is obtained, it is a simple matter 


to obtain the System signal-to-noise ratio which is the ratio of antenna 
signal power to system noise power: 
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System SNR = poe Snaees 


k Teys B 


Substitution for signal power, Wee using Equation A.20 of Chapter III 


gives 
2 


arp S, G (4D .6) 
k lays B 


System SNR = 


where Se is the average power density at the receiving antenna and i is 
the receiving antenna gain. Also by applying the procedure used for 
Equation 4C.71 and using Equation A.25 from Chapter III it is possible 
to express the system SNR in terms of the transmitter and signal path 
characteristics--when they are known. This substitution gives: 
2 
System SNR = (2 _\ Mee Ge (4D.7) 
3 Ke liye 
Equation 4D.7 is similiar to the radar-transmission equation 
(Skolnik, 1970, p. 2-4) and may be used to calculate: 
a. System SNR given the antenna gains, distance, path 
loss, and receiving system temperature and bandwidth 
b. Required transmitter power for a given system SNR 
and other factors listed in a 
c. Required antenna gains, GG, 
d. Required system noise temperature, T 


sys 


e. Required system noise bandwidth, B. 
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Solutions to the various problems enumerated above are not as readily 
obtained as Equation 4D.7 might indicate. One complicating factor is 
that antenna gain, path loss, and system noise temperature are all 
functions of frequency and the solutions to (4D.7) are thus also 
frequency dependent. 

Of the various applications for (4D.7), the ones which have 
practical appeal are the determination of receiver power sensitivity 
and/or antenna gain. We will define, for purposes of this paper, a 
measure of receiver sensitivity to be called receiving system power 
sensitivity, Pg The receiving system power sensitivity will be 
defined using the minimum acceptable system signal-to-noise ratio as 


follows: 


—— 


Ce 
Yar, _ Fee 


S ee go ee 
ci Na ~  k Ty, B k Taye B — 


where Ry is the antenna resistance and esis is the minimum acceptable 


open circuit signal voltage on the antenna. The equation is rewritten 


to show the definition as: 


B (Sw) (4D.9) 


Sy$, min 


pat, 


ys 


Receiving system power sensitivity is defined because there is a need 


to be able to specify the amount of available signal power at the antenna 


terminals needed to give a specified signal-to-noise ratio. Equation 


4D.9 shows that the required Pg can be determined from the required 
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system signal-to-noise ratio, system noise temperature and system noise 
band-width. 

The actual receiving system SNR must always be greater than the 
minimum or the system will not perform properly. The actual received 


power is 


Sys 


Pp =k. B (3). (4D.10) 


where the subscript "ac" denotes actual values. As a measure of how 


much the actual ratio exceeds the minimum ratio we define an excess 


signal-to-noise ratio 


a Actual system SNR 


™n Minimum system SNR 


which can now be used to relate Paes and Fe as: 


P =y Pp | (4D.11) 


ac m rs 


Combining Equation 4D.9 with (4D.6), (4D.7) and (4D.11) gives 


* 
P= 5G. == (4D.12a) 


or 


2 
Pp. = (4) WeGe G k. Sa (4D .12b) 


These equations specify the relationships between receiving system 
power sensitivity and the external signal parameters that will yield 


an excess SNR of no 
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Equation 4D.12b is now manipulated to give the following logarithmic 


(db) equation: 10 Log Ny, = + [ 10 toy, (=. ) + ]0 Soa, We | 
+ [ 10 don G+ 10 Loy Ge ] 


— | 20 Bon, (HE | +10 Log ts )| (4D.13a) 


The term on the left hand side is called the system SNR margin, the 
first term in brackets on the right is the receiver/transmitter factor, 
the second is the antenna gain factor and the third is the path attenua- 
tion factor. 

These definitions (all terms in db) are summed up in Equation 


4D.13b: 


System SNR margin = + (Receiver/Transmitter factor) 
+ (Antenna gain factor) 


- (Path attenuation factor) (4D.13b) 


For a given system, these factors can be used to make a graph for 
predicting system SNR margin. Figure D~3 is an example of such a graph. 
This figure is a graphical representation of Equation 4D.13 and 

has been qesians to show the effect of antenna gain on system SNR 
margin. The curve shown is a plot of path attenuation factor v.s. 
frequency and corresponds to the minimum acceptable SNR. Any convenient 
power reference may be chosen for the Receiver/transmitter factor as 
long as Pee and We are consistent. In the example shown, a receiving- 


plus-transmitting antenna gain of 50 db yields a system SNR margin of 
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Figure D-3. Graph for Computing System SNR Margin from 
Antenna Gain 


10 db. This graphical technique was first brought to the author's 
attention in an article by Ashby (1961). In Ashby's article, a graph 
similar to D-3 is used to determine moon relay requirements for 
amateur radio. 

The received signal does not always have to be deterministic as 


implied by (4D.8) but may be a noise signal. An example of this would 


Antenna Gain Factor, db 
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be a total-power receiver (also called a radiometer) as used in radio 
astronomy. The signal of a radiometer can be represented by an 
equivalent signal noise temperature, Ths? which is not included in 


the antenna noise temperature, T The equivalent circuit of the 


AS 
antenna would still be represented by Figure C-24 but with the signal 


generator, Beige? replaced with the mean-square noise signal voltage 


generator Ne =4k Ry Tis4t: The system SNR for a radiometer is now 


written: 


Vis i, 


System SNR = ———— = ——%— 
+ 


\,° sys 


Sys 


(4D.14) 


The minimum value of Ts that can be detected is called the minimum 
detectable noise temperature, Tain’ The minimum detectable noise 
temperature, a function of oye and system SNR, is determined by the 

de and ac voltage levels of the integrated detector-output. Tin is 
the value of ee that will produce a change in the detector dc output 
that is equal in magnitude to the low-frequency RMS noise level. A dis- 
cussion of this measure of receiver sensitivity is given in Tiuri (1964) 


and Kraus (1966, P. 102 and Ch. 7). The minimum detectable noise 


temperature for a total-power receiver is 


eB. 
ST = Ke Tags B, (4D.15) 
where Toys = Total system noise temperature, ok 


ow 
i] 


Predetection noise bandwidth, Hz 
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B. = Postdetection noise bandwidth, Hz 


Aw 
W 


System sensitivity constant (1 < kK, <2 /2). 


When the postdetection filter is an ideal integrater, Equation 4D.15 


becomes 


qT. 


| Bt (4D.16) 


where t is the postdetection integration time. A discussion of the 
derivation of Equation 4D.15 will be presented in the chapter on noise 


power detectors. 
E. Noise Theory for Two-Port Networks 


The most convenient and efficient way of describing the noise per- 
formance of an active device or system of active devices is by means of 
a linear two-port circuit model which incorporates external noise genera- 
tors. The theory to be developed is general enough that it can be 
applied to any linear system element which may be described by a two-port 
model. The basis for this approach was first examined by Rothe and 
Dahlke in 1956 and has since become a popular means of specifying the 
noise performance of RF amplifiers. What will be done in this section 
is to review the highlights of their original work and to include addi-- 
tional concepts which have since been developed. It is important that 
the reader understand the general approach to analyzing noise in a two- 
port and for this reason, it is presented in more detail than might 
otherwise be necessary. Although much of what is presented must, of 


necessity, be a paraphrasing of the orlginal work it 1s hoped that it 
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will provide the necessary background for a more detailed study and the 
interested reader is encouraged to consult the original paper. 

Two-port network theory is highly developed and well known for RLC 
passive networks and active networks which contain controlled sinewave 
generators. In most treatments of this topic, the noise is neglected 
because it is assumed to be much smaller than any practical signal. This 
assumption does not apply to most receiving systems, however, because 
the signal and the noise are often competing on a nearly equal basis. 
When this happens, as in the case of a low-noise RF amplifier, it is 
necessary to account for the noise generated internally. This can be 
done by applying the two-port parameter definitions (International 
Telephone and Telegraph Corp., 1956, Ch. 5) and accounting for the 


internal noise by external generators. 


1. Linear two-port noise model 


First consider a noisy two-port network as shown in Figure 4E-1 
with appropriate conventional notation. The open-circuit and short- 
circuit parameters which account for both small-signal behavior and 
noise behavior can be written by including external noise generators 
as shown in Figure 4E-2. It should be noted that these generators are 
obtained by the direct application of two-port parameter definitions 
so that the generators have real piyetosd significance and could be 
obtained for any network. 


The two—port equations which apply are given below: 
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V, > Zi 1G + te Ts ce ie = Br V, + Vie Ve * a ee 
7 y3 (4E.1) 
V, = Zar J, 4 Lee abs + Vii i, 7 Yai V, aa Nes Ve 7 Ie 
I, Ty 


Noisy 
Two-Port 
Network 


Figure 4E-1, Two-port Network Model with Internal Noise 


T, Vn Vez I, ' J, T, 


Noise-Free 
Two-Port 
Network 


Noise-Free 
Two~Port 
Network 


(a) | (b) 


Figure 4E-2. Two-ports with Equivalent External Noise 
Generators 


Perhaps it would be helpful to comment on the significance of the 
notation used for the noise generators and the mathematical qualifica- 
tions necessary. The ik parameters are, in general, complex and 


the noise generators are represented by the Nyquist formula: 
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Viz = Ak Ta Res AF 


| 
pr 


= AkT.Re» Af 


Where 4f is a infinitesimal bandwidth about some operating frequency 
f. Since the treatment of two-port theory will be done in the fre- 
quency domain, this representation is convenient because it allows us 
to use Fourier analysis techniques. This is the reason why the noise 
The mathematical 


generators can be represented by simply ve and Le 


1 2° 
techniques employed must take into account the random nature of Mig: 
and vio 
As to the physical interpretation of the external noise generators-—- 
they are used to represent all of the noise inside the network. The 
most common sources of noise are the thermal noise of the resistances 
inside the network and any shot noise if the two-port is active. The 
result of this analysis will be to show that a noisy linear two-port 
network needs eight parameters to describe its operation. Four of 
these are the ordinary two-port parameters and the other four are needed 
to account for noise. Only two noise generators are shown but if they 
are partly correlated then a complex correlation function is needed 
which adds two more parameters. 
Because the definitions were strictly applied, it is possible that 
a particular noise element inside the network may contribute some noise 
to each generator. For this reason, a correlation between the two 


generators has to be assumed and it is this correlation that complicates 


the analysis and produces some of the unusual effects such as noise 
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tuning. It is convenient to transform the effect of the noise generators 
to the input of the two-port. This is common practice in noise studies 
because it simplifies the analysis and facilitates the formulation of 
some useful noise definitions. 

The noise generators can be transformed to the input by applying 
Kirchoffs circuital laws to the networks of Figure 4E-2 and isolating the 
system into a noise free two-port proceded by a noise voltage and noise 
current two-port. The equations of transfer are shown below in Figure 


4E-3. 


Noise-Free 
Two-Port 
Network 


fa: OK 


(4E.2) 


T, = Ye 4 Ve Ve v= 2.7, +2, 1, 


(4E.3) 
I, = Pa : Neg Ve Ve = Eat, + fae Ls 


Figure 4E-3. Two-port Noise Model with Equivalent Noise Referred 
to the Input 
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The linear equations can be transformed by substituting (4E.2) 


for the primed quantities in (4.3) 


r= Y, V+ Ye Vy + Ing Ved tele Ve 
(4E.4) 


I, 


XV + Yo Ve Vegyl Ca 


substituting again 


if 


I, Ni (Vy, =v.) PY 3 V, + aL sss V, = car (T, = Tes) + Fig De + Vis 


Ls = Ve (v, yh) + 1 Ve V, = £2, (t+ ye) + Lee 1s 
and separating out the noise terms gives: 


oa (fe aaa fe V2 + ae 2 Vis) V,= 4,7, + 2.12 Vas z, as) 


1.2 VV 4 VeVe + (=X Va) Wied ele} Sea Tis) 


(4E.5) 
From these equations we can identify the original noise generator 
terms by comparing with (4E.1): 
1 = de: ¥,, Veg Van Ee Ei does 
(4E.6) 
des = a i Vag Viz = = Lag 
solving (4E.6) for V3 and 13 yields 
IT. ~ 
V=- Tag = nz Las (4E.7a) 
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(4E.7b) 


Finally we get equations relating the noise generators of Figure 4E-2 


to those of Figure 4E-3 by solving (4E.7): 


Zn 
Vina = Von = View (= \ I. = Te - De | (4E.8) 


By these algebraic manipulations we have demonstrated a very important 
conclusion: any noisy two-port network can be modeled by the circuit 

of Figure 4E-3 where the parameters of the noise free two-port are those 
obtained by turning off all internal noise generators (setting T = 0°K ). 
The original noise generators can be related to V3 and 13 by Equations 
4E.8. 

For most high frequency devices, V3 and 13 have some degree of 
correlation and to account for this we will define a linear correlation 
coefficient, y. Before doing so, however, it will be convenient to 
split V3 (13) into two parts, one which is totally correlated with 
143 (V3) and one which is totally uncorrelated as shown in Equations 
4E.9: 


V oe Na 


n3 - te 
(4E.9) 
a ie Ge Vos us devi 
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Z (Y ) is a multiplying factor called correlation impedance 
cor cor 


(admittance) and Va (1) is the totally uncorrelated component of 


Vv (I_,). Since V_ and I_ are totally uncorrelated the average value 
n3 *"n3 n n 


of the product V3 n3 


ananeneaneen eed 


Boe 
Vis ue = tas Lis = Nee Vis (4E.10a) 


is related to both I and V_.. 
n n3 


3 


The mean-square value of the sum (V3 + 3) is 


SN 


is ae ae Ves + iat te Vos Tas 


af Ale 3g Te < 2ryvE- joan (4E.10b) 


3 


where Y is defined as the ratio of the covariance (Beckmann, 1967, 


p. 88) of V3? 1,3 to the square root of the product of their variances: 


Y = (4E.11a) 


The correlation coefficient is, in general, a complex number of 


magnitude less than or equal to unity: 


Je 


YSIvie = 1¥ Cc Sine) OZ\VYI41 (48.110) 


The correlation coefficient and the correlation impedances are related 


by combining Equations 4E.1lla and 4E.10b to give: 
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Vie. 1 
Y.. = SS ee = (4E.11c) 
v= V, 
n3 ns 
tre 
Zz = Vas Ins = VY = (4E.11d) 
cor i be 
n3 


Substitution of Equations 4E.11 into Equations 4E.9 and taking the mean 


square value will give for the totally uncorrelated components: 


ve = VE (| ~ ivi") 


(4E.12a) 


) 


i= 1% (1-1) (4B.12b) 


It is important to note that Equations 4E.9 and 4E.12 are really 


specifying the same property, cross correlation, but in different ways. 


The correlation between V3 and 143 can be incorporated into the 


equivalent circuit of Figure 4E-3 to produce the complete mathematic 


and circuit description of a noisy two-port. This is done by substitut- 


ing the correlation Equations 4E.9 into the equations of transfer 


(4E.2) for Figure 4E-3: 


Loa, He Ste ei ey) 
(4E.13) 
V, = Vv, + Van + die Ly = vo + Va + Pox (I, - Iv) 


Two network realizations of this transformation are summarized in Figure 


4E-4 with noise sources represented by their Nyquist equivalents. The 


source admittance and impedance are shown for clarification. It should 
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Es AKT. R, AS Vi = 4kT i OF 


I = 4kT. g, AF 


hi 


n3 


a ae | 
Ze Te 


Figure 4E-4. Input Noise Circuits for a Noisy Two-Port with 
Correlation Impedances and Source Impedance 


be emphasized that Y > Z 3; R., G3; r_, g. are not reciprocals 
cor’ ‘cor’ “n’ n’ “n’ °n 

each other and to avoid confusion, reciprocal elements will not be 
used in this section. This is consistent with generally accepted two- 
port notation where, for example, Yoo is not the reciprocal of Zoos 

The circuits of Figure 4E-4 describe completely the noise perform- 
ance of any linear two-port and it is an important conclusion that only 
four characteristic noise terms are needed for this description; a noise 


conductance (G, or B)> a noise resistance (RL or ry and a complex 


immitance oer or Zor)’ The description of a noisy two-port is now 
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complete and we are ready to apply the theory to the practical computa- 


tion of noise factor. 


2. Application of model to noise factor studies 


To obtain reasonable noise performance in a communication circuit, 
an active device such as an amplifier or mixer is usually preceded by 
a matching network and/or a tuned circuit. The use of these elements 
provides the highest possible gain consistent with desirable bandwidth 
and noise factor; hence, it is desirable to let the source have a tuning 
susceptance, Be: in the noise model to account for these factors. The 
circuit model to be used to specify noise factor is shown in Figure 4E-5. 

The mean-square value of noise current available at the input 
admittance to the noise-free two-port is the sum of the mean-square 
values of the noise due to the generators Ys? R > GC. and is computed 


when the terminals (1), (1) are shorted: 


Noise-Free 
Two-Port 
Network 


Figure 4E-5. Two-Port Noise Model for Noise Factor 
Computations 
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— 


a = r eI VE TVA (4E.14) 


Equation 4E.14 is obtained from a circuit analysis of Figure 4E-5 and 
its simple form is a result of the fact that none of the noise sources 
in the circuit are correlated. 

This mean-square current is proportional to noise power at the 
two-port output so we can define noise factor as the ratio of the short 
circuit mean-square current at terminals (1) (1) when all sources are 


contributing to that when only the source, I, at 290 Ky contributes: 


ie ie One on 
F= Ss 


(4E.15) 


I, 


Each noise current can be replaced by its Nyquist equivalent resistance 


by substituting the following equations into (4E.15) 


To S4L TG. Ae 


(4E.16) 


ral 
2p 
i 


4kT. G, AF 


HT 


Ve = 4kT RAAF 


which gives: 


! 
F={] + Gc (G. + R, iN. + a) (4E.17a) 
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The equation above completely specifies the spot noise factor of the 
terminated two-port. The terms, Y; = G. + j Bo» characterize the 
termination at the input and G_, R_ and Y = G + 458B » charac- 
n’? “n cor cor cor 
terize the noise of the two-port. The two-port noise terms are 
functions of both frequency and source impedance and therefore are 
valid at only one frequency and one source impedance, for any specific 
situation. 


Equation 4E.17a can be further simplified by separating it into 


the following factors: 


F 


/+A +—>B +GeR,, (4E.17b) 


i] 


2R._G ; 


where, A ae Sage 


2 2 
Cy Es RX, LB, * eee, bs Goay J 


w 
i] 


There is an optimum value of source conductance which will minimize 
the noise factor. The adjustment of the source network to obtain this 
optimum value is called noise matching. The optimum can be found by 


taking the derivative: 


B B 
3g, F = Ram Ge 70 G=Gioe= Ye Bae) 


Substituting for GC. we get 


F=/+tA + eRe 


=/[+A + 2VR.B (4E.19) 
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where the subscript nm refer to the minimum value of noise factor that 


can be obtained by simply noise matching. By substitution of (4E.18) 


into (4E.17b) we can write (4E.17b) as: 


(4E.17c) 
G re 


¢ 


F = |+A + VRB (Gets | 
s opt 


When the input is noise tuned, the condition B + Bae = 0 is 


satisfied and the noise factor for a noise—tuned network becomes: 


ce aes Gioe , G 
PS) per: Ca. & RUG. eRe G., (= + (4E.20) 


G; G, opt 


Two limiting cases for two-port noise conditions will now be noted 


from Equation 4E.20: 


a) V3 and 13 are uncorrelated and the input is noise 
tuned then, Y =0,G = 8B = 0, B =0, 
cor cor cor s 
F= 1+ RG, (Se + ) 
= (4E.21 
mv Gn G; een 


b) 


Absolute minimum noise factor, G. = G (noise match- 


sopt 
ing): 


P= 1+ 2YRG, 


(4E.22) 


The basic analysis of noise in two-port networks is now com- 


pleted and the results can be used to make some important conclusions 
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and applications. The most general equation for the spot noise factor 


is (adapted from Equation 4E.17c) 


Rs Bease 
F=[/1+A + VR. B ( ; R } (4E.23) 
3,°P s 


where A=2R_G 


+ 


oa 


to 
il 


2 
oa gs RX LG, = Bor e Coor? 


and the restriction on reciprocal element notation is now relaxed so 
that Re 1/G.. 

The following terms will be defined to aid in properly inter- 
preting (4E.23): 

a) Rs is the source resistance presented to the input of the 
two-port network. Generally R, is the antenna or system 
impedance when working with a system but when working 
with a single device it is usually the source resistance 
presented at the device terminals 

b) R eat is the optimum value of source resistance, Ro> which 
gives the minimum value of noise factor. When R. = R, ; 

opt 
the two-port is said to be noise matched 

c) R, is the Nyquist equivalent resistance which represents 
the uncorrelated component of the equivalent noise 


generator vn of Figure 4E-3. R is dependent upon device 


3 


parameters as well as frequency. R accounts for the 


device noise produced when R. is small 
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d) Go is the Nyquist equivalent conductance which represents 
the uncorrelated component of the equivalent noise 
generator 13 of Figure 4F-3. Gc. is dependent upon 
device parameters as well as frequency 

e) B is the reactive part of the source admittance Ys and 
is used to noise-tune the two-port so that B, + B ogy = 0. 
Generally the source admittance must be capacitive for 
noise tuning 

£) ers = Gaee + j Boe is the correlation admittance and is 
used as a circuit technique to describe the degree of 
correlation between the noise generators V3 and 13° The 
correlation admittance is defined by Equations 4E.9 and 
4E.11. 

It can be emphasized with the help of (4E.23) that the source resis-— 


tance for maximum power transfer is not the same as that for minimum 


noise factor. For maximum power transfer 


Y= y* G, = G,, B, = — B, (45.24) 


while for minimum noise factor where the two-port is both noise watched 


and noise tuned 
B 
G,=G co rae eo Bo (4E.25) 


and it can be clearly seen that maximum power transfer does not occur 


at minimum noise factor. This is illustrated in Figure N-1l of 
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Part N of the Appendix. The low-noise circuit designer must resign him- 
self to the fact that maximum device gain and minimum device noise 
factor do not occur simultaneously for the same source impedance. To 
obtain the minimum possible two-port noise factor each receiver must 
have an input matching network capable of transforming the antenna or 
system source resistance to Reopt for noise (not power) matching. 

The losses and noise contribution of such a matching network were 
discussed in Chapter IV-C and the techniques presented there can be used 
to compute the increase in noise factor due to a lossy input matching 
network. 

The method used to obtain the noise factor of Equation 4E.15 is a 
common one in device noise studies. This technique is derived from 
that definition of noise factor which is the ratio of total noise at 
the output to that noise due only to the source at standard tempera- 
ture. Since the noise of the two-port is accounted for by an equivalent 
noise two-port at the input, the noise factor can be determined by work- 
ing exclusively with the input. Notice that the two-port noise model 
of Figure 4E-5 is really two two-ports in cascade, one which is "com- 
pletely" noisy and one which is noiseless. Thus all the noise properties 
of the two-port can be developed by looking at the available noise power 
from terminals (1)(1). It is important to realize that the available 
noise power and hence noise factor is completely independent of the 


two-port input admittance, Y A reasonable question to ask is why 


in- 


stop at reducing the noise in a two-port network to that which is 


3 


pletely referred to the input to give an equivalent noise temperature. 


represented by the generators v3 and I when the noise can be com- 
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In fact, this is commonly done as explained in Part E of the Appendix 
and we can develop the equivalent from the circuit of Figure 4E-4. Using 
Equation 4E.23, the effective noise temperature (spot noise temperature) 


which refers all two-port noise to the receiver input is: 


deg = Pee 


Reset 
T A +4/R,B ms + a (4E.26) 
© ,0p* s 


It should be noted that effective noise temperature is a function of 


frequency and source resistance as is noise factor. 
The dependence of noise factor on source resistance is demonstrated 
in plots of noise figure as a function of source resistance normalized 


by R Such a plot is illustrated in Figure 4E-6 for the typical 


sopt’ 


noise factor equations: 
F. aede “are! Rs - Rent o 
+ Pau sSdiniendteeabasioaon ee 


fi 


+ 
fu 
x 
a4 
tr 
me) 
w 
a 
rs) 
It 
ful- 


where two different arbitrary but typical values for A, Rw and B have 
been chosen. 
Data taken on an actual device (Figure M-l of the Appendix) shows 
the typical parabolic shape typical of all high-frequency amplifiers. 
In the actual design and tune-up of a low noise amplifier it is 
helpful to note that the point of optimum noise tuning is independent 
of source resistance, Ro» but that the optimum source resistance is not 


independent of the optimum detuning reactance. Another way to say this 
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is that the point of optimum noise tuning is independent of the point 
of noise matching but not vice versa. The proof of this statement 
can be seen by considering (4E.23) and (4E.18). 

The noise factor is affected by changes in B (noise tuning) and 
R, (noise matching) but we see that the condition B , + Bi = 0 is 


independent of R while Reopt is dependent on B in the equation 


B 
Re opt ms “Ra 


and B is, in turn, dependent on (B. + Boor’ This means that in 


attempting to noise tune the two-port, the necessary value of Reopt 


will change but once noise tuning is achieved it will not be upset by 
changes in the source resistance. 
A suggested procedure for tune-up based on this fact is as 


follows: 
a) Tune the input to resonance for maximum gain. 


b) Adjust the input matching network to achieve Rs = Rope 


for noise matching. 


ce) Adjust Bo» the reactive part of the source admittance, 


for noise tuning so that B_ +B = 0. 
s cor 


d) Tuning the input circuit for a net reactance has changed 


Reopt so now R, must once again be adjusted to achieve 


noise matching, R, = Fane’ 


e) Iterate. 
Using this procedure for tune-up of a low-noise amplifier will pro- 


vide the absolute minimum noise factor as given in Equation 4E.22. 
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Figure 4E-6. Noise Figure as a Function of Normalized Source 
Resistance 


F. Noise Generation in Electron Devices 


The physics of noise generation and how it affects the noise factor 
of various amplifying and mixing devices needs to be examined because 
the ultimate sensitivity of a radio receiver is usually dependent upon 
the noise performance of the first and second active devices. When 
specifying or designing low-noise receiving systems it is helpful to 
know the expected noise behavior of the active devices used as RF 


amplifiers and mixers. The two-port noise model is sufficient to 
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describe the noise behavior of a two-port device but for a knowledge of 
the design limitations imposed upon that noise model, the nature of the 
noise sources in each active device needs to be studied. Noise in most 
active devices comes from either shot or thermal sources. A study of 
device noise usually becomes a study of how these two types of noise 

are generated in device operation and what parameters are used to specify 
noise factor. The noise mechanisms of the most common devices will now 
be presented and noise factors based upon the most commonly accepted 


models will be given. 


1. Noise in vacuum tubes 

Vacuum tubes are rarely used in low-noise receivers of modern design 
but the sources of noise encountered in a vacuum tube offer an excellent 
means of presenting many of the physical mechanisms which cause noise. 
For this reason, and for completeness, we will look at the sources of 
noise in vacuum tubes. 

The vacuum tube diode is the simplest electronic device that exibits 
shot noise. Shot noise, as we discussed in Chapter IV-B, is caused by 
the discreteness of the electron current and the random arrival of 
electrons at the plate or anode. First, we will consider the "ideal" 
vacuum—tube noise diode and develop the full-shot-noise equation which 
is fundamentally important to the study of all shot-noise mechanisms. 

The ideal noise diode is represented in Figure 4F-1 and has the following 
properties: 
1. The anode or plate voltage is high enough so that 


all the electrons emitted by the cathode reach the 
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ape 
Ly = diode saturation current i = eq, At 


Figure 4F-1. Ideal Vacuum~-Tube Noise-Diode 


anode. This is called the temperature-limited mode 
of operation which means the average dc current 
through the diode is independent of anode voltage 
and dependent only upon cathode temperature. 

The electron transit time between anode and cathode 
is so short that the resulting time lag can be 
neglected when compared to the period of the 
frequency of operation. 

The space charge effect at the cathode is negligible. 
The electrons are emitted from the cathode at a uni- 
form rate and their arrival at the anode is a random 


function of time. 
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The ideal~shot-noise equation is obtained by assuming the electron 
arrival frequency is large so that the Poisson distribution is replaced 
with a Gaussian distribution. Then Maxwell-Boltzmann statistics can 
be applied to one-dimensional current flow in a planar diode. Under 


these circumstances (Smullin and Haus, 1959, Ch. 1), the power spectral 


density function is 


. S (w) = eq, (Ideal-shot-noise equation) (4F.1) 
Shot 


9 


where Electronic charge, 1.6 x to coul 


2 
Ni 


tH 
i] 


DC diode current (actually, the diode saturation 


current), 


When the spectral power is integrated over the noise bandwidth of the 


noise diode circuit the mean-square value of shot noise-current is given 


by: 


2 
sie =e2 % I. Af (amperes) (4F.2) 


Taking into consideration the thermal noise of the parallel resistance, 
as was done in Chapter IV-B, the total mean-square noise current is the 
sum of the mean-square currents due to the diode and the resistor (see 


Equations 4B.13 and 4B.14): 


2 


ee ee = Pal. Af + +kT, G AF (4F.3) 
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The total available noise power is: 


res gis Af 4, 
ae ae kT AF 


=k i + Te Af Watts (4F.4) 


Since the noise powers are additive it is possible to consider the shot 
noise introduced by the diode as having increased the "noise tempera- 
ture" of the resistor. This noise increase has the same effect as 
physically heating the resistor to a higher temperature. In this 
manner, the noise diode can provide a means of obtaining effective 
noise temperatures of thousands of degrees Kelvin. The factor qi /2kG. 
in Equation 4F.4 is called the excess noise temperature, To? because 
it represents the additional noise due to the diode. The concept of 
excess noise is useful for presenting sensitivity measurement theory. 

Figure 4F-2 is the Norton equivalent circuit for an ideal noise 
diode source. When the diode current is zero (I, = 0), the excess 
noise temperature is zero and the effective temperature of the source 
(Tee = at se + T,) becomes the physical temperature of the resistor, Tp: 
Departure from ideal diode operation and its effect on measurement 
accuracy will be discussed in Chapter X. 

The noise behavior of the vacuum tube triode can be studied by 
considering the effect of adding a grid to the diode structure. When 


grids are added, additional sources of shot noise are introduced. These 
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O oo = 4k Tose G, Aft 


G, - r1 
@0°K Ieee 2kG, + Th 


ot. 
ex 2kG, 


Figure 4F-2. Equivalent Circuit and Equivalent Noise Temperature 
for an Ideal Noise Diode Source 


additional shot noise sources are the result of electrons flowing 
through and into the grid structures. 
For a triode of planar geometry, the mean-square shot noise 


current in the plate is given by (Smullin and Haus, 1959, Ch. 4) 


NB =3(1- 2) 4k g, Af (4F.5) 


where the triode plate conductance gy is larger than the diode conduc-~ 
tance and is related to the triode transconductance g by the factor: 


Gm 


Se = ~— ‘ (4F.6) 


The value of o depends upon tube geometry and electrode potentials but 
usually lies between one-half and one. Ty is the cathode temperature. 
After substituting (4F.6) into (4F.5), the mean-square shot noise 


current for the plate of a vacuum tube triode becomes: 
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TF =3(1- 24k Hat Gere) coer 


. ry : - * 
As more grids are added to the basic diode structure,more sources 
of noise are introduced. The electron current must now be shared be- 
tween two or more electrodes. This sharing causes a randomness that 


introduces additional noise sources referred to as partition noise. A 


special category of grid noise is induced grid noise. 

Induced grid noise is the result of current pulse doublets induced 
into the grid circuit when an electron passes through the grid. It's 
effect is important at HF and VHF because the mean-square value of 
induced grid current is proportional to the square of space-charge 
input capacitance and to the square of frequency thus it gets larger 
as frequency increases. Two equations for induced grid noise are 


presented for reference 


TS 4 kT. (Z) at (4F.8) 


3 Oo. 
or 
B, 2 
T? =|—] I (4F.9) 
3 Gia =P 
where Ty = Cathode temperature 
ae = Grid input conductance due to transit-time effects 


B. = WC, the grid input susceptance where C, is the 


space-charge input capacitance 


*Vacuum tube noise sources are usually diodes or triodes. This comment was intended 
to inform the reader that, low-noise amplifiers should be kept to a minimum of grid elements. 
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Transconductance 


oo 
" 


Hi 
i] 


Plate mean-square shot noise current 


and it is assumed that there is complete correlation between induced 
grid noise and plate shot noise. Actual data shows a significant 
component of induced grid noise which is not correlated to plate noise. 
For this reason it is usually necessary to represent ee by a Nyquist 
equivalent circuit obtained from actual data. 

Application of the Nyquist equivalent should be made with care, 
however because Equation 4F.9 shows that 1,2 4s not white noise. 

It will now be convenient to show how to represent the plate shot 


noise contribution with a Nyquist equivalent noise voltage generator 


in the grid circuit. Figure 4F-3 illustrates the transformation. 


Ti = T 2q1, at Ve = 4kT, RAF 


Figure 4F-3. Plate Shot Noise Referred to the Grid Input 
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The output shot noise current and the series-input noise voltage are 


related by the tube transconductance: 


ye 2 2 
I, male fs Veg (AF .10) 


An alternate representation for the mean-square value of plate shot 


noise current is given by (Smullin and Haus, 1959, p. 178) 


——_- 


2 2 
I = 2 ame E. Aft (4F.11) 


P 
where qo = Plate current 
2 ? 
T = Space charge reduction factor, O<T41. 


Equating the Nyquist equivalent voltage to plate shot noise current 


using Equation 4F.10 gives 
¥ 
Taqt, Af = q, 4kT. Ry At 


which can be solved for the Nyquist equivalent resistance: 


¥ 
2 
T a (4F.12) 


Ry = ae 


The space-charge reduction factor is given by theory to be (Smullin 
and Haus, 1959, p. 160): 


ee G ( | - a) — (4F.13) 


* Capitol gamma is the symbol chosen to represent 
the space-charge reduction factor. 
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Substituting (4F.13) into (4F.12) gives as the final result: 


3( -) 2 alk (4F.14) 


R, q 


= 
The equivalent resistance, Rog? can be used as a convenient representa- 
tion for the shot noise produced in the plate circuit and is called 
the equivalent noise resistance. Substitution of nominal values for 
Ty and o into Equation 4F.14 gives the following approximation of 
Reg for a vacuum triode that is so often quoted in the literature: 


Be eS 
R. ~ 0 = +/4, » In = B40°K (4F.15) 


The noise sources for a vacuum tube pentode can be conveniently 
summarized with Figure 4F-4. These noise sources are usually reduced 
to just two equivalent sources at the tube grid by referring all 
sources to the input. When this is done, vacuum tube noise effects 
can be accounted for by the equivalent circuit of Figure 4F-5. The 


equations for the equivalent current and voltage are 


ve = 4kT, Rey Af (4F.16) 


T° 4kT, (Ss) At (4F.17a) 


= (5 Gs) Af (4F.17b) 
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2 
a = Plate shot noise 


72 
i. = Induced grid noise (not white) 


Partition noise 


es 
{l 


ee = Screen-grid shot noise 


Figure 4F-4. Vacuum Tube Pentode Circuit Showing Equivalent 
Shot Noise Current Generators 


O 


g = +k (5G)AF Ve =4kT. RAF 


Figure 4F-5. Standard Equivalent Circuit for Vacuum Tube 
Noise 
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where Rag = Equivalent noise resistance 
T,, = Cathode temperature 


= Input conductance due to transit-time effects 


=5 for a typical oxide-coated cathode. 


0.7 T 
° 


Following the same procedure that was used to obtain the equivalent 
noise resistance for a vacuum triode we have similiar equations for Reg 
for the following cases (Pappenfus et al., 1964, p. 246): 


Triode amplifier, 


_ 2.5 
Rey ad Ge: 


Pentode amplifier, 


iS ee .. (== + ‘9 =) (4F.18) 
cy Lt Ie 


Triode mixer, 


ee oe 
Roe (4F.19) 


(4F.20) 
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Pentagrid mixer, 


O I, (Ix sy I.) 


Ri =F La (4F.21) 
b Kk Je 
where I, = plate current 
I = screen current 
g2 
I. = cathode current 
ge amplifier transconductance 
&. = conversion transconductance. 


Typical values for Reg range from 200 to 600 ohms while those for 


Gy range from 9 to 30 micromhos. The fact that there is partial correla- 


tion between i and ee is taken care of by a correlation coefficient 
in the same manner as was presented in Chapter IV-E. 
Talpey (Smullin and Haus, 1959, p. 200) has given the noise factor 


of a common-cathode stage as 


G. R. ‘ 
Fos | + GS + |G +6.)+(8,+8,-2) | crn 


f 


where Y, = G. + j Bo> the source admittance 
G. = input conductance 
Cag = equivalent noise conductance of the uncorrelated 
component of - 
Rag = equivalent noise resistance 
B. = total grid input susceptance 
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B_' = WC_, grid input susceptance due to the space 
& e i 


charge effect. 


The optimum value of source conductance (the source conductance which 
gives minimum noise factor) is obtained by differentiating F with 


respect to G, and equating to zero. This gives: 


Gy G. + (B, +B, =B, \F (4F.23) 


Reg 
Notice that optimum source conductance is dependent on input tuning 
a 
through the factor (B. + an ~ ae ‘ae Notice also that optimum source 


conductance is not equal to the input conductance of the tube, aoe 


The condition for resonance at the input is 
(B, + Bs) =0 


but the condition for minimum noise factor (4F.22) is: 


(B, hog B, ) =O (4F.24) 


The input must be reactively tuned by an amount Be to achieve minimum 
noise factor. This process is called noise tuning (Appendix, Part N). 


The fact that G #G and B_ #B_ for minimum noise factor 
s,opt & s & 


emphasizes the necessity that the input circuit must be mismatched for 


lowest noise factor. 
- - - s / 
The noise factor when the circuit is noise tuned (Be + BS - ee = 


is, from Equation 4F,22; 
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G, , 2 
pe = | + GS c as (G,+ G, ) (4F.25a) 
= | + 2 Rey G, + — (G+ Re, Gy )+ G, Reg (4F.25b) 


Equation 4F.25b is of the same form as (4E.23) when the following 


terms are equated: 


=R 

eq n 

G =G 
g cor 

=G 

eq n 

B +B = 0. 


The noise factor of (4F.25a) in the form of (4F.23) becomes: 


R, Keane 


reece (4F.26) 


Recag Rs 


Fre = 1 +2 Ray Gy +1 Reg (Guy + Reg Ge ) 


This equation for the vacuum tube has been derived to illustrate the 
application of the noise theory of Chapter IV-E. 

The absolute minimum noise factor for a vacuum tube that is both 
noise matched and noise tuned is obtained from Equation 4F.26 by letting 


R. = F evope to give: 


<1 +2 RG + 2YRA(GHRQG) wean 
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In most cases the approximation GMS is valid so that Equation 


,opt 
4F.25a will reduce to 


F.= [+ => + R CG (4F.28) 


=~ Fi : : t 
for Gs Ce opt This approximation also reduces G. opt fe) 


CG ~4j/<s 


S,opt Rey 


which can be substituted into (4F.28) to give a well known result: 


Cua G, 
~ ere oe (4F.29) 
Fam 1+ [oaRa lar al, 
Fain — at 2 y Ze, Re (4F.30) 


This treatment of tube noise has been brief because the topic 
does not warrant more time consideration. Much work has been done 
on the theory of tube noise that is of historical and theoretical 
interest. The reader desiring more information about the theory of 
tube noise is encouraged to consult the following references: Smullin 


(1959), Bennett (1960), Bell (1951), van der Ziel (1954) and Pappenfus 
(1964). 


2. Noise in semiconductor diodes 
The noise behavior of a junction diode has been examined by van der 


Ziel and Becking (1958), van der Ziel (1958) and many others. Before 
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presenting this theory, it will be necessary to review some p-n junction 
theory and obtain the equations that are used to calculate the noise 


generated. Consider the p-n junction diode represented by Figure 4F-6. 


I, =I,, +Tey 


~—I, =Iep +lan 


diode symbol 


transition region 


Figure 4F-6. Representation of a P-N Junction Diode 


The diode current I, is actually the sum of four different diode 


currents which are defined as follows: 


I = The hole current due to holes in the P region 


FP 
(majority carriers) diffusing from the P region 
to the N region where they recombine. These holes 
have sufficient energy to overcome the junction 
potential Va 

Low = The electron current due to electrons in the N 


region (majority carriers) diffusing from the 
N region to the P region. These electrons must 
have sufficient energy to overcome the junction 
potential Va 

I = The drift current caused by holes in the N region 


(minority carriers) diffusing toward the transition 
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region until they reach it and are swept across 
by the favorable electric field caused by Va 

I,,, = The drift current caused by electrons in the P 
region (minority carriers) diffusing toward the 
transition region until they reach it and are 
swept across by the favorable electric field 
caused by Vac 

The total forward current in the diode is the sum of the diffusion 


currents 


The total diode current is defined as the net dc current flowing in 


the diode terminals in a direction from P to N: 
po 7 Tp) = pp + Tey 7 Ipp - Try? 


The reverse saturation current, I> of the diode is defined as that 
current that flows when the diode is reversed biased below breakdown. 
The field produced by reverse bias is large enough to virtually stop 


any carrier diffusion and only the drift currents remain so: 
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The dc diode equation is obtained by solving the equations of 
carrier motion at the junction which gives the total diode current in 


terms of saturation current, temperature, and bias voltage 


$M 
Z = I, Cc KT; —| (ideal diode equation) (4F.31) 
where = electronic charge 
k = Boltzmann's constant 
a = diode junction temperature 
Va = diode junction potential. 


The low-frequency diode conductance, B» can be obtained from the 


ideal diode equation by differentiation with respect to diode voltage 


ee 


= kT; — 
ge dV, ee eC I, kT; ie (4F 32) 
which gives: 
9. = kT. (I, t I.) (4F. 33a) 
J 


This expression is most commonly seen in the inverted form to give the 


diode resistance as 


gue ee 
, =); = TES (I, » I,) (4F.33b) 


where I, is in milliamperes and T, = 300° K. 


d j 
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Van der Ziel (1955) has used a transmission—line analogy for the 
diode structure which modifies the low-frequency conductance to give a 


high-frequency conductance of 


Ye 


| 
G: = a, Lofiew'r? SS (4F .33c) 


where GO) = operating frequency 


Carrier lifetime of holes diffusing from P to N. 


Ba 


‘UT _. is a measure of the recombination rate. 


Van der Ziel and Becking (1958) presented a derivation of junction 
diode noise based on a simple planar diode with the N region much more 
lightly doped than the P region. Figure 4F~7 is a schematic repre- 


sentation of hole flow under these conditions. 


Figure 4F.7. Hole Flow for a Junction Diode with Lightly 
Doped N Region 


If the N region is much more lightly doped than the P region, 


the diode current is essentially all carried by holes so that Lon and 
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I can be neglected. The charge carriers can then be divided into 


RN 
three groups: 


@) Holes entering the N region and recombining. This 


is the nt IL. 
current FP 


(2) Drift current of holes from the N region to the P 
region. This is the current Tpp* 
GB) Holes which diffuse to the N region but drift back 
to the P region before recombining. 
Assuming that all three currents are statistically independent, they 


give rise to full shot noise and the resulting mean-square values of 


current are: 


Tr = 291, Af 
29 daa kt 
= 4kT; (ge -9.) AF 


The carriers of group (3) give no contribution to the net current and 


therefore generate only a thermal noise term due to their random motion. 


Th ; = _ ‘ 
e net diode current is qT Lop Ip and the reverse saturation 


current is I, = Ip so the equations for noise become: 


ae = 24 (I, +I.) AF 
241, Af 
I; = 4kT; (ge-9.) AF 


| wa 
rT 
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All of these sources are in parallel so their mean-square values can 


be added to give the total mean-square value of nolse current as 


ees 


L, - 24 (ry + I,) +eq I, £ TK (ge - qe) Af 


which is reduced to its well known form by substituting (4F.33a) to 
give 


i; = 4kT; ge At — eq, Af (4F . 34a) 


where Ea'= high frequency diode conductance 
I = diode forward bias current 
= diode junction temperature. 


Van der Ziel and Becking (1958) have shown that Equation 4F.34a has general 
validity and does not depend on diode geometry or doping levels. For a 
derivation of (4F.34a) in more detail, refer to his paper. 

Equation 4F.34a can be simplified by using the approximation 


Tt, (normal bias) to reduce Equation 4F.33a to 
kT, qe = 4 Jy 


which is substituted into Equation 4F.34a to give: 


I, = 4k Tey Ge AF 
TL T5 (2 -_ Se a >» de (4F.34b) 
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Now from (4F.33c) we know that 


and we get limits on Teg as: 


‘e 
Y & Te, £ Ty: (4F.35) 


J 


This illustrates the important point that noise generated by the 
"electronic" resistance, 8,» is not simply the thermal noise of an 
equivalent physical resistor. In this case the electronic resistance 
produces less equivalent noise. Figure 4F-8 shows the Nyquist 


equivalent circuit for a forward-biased junction diode. 


Figure 4F-8. Nyquist Equivalent Circuit for a Forward Biased 
P-N Junction Diode 
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The semiconductor diode produces noise other than that of the simple 
forward-bias case. Other important aspects of diode noise are the noise 
produced in diodes used as mixers and the noise produced in a reverse- 
biased diode due to breakdown effects. Also, a significant amount of 
noise is produced in microwave signal sources using impact avalanche 
diodes. These topics of noise are too extensive to be included in great 
detail in this thesis. A brief presentation of diode mixer noise will 
be given in the section on mixer noise. Noise in impact avalanche diodes 
is a topic that is being widely discussed in microwave journals. The 
noise produced when a diode is operated in reverse breakdown is useful 
for making solid-state noise sources which have high values of excess 
noise. Commercial sources are claiming excess noise ratios of 25 to 
40 db or equivalent noise temperatures of 10° to 3 x 10° °K. These 
sources are used in noise figure meters and for high-power noise sources. 
The theory of operation of noise diodes operating in the breakdown 
region will not be presented but the reader is encouraged to consult 
the literature for more information because these sources will become 


increasingly important. Two brief references on the topic can be 


found in Yakutis (1968) and Haitz (1967). 


3. Noise in bipolar transistors 


The bipolar transistor is the most widely used active device for 
modern low-noise applications. The field-effect transistor is a close 
second for HF and VHF applications but the very-low-noise systems still 
require bipolar designs. Noise temperatures in the range of 50 to 


300° K are possible for frequencies from 10 Khz to 1000 Mhz. These 
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low values make the bipolar transistor very competetive with any 
device which does not require cryogenic techniques. The physics of 
noise generation in a bipolar transistor can only be understood by 
studying the basic mechanisms involved in transistor operation. The 
ever present noise sources due to electron flow (shot noise) and 
thermal resistance (thermal noise) will contribute most of the noise 
as is the case for just about all other active devices. 

The noise analysis of bipolar transistors depends upon the manu- 
facturing processes and junction formation because of the effects of 
doping impurity levels, impurity profiles, and surface contamination. 

A complete study of the various transistor processes and their associated 
noise models is beyond the scope of this text but it is necessary to 
select some process to provide a basis for a noise model which will 
satisfy most high-frequency criteria. The selection should be based 
upon the most common technology for low-noise transistors. For these 
reasons, the planar epitaxial transistor technology was chosen. Figure 
4F-9 illustrates the physical construction of a planar transistor and 

the resulting three-section schematic representations. 

As was true in the case of the junction diode, a review of transistor 
theory will be helpful in understanding the noise representation and 
eventual calculation of noise factor. The common-base representations 
will be presented first and then followed by the common-emitter. 

One approximate, high-frequency, small-signal, ac model for a 
common base junction transistor is shown in Figure 4F-10. This circuit 


was developed (Phillips, 1962, p. 294) from the physical principles of 
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common base 


emitter e e 
—~ bo p 
epitaxial collector es 
common emitter 

substrate b c 

collector 

contact 

ie e 


Figure 4F.9. Physical and Schematic Representation of a 
Bipolar Transistor of Planar Epitaxial 
Construction 


(a) 


Figure 4F.10. Equivalent Tee Models for the Bipolar Transistor 


in the Common Base Configuration 
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transistor operation and is the lumped—circuit model which most closely 
relates the circuit elements to specific transistor mechanisms. 

From theory we can identify the specific admittances in Figure 
4F-10b by approximating the distributed RC nature of the base-collector 


junction with fixed elements. These admittances are: 


| . | ol 
Yee tjw(Cl +t e 
eb [+¥jwRe (I+ =.) 
2 
GJ ; | 
Y=9, + aC (2 + jw(c,+C, Y= 
o = Je + Ca. (Ga, - + Co. > Ye 
The equivalent circuit components are now defined: 
f= The dynamic resistance of the base-emitter diode at 
low frequencies. This resistance plays the same role 
as the diode dynamic resistance, rn 1/g,, of diode 
noise theory. 

Thpt = The base bulk resistance between the external base 
contact, b, and the active base region, b'. This is 
also called the base—-spreading resistance. 

Si The low-frequency base-collector conductance due to 
base-width modulation. 
Cre = Emitter-base transition region capacitance. 
—* = Emitter-base diffusion capacitance. 
eb 
C,, = Collector-base transition region capacitance. 
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C. = Collector-base diffusion capacitance. 


Sg = Frequency dependent base-collector diffusion 

' conductance. 

a = Low frequency common-base current gain. 

w = Frequency of operation. 

w= Base cutoff frequency (not to be confused with 
beta-cutoff). The alpha-cutoff frequency and Ww, 

are related through the equation, +a. rc. 


w, Wy e Te 


An approximate high-frequency common-base circuit model has now been 
defined which will provide the basis for an evaluation of transistor 
noise performance. The reader desiring a review of transistor operation 
will find references such as Alley and Atwood (1971), Phillips (1962), 
or the GE Transistor Manual very helpful. 
The noise analysis to be presented will parallel the work done by 
A. van der Ziel who has developed much of the device noise theory of 
the past two decades. His work provides the basic core for all solid- 
state device studies and the reader interested in a detailed study of 
device noise is encouraged to read the papers written by him. 
With the aid of several papers by van der Ziel, the following 
theory on noise in bipolar transistors is summarized. 
The majority of the noise produced in a bipolar transistor comes 
from three sources: 
1. Random fluctuations in the dc emitter current 
2. Random fluctuations in the de collector current 


3. Thermal noise due to the bulk base resistance bb 
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As one would suspect from studying noise in a P-N junction diode, the 
emitter-base diode in a bipolar transistor will contribute the same 
kind of noise. The dc current flowing in the collector-base junction 
will also cause shot noise but its contribution will be different be- 
cause it is a back-biased diode--not a forward-biased one. An additional 
complicating factor also arises in the transistor--most of the current 
which flows in the emitter will flow in the collector. Since the charge 
carriers are the same, it is reasonable to expect the noise in the 
collector junction and that in the emitter to be correlated. Finally, 
the physical resistance in the base is at the temperature of the 
transistor chip and thus will contribute thermal noise as will any 
resistor at a finite temperature. 

Van der Ziel and Becking (1958) have derived equations for the noise 


generators which account for these sources of noise (see Figure 4F-11) 


1. iI = 4kT.g Af -2q 1_ Af (4F .36a) 
ne jPe e 

Dio Te, ie Date Me (4F.36b) 

ry ne = q @ ° 
2 az 

3. Vib = 4k t Rup! Af (4F .36c) 
* — 

4 Toot. ek Ty Ya, At (4F 36d) 


where se RW.) = l/r, the real part of the emitter-—base 
junction admittance 
lie = Noise current in the emitter junction (see equation 
4F .34a) 
I_ = Emitter de current 
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1. = Collector dc current 
Yep = Common-base forward transfer admittance 
ies Sars = Cross correlation product of emitter and 
collector shot noise currents 
a = Temperature of the transistor chip or junction. 


Figure 4F-11 shows the common-base circuit with the noise generators 
added. The model is a simple modification of Figure 4F-10b where the 
admittances have been changed to equivalent impedances and the shot 
noise current generator in the emitter has been transformed to a noise 
voltage generator. These transformations have been done to conform 
with van der Ziel's (1958b) presentation which simplifies calculation 


of noise factor. 


hile 


= 


Figure 4F.11. Noise Model for a Bipolar Transistor in the 
Common~Base Configuration 
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Equations 4F.36 must be transformed to apply to the modified model. 


The first equation is transformed by: 


= 7° {24° 


ne 


Vie 
The second by substituting for the collector current the expression 
2 
Le (ee aa de Hag 


where i is the collector leakage current. The fourth is transformed 


by the equation: 
Me Ye 


If the de emitter current, I,> is much larger than the emitter diode 
saturation current, then the approximations of Equation 4F.34b apply. 
Also if the relation between emitter noise voltage and noise current, 
V. =2ZdI_, is used and if we substitute Yo =g - i then Equations 


ne ene ie] 


4F.36 become: 


ie 2 

1. Vio" = 2k T(2g, - g) [2,|" At (4F.37a) 
ae 2 

23. TW =2q [ ca, - |a|*)1, + £23 Af (4F.37b) 
2 = 

3. Vay = 4K T; Raye AE (4F.37c) 


4. VET = 2k To, 035.3 » Se A£ (4F .37d) 
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Remember that the noise performance analysis is made more complex be- 
cause of the correlation between emitter and collector noise currents, 
i.e. see and Tie are not statistically independent. In general the 
common-base current gain o& is complex and thus the correlation factor 
is complex. Also, the correlation is frequency dependent through both 


oe and Yo: Notice that for lower frequencies 


and the correlation is practically zero. 

The noise factor for the common-base model is computed by connect- 
ing a source impedance 25 at temperature qT, to the input and looking at 
the short-circuit output current. The ratio of the short-circuit output 
current with internal transistor noise "turned on" to that when only 
the source Z is contributing is the noise factor. The resulting 


equation has been given by van der Ziel (1958b) 


rts 2 
F = | ace 2 + 2 |Z +7 +2, t+ Lew (4F.38) 
s s 


where the equivalent noise voltage generator Ne has been split into a 

part V ‘ which is completely correlated with I and a part vi which 
ne nc ne 

is totally uncorrelated. The noise conductance - has been defined 


from the collector shot noise current as 


T? = 4kT, lal’g, AF (48.39) 
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1a", = (x, ~idl?)T, : im (4F .40) 


y) 
The Nyquist equivalent for a is 


—F 
Ve = 4kT a Af (4F.41) 


and the correlation impedance is defined as: 


- eee 
al. ad 
2, = —— «ss = Nog Ine (4F 42) 
di ry 
ne ita 


It should be realized now that Bo» By and fi se described the noise 
characteristics of the transistor. Also the noise factor equation 
assumes that the transistor is at standard temperature (T; = Ty): 
The error due to this assumption will be discussed in Chapter X. 
The noise factor equation in its most common form is obtained 


from Equation 4F.38 by expanding the absolute value factor and using 


a. = l/r, which gives (compare with Equation 4E.17b and with Agouridis, 


1967) 
Fel+as+ 
=|+A + R. Gn RK (4F.43) 
s 
where A= ze, (r, +r +t+R__) 


bb cor 


a BS 2 ‘i 
B= Tob + 2 rot Bes | eettey cor) + (x txt ter) 


ue} 

Ml 
he 
~ 

6 
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with: Z=r+jx 
e e 


aes ee eS 


N 
i] 


R. + j xX, 


The optimum source resistance for minimum noise factor can be 
obtained by taking the partial derivative of F with respect to the 


source resistance and solving for R 


QF _ 
vee 


s,opt’ 


— B (4F.44) 
ess Gn . 
Substituting (4F.44) into (4F.43) we get the noise factor obtained 


when the stage is noise matched: 


Fo= }+A +2 = (4F.45) 


The condition for noise tuning is to minimize B by adjusting X, so that: 


Xs F Xe + Xy + Kee = O ete 


The frequency dependence of noise factor comes from the frequency 


dependence of Z, and By" The frequency dependence of By is obtained 


or 
from Equation 4F.40 by substituting the equation for o which was defined 
with Figure 4F-10 


° ~ 


(+jwk c)(I+J 2 ) im. 


Ne 
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where GQ, is the alpha-cutoff frequency. Substituting this expression 


for & into Equation 4F.40 and making the approximations rs I, and 


RB, = a gives 
Pamd ale + (2 \" (4F.47) 
gn Je Po Wy 


where Fo is the low frequency beta of the transistor. Assuming that 
Bo > 10 and Ra 0 and the stage is noise tuned, the noise factor of 


Equation 4F.43 reduces to 


pS |+A+8 +n R, (4E .48) 


where 


> 
R 
Tu 
Fea 
+ 
aa 
VS 
| 
+ 
oom 
ele 
rasa 


For low frequencies ete 10 G2, the noise factor of Equation 4F.48 is 


FiWjw«o,) = [+3 (I+ pe) eR ley 


fe te | te 
+h lhe (lt ae * aky) oe 


207 


where it has been assumed that 1/8, >> (w/a). In Equation 4F.49 
it becomes possible to see what transistor parameters are actually 
affecting the lowest value of noise factor. The important parameters 
are: 
1. The base bulk resistance, Toy 
2. The ac resistance of the base-emitter diode T, (which 
depends directly on emitter current). 


The optimum source resistance from Equation 4F.49 is 


= Yop: Y 
R —_— Y. r% ? + — + —&— 4GF.5 
sopt Be @ ‘bb ( | Bo Ve 2 Vou eee 


and the noise factor of Equation 4F.49 in terms of optimum source 


resistance becomes 


Fi (w«w,) = ] + £ ( + +) 


R. Razee 
+ —— 
R, opt Rs 


(4F.51) 


where R. has been factored out of Equation 4F.49. For the low- 


,opt 
frequency model, the base-emitter diode ac resistance r, can also be 


written in terms of the emitter current, I. 


re kT /a0 
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and the noise factor of a noise tuned common-base amplifier at low 


frequencies (u<<w)is 


F(wcod= 1+ a (1+ hy is Ie) 


(4F.52) 


which shows the explicit dependence of noise factor on emitter current. 

For high-frequency work with common-emitter configurations, prob- 
ably the most popular equivalent circuit is the hybrid-pi circuit shown 
in Figure 4F-12b. The hybrid-pi model is attractive because it can be 
used to describe transistor operation when considering neutralization 
and when using Y-parameters. The hybrid-pi model is generated from the 
common-base equivalent circuit (Figure 4F-10) by interchanging base and 
emitter terminals and applying superposition and a delta-wye transforma- 
tion to the base-collector terminals. The results of these transforma- 
tions are shown schematically in Figure 4F-12. 

The resistance shown shunting the output current generator is 
included to account for the base feedback generator which was neglected 
in the common-base model. This conductance must be included to account 
for the frequency dependent output conductance found in neutralized 
common-emitter stages. To be completely specific about this transforma- 
tion, the admittance matrix for the hybrid-pi model is related to the 


equivalent tee impedances by the transformation: 
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b Kear b’ c 
le 
Cx C. 
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Figure 4F-12a. Generation of the Hybrid-pi Model from the 
Common-Base Model 


Ze +%.(i-a) eke 


és | 
04 — Z,%,+2, C2, +2, (1-2)] 


hybrid~ pi dt. —fe Ze 2b 


where Za» 2) and a, are defined by Figure 4F-11. 

We know that simply changing the configuration of a transistor 
Stage will not affect the internal noise mechanisms. They remain the 
same as for the common-base stage. What does change is the noise 
factor and optimum source resistance and correlation impedance. These 
change because the noise currents flow through different impedances 
when the configuration is changed. The noise factor for a common- 
emitter stage at UHF and microwave frequencies has been given an 


excellent treatment by Fukui (1966a). 
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He has taken a hybrid-pi equivalent circuit with header parasitics 
added and has computed the noise factor of the entire stage. The 
results of Fukui are based on measurable transistor parameters and show 
how noise factor varies with frequency and with transistor Q-point. The 
effect of header parasites is illustrated with measurements. What will 
be done for this thesis is to take Fukui's results and simplify them to 
a model without header parasites. Other features of the original pre- 
sentation will be maintained. 

The noise equivalent circuit for a bipolar transistor in the common- 
emitter configuration without parasites is shown in Figure 4F-13. The 
noise generators are the same as in the common-base model. The other 


symbols are defined as follows: 


WD 


Emitter-base transition region capacitance 


QQ 
i> 


Emitter diffusion capacitance 
r_ & Dynamic resistance of the base-emitter diode 
&£ Base bulk resistance (Base-spreading resistance) 
&./8, = Output conductance 

8 = 8, [tig @/asl”, high frequency current gain 

B, 8 Peusteequenes current gain 

Ww, 2 Alpha-cutoff frequency. 

The noise factor is obtained as usual by adding a source admittance 

and looking at the short circuit output current for noisy and noiseless 


transistor operation. The noise factor as computed by Fukui is: 
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Figure 4F-12b. Noise Equivalent Circuit for a Common-Emitter 
Stage 


ae Reaaacae 


@ 
Are I Ko hel oe 


where Y, = G. + j Bo» the source admittance 
Y,. = 1 4 qr +C, ) 
be g r J De Te 
oe 
I, = Collector dc current 


1, = Base dc current, 
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Fukui has solved Equation 4F.50 in terms of the transistor operating 
parameters and has put it into the same form we have used throughout 


this paper 


_ A 2 
F=lt+A+t+B G + G (C + B B. +D BS) (4F 54) 
where A= 1/8, + y 
% 1 [ Zl 
B= Toe + 7X lt+y 
C= y/thy 
D= (£/£,) 


and the parameter y accounts for the transistor noise parameters and 


noise factor frequency dependence. This parameter is defined as 


he an oo ‘ ab ole LL (£ q 
Z a. + A = Fa ey + (4F.55) 


lip 


where f is the operating frequency and f,, is the unit-gain frequency 


T 


or the gain-bandwidth product in Mhz. 


The minimum noise factor is obtained by noise matching and noise 


tuning and is computed by Fukui to be 


Fo = 1+A +/4BC - p2 (4F .56a) 
min 


which upon substitution of the parameters A, B, C, D defined in quation 


4F.54 gives: 


a i | 2 
ae 1 5 +yt 1/3, + 2yty (4F.56b) 
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Fukui has given an alternate expression to (4F.54) for noise factor 
which incorporates both the minimum noise factor and the optimum source 
conductance and susceptance. This equation is an alternate way of express- 
ing the noise factor in the form we have used in Equations 4F.52 and 
4F.26 and is a clever way of obtaining an equation which expresses the 
dependence of noise factor on source admittance. The alternate expres~ 


sion is 


B 2 2 
F Fain + G. lis, 7 Coat + (B. - Be opt? | (4F .57) 


where: G = Optimum source conductance. When G =G P 
3 s,opt 


the stage is noise matched. 


= Optimum source susceptance.- When B. = B 


Bs ,opt s,opt’ 


the stage is noise tuned. 


The optimum values of source conductance and susceptance are given as: 


G. 2B (4F.58) 
£ 
G- 
D T 

B. opt ~ 2B” 2B OF?) 


Equation 4F.57 is used by Baechtold and Strutt (1968) to calculate the 
transistor noise parameters for microwave transistors in the frequency 
range 0.6 to 4.2 GHz. 

The low-frequency limit on the minimum noise factor is obtained 


from (4F.56b) where the parameter y becomes 
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yo oe tor (A Ft 
Bor. fo B 


1°) 


which is substituted into (4F.56b) to give the low-frequency noise 


factor for a common-emitter transistor amplifier: 


r 
is 2 ji, bb! 
F vin S10¥ frequency) = 1 + B. E + r | 


(4F.60) 


The high frequency limit is obtained by letting the frequency of 


operation approach fr and neglecting the terms 1/8, i.e., 


Tie 
ae Re (fF)? - (4F.62a) 
e T 


which is substituted into Equation 4F.56b to give the minimum high- 


frequency noise factor for a common-emitter transistor amplifier: 


7 s/t +42 
F in (high frequency) = 1+h E + yl + 2 (4F.61) 


The parameter h can also be written in terms of the transistor emitter 


current and base bulk resistance as: 


£2 
heat (‘1 (4F .62b) 
3 fr 
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Equation 4F.61 is valid for frequencies above a cutoff frequency 


specified by 


rk 
fr ° 


W 
ae 


(4F.63) 


which for typical values of low-frequency beta is f ” + fy. 

For low-noise transistor amplifiers, the emitter currents are 
seldom less than 1 ma. and the base bulk resistance is made as small 
as possible but is generally in the neighborhood of 10~20 ohms. These 
practical limits place a lower limit on the parameter h of approximately 
hy > 1/20. The actual lower limit on h is obtained by substituting 


(4F.62) into (4F.61) which gives: 


=a 10. 
hy ET T Top? (4F . 64a) 
or 
- *pb' (10 
hy = 7 oR! (4F .64b) 


It should be apparent from Equation 4F.61 that the noise factor of 
a transistor will increase with increasing frequency and this is indeed 
true as verified by laboratory measurements. Transistors will exhibit 
an upper-noise-corner frequency at which the noise figure is 3db above 
the low-frequency value. To obtain the value of h for which the noise 
factor of Equation 4F.61 has risen by a factor of two (3 db), we consider 
the minimum noise factor to be that obtained with h, * and solve for D3 ap 
where Fh is twice that value. Doing this, the value of h corresponding 


in 


to an increase in low-frequency noise figure of 3db is: 
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ai 
Higgs Si ey ++/2h,” (4F.65) 


Equation 4F.65 in terms of the upper-noise—corner frequency, fis 


obtained by substituting (4F.64b) into (4F.65) as follows: 


2 
haw = Ele] ee) eee 


Yo 


f =f Te tO, ef OMe, (4F 66) 
ss T | EMee Po Po Vay! 


A plot of Equation 4F.61 is shown in Figure 4F-13 and is an adaption of 
a similar plot given by Fukui (1966a), 

Cooke (1961) has presented an equation for the upper-noise-corner 
frequency which is based on an alternate equation for noise factor and 
is in terms of the alpha-cutoff frequency. The noise factor equation 


given by Cooke is 


R.+k + 4 5 
+ (Re + ke + by) | + (| (4F.67) 
2Rs kh Po f, 
and the upper~noise~corner frequency that results is: 
Va 
m(2R.+2hy the) es 


| 
Ts = t 6. 7 CRs +N +h \ 


High-Frequency Minimum Noise Figure, db 


Figure 4F-13. 
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h - noise parameter 


High-Frequency Minimum Noise Figure as a 
Function of the Noise Parameter h 
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where f£, is the alpha-cutoff frequency. Experimental data by Cooke 
shows excellent agreement with Equations 4F.67 and 4F.68. 

Presentation of data on the noise figure of a transistor presents 
a problem because the measured noise figure depends upon frequency, 
emitter current and source resistance which are three parameters under 
the control of the user. The bulk base resistance cannot be changed 
by the user. A common technique used to present noise figure data is by 
use of noise figure contours. These are curves of constant noise figure 
as a function of frequency or emitter current and source resistance. 
They are usually minimum noise figures which means the device is noise 
tuned at each data point and also the emitter current has been adjusted 
for minimum high-frequency noise figure. If the conditions for minimum 
noise figure are not met, the graph of contours must contain information 
about the condition of noise tuning and the value of emitter current. 
Figures 4F-l4a and 4F-14b illustrate two possible techniques for present-— 
ing noise figure contours for a common-emitter transistor amplifier. 
The plot of noise figure as a function of source resistance, such as 
Figure M-l1 in the Appendix, can be obtained for the noise figure contour 
of Figure 4F-l4a by fixing the operating frequency. The contours of 
Figure 4F-14b are adopted from data obtained in an application note by 
Brubaker (1968). More information on noise figure contours can be 
obtained from an application note from Princeton Applied Research Corp. 
(1969) on how to use noise figure contours and from an article by 
Sato (1971). 

Figure 4F-15 is an appropriate conclusion for this section on noise 


in bipolar transistors. This figure is a composite of data from a 
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Figure 4F-1l4a. 
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Device is noise tuned 


I = 3 ma. 
e 


5 10 2 5 


f - Operating Frequency in MHz 


Typical Noise Figure Contours for a Common- 
Emitter Transistor Amplifier 


- Source Resistance in Ohms 
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I. Emitter Current in Milliamperes 


Figure 4F-14b. Typical Noise Figure Contours for a Common- 
Emitter Transistor Amplifier 
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Figure 4F-15. 
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Gain at Minimum NF 


Noise Figure 


ae) 1,0 2 5 10 


f - Operating Frequency in GHz 


State-of-the-Art Noise Figure and Gain at 
Minimum Noise Figure for Commercially 
Available Transistors (December, 1972) 
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record kept by the author over the year 1972. The data was obtained 
from advertisements by various manufactures. The gain and noise 


figures shown are achievable simultaneously. 


4. Noise in field-effect transistors 

The noise generation mechanisms in field-effect transistors have 
been studied by Klaassen (1967, 1969), van der Ziel (1962a, 1970) and 
Bruncke and van der Ziel (1966). These studies have shown that the domi- 
nant device noise at medium and high frequencies comes from three sources: 

1. Thermal noise in the channel 

2. Induced gate noise 

3. Thermal noise from the bulk resistance of the chip. 
The induced gate noise is caused by capacitive coupling between the 
active region of the channel and the gate. The capacitance couples 
noise from the noise voltage distribution along the channel. For the 
intrinsic FET, the noise factor can be essentially determined by con- 
sidering the thermal noise of the channel, the induced gate noise, and 
the correlation between them. For the practical FET, the effects of 
feedback and bulk resistance noise must also be included. 

A summary of FET operation is important because it can be used to 
establish the important FET parameters. Figure 4F-16 illustrates the 
physical construction of a junction FET and the equivalent circuit of 
the intrinsic FET that will be used for noise factor calculations. 

The high-frequence admittance parameters are given by Bruncke 
(1966) and van der Ziel in terms of the equivalent circuit of Figure 


4F-16. The conductive and capacitive terms of the admittances are 
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(a) 


Figure 4F-16. Junction-FET Equivalent Circuit and Physical 
Construction 
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811 7 855 + Beq 812 = ~ 84 
(4F.69a) 
-_ Em 2 + 
821 ae Bed B22 ~ bag * Bea 
1+ 
° 
“1” “gs - “od a “gd 
(4F.69b) 
c = h0 - “mo c = c +c 
21 gd £.2 22 ds gd 
anf C1+G-) J 
fo) 
where gn, ™ low frequency value of the intrinsic device 
transconductance 


fo = a defined cutoff frequency which is slightly larger 


than the gain-bandwidth product. 


The noise in the junction FET is represented by a noise current generator 
lid in the drain-source circuit which represents the thermal noise of 


the channel and a noise current generator tae in the gate-source circuit 
which represents induced gate noise. 

A simple equivalent noise circuit for the junction FET is shown in 
Figure 4F-17 where the noise current generator Ty at the FET output has 


been referred to the input by a transformation with the complex trans- 


conductance, Yo? 
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source 


a) 


Figure 4F-17. Noise Sources in a Junction-FET where the 
Thermal Noise of the Channel has been 
Referred to the Input 


For a simple analysis we will ignore the correlation between tig and 
Vad to arrive at a simple expression for noise factor. The mean- 


square values for the noise generators of Figure 4F-17 are: 


V =4kT R_ Af 
nd on 
2 eA4kT gi, AE | (4F.70) 
ng o 711 
I ar 4kT G Af 
“s o 6s 


The equivalent noise resistance R, has been given by Bruncke and 


van der Ziel (1966) to be 


R, = - 
2 Bn 
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where Bn is the apparent transconductance of the device. The conductance 
Bi is the high-frequency, short-circuit input conductance of the device. 
The noise factor of the circuit of Figure 4F-17 is 


+h + Vi (G.+9n) 
Y ie 


which upon substitution of the Nyquist equivalents of Equations 4F.70 


F= 


gives: 


F= |+ 2 * a (G, + Gi (4F. 71a) 


| + 2R,9, + GR, + a (1+R.Gu) (4F.71b) 


The optimum value of source conductance is obtained by differentiating 


F with respect to G. and equating to zero which gives: 


(4F .72) 
The noise factor in terms of G is 
s,opt 
Gs opt 
G + 4F.71c 
| +2 Rn +R Gu (1+ Regu) VE Go) Ore 
Sy ant 
and the minimum noise factor for G #G is: 
8 8,opt 


— | + aR + 2 R.9u (1+ Regu) (AK. IS) 
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Measured data by Bruncke and van der Ziel show that the gate noise can 
be slightly larger than the thermal noise of Bi which will result in 
a noise factor slightly higher than predicted. 

Klaassen and Prins (1969) have presented theory and data on the 
behavior of FETs at VHF and UHF. They treat the intrinsic FET and then 
consider the influence of feedback and bulk source resistance on the 
noise factor. 

The equivalent circuit used by Klaassen and Prins to represent 
FET noise is shown in Figure 4F-18. This equivalent circuit is valid 
for frequencies up to a few times greater than the gain-bandwidth 


product, f The quantities in the figure are defined as follows: 


rT 


Figure 4F-18. Equivalent Circuit for a Noisy FET at high 
Frequencies 


ee = 4 kT OR, Of; Mean-square noise voltage due to the induced gate noise 
Ee = 4 kT be, Af, Mean-square noise current due to the thermal nolse 


of the channel 
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R, = a/g > the FET input resistance 
Cc, = 2/3 a where C S is the gate to source capacitance 
Yi = Forward transfer admittance or the complex transconductance. 


Klassen and Prins have included both junction and MOS FET's in their 
presentation by introducing the empirical factors a and b to account 
for variations in device parameters. Thus, the noise analysis that 
will follow is valid for both JFET's and MOSFET's. The factors a and 


b have the range: 


a= 1/3 
for the JFET 
2/3 <b<l 
(4F.74) 
a< 1/5 
for the MOSFET 
2/3 <b<4 , 


If all the noise of the FET is referred to the input, a simple equiva- 
lent circuit such as Figure 4F-19 is the result. The equations which 


accomplish this transformation are, 


Vea EO op 
(4F.75) 
te 2 “ig. Wt Vad? 
where Yui is the input admittance and Yo. is the transfer admittance. 


This circuit is not analogous to that given by Bruncke and van der 


Ziel (Figure 4F-17) where ag will account for the induced gate noise 


and Vad the thermal noise of the channel. 
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O gate 


source 


Figure 4F-19. Noise Sources Referred to the Input of the FET 


The approximate high-frequency minimum noise factor is determined 


by Klaassen and Prins to be 


F., = 2d (i-¥) (b $<) 


+2 fe (FE +y) (o£) (4F .76) 


valid for frequencies f < > tp 


where Rj =, the FET input resistance 


Ik 


R 


. b/ew» the equivalent noise resistance 


f,, = Bac? the gain-bandwidth product 


~~ 
fi 


25 + j Yq> @ complex correlation coefficient. 
at 


The complex correlation coefficient is a measure of the correlation be- 


tween V_, and I and is defined with the equation: 
nd ng 
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a f 
VI* = bt 4.77 
ile % R,, f. ( ) 
Typical values for x and Y, are: 


- 0.10 < te < - 0.15 
(4F.78) 
0.30 < y; < 0.40 


Finally, the optimum source conductance and susceptance are given by: 


u 
[20 
sic 
Soe 
| 
a3 
wv 
— 
—= 
€ 
cs 
—* 


Sopt 
(4F.79) 


‘S,opt = 


Klaassen and Prins (1969) have used these equations and others 
which were obtained by considering feedback effects to arrive at the 
following conclusions: 

1. The thermal noise in the channel is the iatanee noise 
at high frequencies 

2. The intrinsive FET has identical noise figures when used 
in either the common-source or common-gate configuration. 

3. Feedback has only a small effect on device noise figure 

4. Ce opt is generally not equal to the real part of the 
input admittance (4F.79). Data on minimum noise factor 


as a function of frequency verifies the quadratic nature 


of (4F.76). 
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5. Since RL = le the minimum noise factor is a quadratic 
function of drain current and larger currents give lower 
minimum noise factor. 

Van der Ziel (1970, p. 124) has given an equation for FET noise 
factor which more closely resembles those obtained in previous sections 


of this thesis. His equation is 


F= |+ de + a (G, +9, +G,)"+ (B, + B, + a.) | (4F.80) 


where R_ = b/g» the equivalent noise resistance 
g_ = equivalent noise conductance 
Y,, = S11 + j Buy the FET input admittance 
Y =G + j48B » the complex correlation impedances 
cor cor cor 


used to account for the correlation between induced 


gate noise and channel noise. 


The FET at high frequencies behaves in a manner similar to all 
two-port devices in that it exhibits both noise matching effects and 
noise tuning effects. This can be seen from Figures M-1 and N-1l in 


the Appendix. 


5. Mixer noise 

The problem of analyzing device noise is compounded many-fold when 
it is used as a mixer. This results from the multifrequency nature of 
a mixer and the many possible port terminating combinations. Essentially, 


the noise output is due to internal shot noise and thermal noise which 
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has been heterodyned from all unshorted frequencies and may include 
noise from the image frequency. 

On a circuit basis, and conceptually, the noise contribution of 
the mixer stage can be treated like any other noisy two-port (or in 
terms of frequency spectrums, a multiport). A conceptual artifice 
which provides a good working model is to consider a mixer as the 
cascade connection of an ideal frequency translator and an RF amplifier. 
The block diagram of this representation is shown in Figure 4F.20. The 


ideal frequency translator obeys the port frequency equation: 


Ee fig tHe 


If the RF amplifier passband is narrow enough so that only one of the 
two possible RF inputs is amplified, an equivalent noise temperature 
for the mixer, Ty can be defined such that the Friis equation is 


obeyed or: 


Local Oscillator 


Figure 4F-20. Conceptual Model of an RF Mixer Showing RF 
Amplifier and Ideal Frequency Translator 
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Tig 
Ti = Th + a (4F .81) 
m 
f =F # es (4F .82) 
rt m G. . 


The term Ga is the conversion gain of the mixer defined in the same 
manner as transducer gain for amplifiers. If the RF amplifier passband 
is wide enough to let some of the image noise into the mixer, the mixer 
noise output will increase. When no information is being transmitted 
on the image frequency, this represents a net increase, of up to 3 db, 
in the noise figure of the primary channel. This effect is discussed 
in Section G of Chapter X. 

The mixer model of Figure 4F-~20 will work well for narrowband 
receivers employing tuned circuits but for wideband applications more 
sophisticated models are needed. In particular, resistive switching 
mixers (double-balanced mixers) and microwave crystal diode mixers may 
be handled in alternate ways. 

First consider the double-balanced diode~quad mixer circuit of 
Figure 4F-21. The noise contribution of shot noise due to diode current 
can be essentially ignored when compared to TS: Because of this, the 
noise figure of a double-balanced mixer is equal to the conversion loss 
i.e. the equivalent receiver noise temperature is computed just as though 
the mixer were a passive two-port network at temperature T° The noise 
temperature equation which applies to double-balanced mixers is widely 


used. In Chapter IV-C, the effective noise temperatures for receivers 
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preceded by attenuators or transmission lines was given in Equations 
4C.37b and 4C.60c. In Chapter X the noise temperature equation account- 
ing for two-port loss is generalized to account for impedance mismatch 
errors (10E.3). 

This same equation is used in Chapter V (Equation 5.2). For mixers, 


the noise temperature equation is written as 


Th? he Coe Ce i) (4F.83a) 


where dn i8 the available convesyon loss of the mixer. The term 

x Ti¢ is the noise due to the IF noise multiplied by the conversion 
loss. The term (£ ~ 1) T, is additive noise due just to a passive 
mixer at a physical temperature of To: For transmission line noise 
(4C.60c) the conversion loss f, is replaced by the flat loss N and 

Tie becomes the receiver noise. Equation 4F.83a is really a "prototype" 
equation which can be applied to many situations. 


From (4F.83a) we get the receiver noise factor as 


Tie 
Eo Crt a) a Fig (4F .83b) 


and the noise figure (Equation 4C.64) is: 


NFL. = NFy¢ + 10 log Sn db (4F .84) 


Thus for a double-balanced mixer, the noise figure at the input to the 
mixer is equal to the IF noise figure added to the available conversion 


loss in db. The equations assume that the mixer will be used so that 
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the image noise is suppressed. If the noise figure of a double-balanced 
mixer is measured with a wideband noise source connected directly at 

the input, the noise input at both LO sidebands will cause the indicated 
noise figure to be 3 db lower than the single channel noise figure. By 
applying the Friis equation to (4F.83) we get the noise figure for the 


double-balanced mixer as: 


NE, ~ 10 log Jn db (4F.85) 


The approximation sign denotes the assumption that the shot noise con- 
tribution of the diodes is neglected compared to To = 290 °K. 


A third method of specifying the noise in a mixer is by use of a 


quantity which is called the mixer noise-temperature ratio, th (Strum, 


Local Oscillator 


Source 


IF 


Amplifier 


Figure 4F-21. Double-Balanced Diode Mixer 
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1953; Messenger and McCoy, 1957). The use of this term was initiated 
when microwave receivers for radar applications used a broadband 
crystal diode mixer and a method for specifying broadband mixer noise 
was needed. The term th is sometimes referred to as a noise temperature 
in some older literature but this is really a misnomer as th is dimen~ 
sionless. 
The mixer noise-temperature ratio is really a type of noise factor 
in the sense that it is the ratio of two output powers that compare 
the excess noise of the mixer. th is defined as (Kraus, 1966, p. 265): 
“the ratio by which the actual mixer output noise power 
exceeds its thermal output noise power, assuming both 
mixer and source are at a temperature TT": 
If Go is the conversion gain of the mixer and f = 1/G, is the conversion 
loss, this definition is equivalent to taking the ratio of mixer noise 
factor with excess noise to the noise factor of an ideal mixer (no excess 


noise). From (4F.83) we know that fn 18 the noise factor of an ideal 


mixer so: 
F lon or Fetf (42586) 


Thus Be plays the role of a multiplying factor to account for excess 
noise. From this definition, tH has the range 1 St, <0 .- From 


(4F.86) the mixer equivalent noise temperature is: 
T= &t,- ) T, (4F.87) 


Using (4F.86) and (4F.87) with (4F.81) and (4F.82), we calculate 


receiver total noise temperature and noise factor as: 
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td, tye * Et. eT, (4F.88) 


r= 8, t+ Fie - D (4F.89) 


The theory of mixer operation for the various devices will not be 
discussed because of the complexity of conditions involved. A brief 
review of mixer noise characteristics will be given and supplemented 
with literature references. Noise generation in junction transistor 
mixers is given a very comprehensive treatment by Webster (1961). 
Webster shows that the noise figure of a junction transistor used as 
a mixer is always higher than for its corresponding use as an amplifier. 
The principle cause of this increase is the heterodyning of the base 
resistance noise from many frequencies to the IF frequency. Also, the 
common-emitter configuration has lower noise figure than common-base. 

Shot noise in p-n diode mixers is discussed by Uhlir (1958). This 
is an excellent review of diode conduction and noise theory and is 
highly recommended. Another paper which discusses thermal and shot 
noise in a pumped diode is given by Dragone (1968). The bibliography 
contains several additional references. Shot noise in Schottky barrier 
diodes is discussed by Cowley and Zettler (1968). Noise figure and 
conversion loss in microwave Schottky barrier mixer diodes is reviewed 
briefly by Barber (1967). 

For microwave "crystal-~diode" mixers the important noise factor 
parameters are conversion loss £ and mixer noise-temperature ratio th 
Values for these two parameters can be determined from theory but are 


usually measured experimentally. Typical values for conversion losses 
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run from 4 to 7 db and values for th run from 1 to 2, with 1.3 being 
average. Microwave receivers using "crystal diode" mixers have noise 
figures ranging from 7 to 13 db (includes IF noise). 

As stated previously, the excess noise for a double-balanced 
diode-quad mixer is usually small compared to Le = 290 °K. The mixer 
noise temperature ratio is on the order of 1.02 so that Equation 4F.89 
can be approximated by (4F.83) or, in logarithmic form, (4F.85). 
Conversion losses will vary from 5 to 9 db depending upon LO level and 


frequency. 
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V. REF TRANSLATOR NOISE 


If it can be argued that noise factor or effective noise temperature 
is the best single specification of the noise performance of a receiver, 
it follows from the Friis equation that receiver noise performance is 
determined by the RF translator. In most receiving systems the total 
receiver noise temperature is determined by the effective noise tempera- 
ture of the RF translator and the effective noise temperature of the 
feed system, The study of a low-noise receiving system usually reduces 
to a study of noise in the RF translator and the effects of coupling to 
the antenna. Two-port noise theory for active and passive networks is 
used to determine the noise performance of the RF translator. 

When designing a receiving system it is impossible to consider 
sensitivity specifications completely independent of other performance 
criteria. The most important receiver specification which must be con- 
sidered along with sensitivity is that of dynamic range or distortion. 
There are many important trade-offs between sensitivity and distortion 
that must be made to achieve the best possible receiving system. This 
is one of the reasons why such topics as receiving system noise tempera- 
ture (Chapter IV-D) and antenna sky noise (Figure 4C-25) were included. 
As a general rule, the intermodulation distortion performance of a 
receiver can only be improved at the expense of receiver noise figure. 
One of the many reasons for this is that the active devices must be 
operated with larger device currents to achieve better distortion per- 
formance. This increase in current increases the device noise factor 


due to increased shot noise. In many designs it is profitable to operate 
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at the highest possible noise factor consistent with good system perform- 
ance. This allows the circuit designer to achieve the best possible 
distortion performance. Another example of a distortion—sensitivity 
trade-off is that of receiver input mismatch. Consider as an example, 
the amplifier data of Figure M-l in the Appendix. If the device is 
operated at a source resistance lower than optimum, the noise figure 
increases but the voltage level that causes the distortion decreases. 
By this technique it is sometimes possible to trade one db of noise 
figure for several db of distortion improvement. This brief discussion 
of distortion —sensitivity trade-offs is not intended to be a primer on 
the subject but is only included to increase the reader's awareness of 


distortion problems. 


RF 
Translator 


IF 
Amplifier 


Figure 5-1. Block Diagram of Receiving System Showing the 
Elements which Are Important in Determining 
System Noise Temperature 


The system that will be discussed in this chapter is shown in block 
diagram form in Figure 5-1. The following quantities are defined: 
a. Gig 2 the transducer gain of the RF translator (see 
Appendix, Part D) 
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b. qT. 2 the physical temperature of the feed system, °K 
ec. T £ the noise temperature of the complete receiving 
aK 


=T, + 
system Cf ss T T. 


A t 


d. T 2 the total receiver noise temperature at the input 
to the feed systen, °K 

e. TL £ the receiver noise temperature at the input to the 

RF translator, OK 

f. T., * the effective noise temperature at the input to 
the IF amplifier, °K 

g. Pr, = the reflection coefficient of the antenna. 

All noise temperatures can be converted to an equivalent noise factor 


using the definition: 


The noise temperature of the complete receiving system depends upon 


the antenna noise temperature and TL . It is ae which really specifies 


t 


the quality of a communication system and not Ty or Tg alone. Antenna 
noise is discussed in Chapters IV-C, IX-D, and XI-D. The interaction of 
antenna noise temperature and receiver noise figure is best seen in 
Figure 11D-1. Notice, for example, that for an antenna temperature of 
2000 °K, the power sensitivity is changed only one db for noise figures 
between 0 and 4 db. It is hardly worth reducing receiver noise figure 
below 4 db. From Figure 4C-25 we see that antenna noise temperature 

is larger than 2000 °K for frequencies below 50 MHz so that noise 


figures below 4 db are not needed. At frequencies below 20 MHz, 


atmospheric noise completely dominates the system. In the crowded 
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HF spectrum where large signals cause interference, it is much better to 
design for large dynamic range than for low noise figure. The important 
thing to keep in mind is that antenna noise determines the practical 
lower limit for receiver noise figure. 

There are several noise temperatures to be considered in the system 
of Figure 5-1. First, there is the system noise temperature which is 
the sum of antenna and total receiver noise temperatures (see Chapter 


IV-D): 
(5.1) 


Next, the total receiver noise temperature is determined by the noise 
temperature at the RF translator input, T > the physical temperature 


of the feed system, Tos and the available loss of the feed system,&: 
Let &T,, + (f- 1) r (5.2) 


This equation is analogous to Equations 4C.60c, 4F.83a, and 10E.3. It 
is widely used to describe the effect of a passive two-port on receiver 
noise temperature (Kraus, 1966, p. 263; Livingston and Bechtold, 1968). 
The available loss, &, of the feed system is determined by the 
reflection coefficient of the antenna, J", and the feed system scatter- 
ing parameters [S]. The equation for the available loss of any passive 


two-port network was given in Chapter X (10B.4). This equation is: 


2 2 
ere ee Od (ea (Qa setae 3) 
ram ta 22 11 A 12°23 & (5.3) 


sal? @ - ITI”) 
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A general discussion on reflection coefficients and scattering param- 
eters is given in Chapter X. The S's in (5.3) are the scattering 
parameters of the feed system and are convenient for describing the 
effects of loss and impedance mismatch. The available loss Ris not 
the same as insertion loss and is much more difficult to measure. In 
many cases the insertion loss is nearly equal to the available loss 
if the scattering parameters |’, S 


A’ ol 


the available loss with insertion loss is convenient in many practical 


v and Soo are small. Approximating 


situations but one must be careful when doing this. 
If the feed system is simply a length of transmission line, the 
available loss is given by (10B.29) 
2 
Th | 


2 
5 eee hee (5.4) 


a= ta) 


where N is the flat loss. The noise temperature at the input to the 


RF translator is determined by the translator noise temperature The 
and gain Gig and the noise temperature of the IF amplifier. Its value 


is determined by the Friis equation as (see Appendix, Part J): 


To het (5.5) 


The equivalent noise temperature of the RF translator is much easier 
to measure than it is to calculate because of the many components within. 
From Figure 3-1 we see that the translator may contain RF and IF 


amplifiers and filters as well as RF mixers. The noise contributions 
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of these devices can be determined by applying the information given in 
Chapter IV and combining contributions by applying the Friis equation. 
The equivalent noise temperature of the RF translator is determined 
primarily by the noise temperature of the first active device and the 
RF filtering. This is because most modern devices have sufficient gain 
to overcome the noise contribution of succeeding stages. The notable 
exception to this rule is the resistive switching diode mixer (double- 
balanced mixer) which has a loss of 6-8 db (see Chapter IV-F). The 
equivalent noise temperature of a device can be written as (Equation 


10E.2 or Equation 4F.57) 


4 


= _B _ 2 a 2 
Te - = re G, G Ceopt? ? Be Bane ] (5.6) 


where T. and B are noise parameters of the device, (YS = G, + j B) is 


) is the optimum 


+ jB 


the source admittance and (Y, 


opt ~ Ssopt sopt 


source admittance for both noise matching and noise tuning. The minimum 
/ 
noise temperature occurs when Y_ = Y so that T =T.. The effect 
s sopt e e 
of an RF filter in the signal path preceding the active device can be 
accounted for using the techniques discussed in Chapter IV-C. From 


Figure 4C-16, the equivalent noise temperature at the input to the RF 


filter was determined to be (see Equation 4C.35c) 


ee eee a 
Trilter ‘f) ae [Hu (£) |? are (WN - 1) (3.7) 
n 


where N is the numerical flat loss of the filter at peak response and 


H(t) is the normalized transfer function. 
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The effect of RF filter amplitude response must be considered 
along with system requirements and IF bandwidth. For the superheterodyne 
receiver, the IF bandwidth is much smaller thanthe RF bandwidth. This 
situation is illustrated in Figure 5-2. Since the RF response is flat 
over the passband of the IF, the transfer function is a constant i.e., 
H(f£) > H(f£.). When this occurs, the Friis equation for the equivalent 
noise temperature atthe RF translator input becomes (see Appendix, 


Part J) 


Tie 


ae (5.8) 
Gg (fo) 


(£.) + 


T(,) a Trilter 


where f, is the RF operating frequency and Tis is the average noise 
temperature of the IF amplifier. As the local oscillator is tuned and the 
IF passband is translated inside the RF passband, the spot noise tempera- 
ture Trilter (fy? and translator gain Gp) will change. The average 


noise temperature of the IF amplifier is unchanged by local oscillator 


tuning. 


RF Passband 


IF Passband 


Amplitude 


Frequency Q 


Figure 5-2. Relative RF and IF Passband Widths for a 
Superheterodyne Receiver 
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The terminating impedances as well as the output impedance of the RF 
translator will affect receiver noise temperature. If the RF translator 
does not present the optimum impedance to the IF amplifier, the IF noise 
temperature will be seriously degraded. The translator output impedance 
can be adjusted to give minimum noise temperature by making tradeoffs 
£ and Tie 


the optimum impedance for the IF amplifier. This usually results ina 


between G. Another approach is to make the translator output 
0 to 3 db gain loss for the translator but still may improve the overall 
noise temperature of the system. 

The feed system must supply the RF translator with the optimum 
source impedance or the translator noise temperature will be degraded. 
This almost always results in an impedance mismatch between feed system 
and translator. This mismatch will lower the delivered power but it 
will improve signal-to-noise ratio (see Chapter IV-E). 

Methods for measuring the equivalent noise temperatures of the 
various RF translator components are given in Chapter IX. The errors 
that are involved in making these measurements are discussed in Chapter 
X. It seems unlikely that noise figure uncertainties of better than 
+1 db can be achieved with commonly available laboratory equipment. 

For more accurate measurements, loss and measurement error corrections 
must be made. Automatic noise figure meters have a typical accuracy 
of +0.7 to +1.5 db depending upon the operating frequency and scale. 
The best noise source accuracy is obtained from hot-cold noise sources. 
Figure 5-3 is an appropriate conclusion for this chapter. This 


figure shows the noise figures of various commercially available 
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broadband RF amplifiers. Band endpoints are denoted by squares. State- 


of-the-art device noise figure is shown for comparison. 
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Figure 5-3. Noise Figure of Commercially Available Broadband. 
RF Amplifiers (December, 1972) 
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VI. NOISE POWER DETECTORS 


Sensitivity measurements, and consequently noise voltage measure- 
ments, rely on the use of noise power detectors for output indicators. 
The use of the detector can be classified into one of two important 
catagories: those measurements which require the relative indication 
of two noise levels and those which require the absolute indication of 
noise level. In the former category are measurements such as the noise 
diode determination of noise factor where only the output power ratio 
is needed. For these measurements it is assumed that the spectral 
characteristics of both receiver internal noise and injected noise are 
identical and that the output indicator is capable of indications that 
are linearly proportional to the different powers. In the latter 
category are measurements of total output power and measurements of 
signal-plus-noise-to-noise ratios. In this case, the output power 
indicator must be capable of determining the absolute output power of 
either signal or noise or the superposition of the two. For relative 
measurements, it is possible to use a variety of detectors but for 
absolute measurements, only detectors that can measure power or true 
RMS voltages are satisfactory. 

The type of output indicator (sensory transducer) and power detector 
selected for a particular measurement will depend upon the type of 
measurement and the accuracy desired. This accounts for the variety 
of sensitivity measurement methods commonly used. For many types of 
noise measurements it is desirable to have a detector capable of measur- 


ing the "true" root-mean-square value of a noise voltage. To emphasize 
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the strict theoretical relationship between noise power and noise 
voltage, let us examine the case of thermal noise. Statistically, we 
can only determine the available noise power in a bandwidth Af as 


given by: 


p 


Vi 
Pavail ~ 4R = kT Af watts 


Now even though the equivalent noise voltage for the resistor is random, 
and therefore not deterministic, it is common practice to define a 


thermal noise voltage from the available power as 


n Vv," = y ot kT, R, Af volts RMS 


where this RMS value of voltage is consistent with the value of avail- 


< 
It 


able power predicted by statistical theory. To be a true-reading RMS 
voltmeter, it must be capable of measuring thermal noise voltages. 

In a strict sense, there are no instruments capable of measuring 
true RMS voltages for large noise bandwidths but only those which 
measure average voltage, peak voltage or power. Even the so-called 
true-reading RMS voltmeters rely on a calorimetric power measurement 
which is converted into an equivalent RMS voltage. 

Typically, a voltmeter will be calibrated using a sinewave. When 
this same meter is used to measure noise voltages, the reading will have 
errors caused by the varying meter response between sinewaves and noise. 
This varying response, which is caused by the way the meter responds to 


the statistical differences between sinewaves and noise, will affect 
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measurement accuracy. Detector requirements are much more strict for 
absolute measurements than for relative ones. The basic properties of 
output detectors will now be presented and the relative merits of each 
for noise measurements will be discussed. 

Listed below are the output indicators most often used for sensi- 
tivity measurements: 

a. Power meter 

b. RMS voltmeter 

c. Average-reading voltmeter 

d. Peak-reading voltmeter. 
These indicators can be classified into two different categories accord- 
ing to their principles of operation. In the first category are those 
instruments which operate on some calorimetric principle whereby the 
receiver output power is converted into heat. Power meters and RMS 
voltmeters belong in this category. Generally this type of instrument 
is superior because, a) it operates over a wide range of frequencies 
and, b) its output indication does not depend on the signal waveform 
but only its RMS value. 

With these features, the output power of both signals and noise can 
be measured to give high accuracy for signal-plus-noise-to-noise ratio 
measurements. Examples of these instruments are the barretter (Mont- 
gomery, 1964, p. 156), and bolometers such as thermistors and thermo- 
couples. The capability of the RMS voltmeter to measure complex signal 
waveforms and/or noise is contrasted with the usual AC voltmeter which 
is capable of measuring only average or peak values and is calibrated 


only for sinewaves. In spite of this contrast, the high cost and low 
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availability of adequate power meters and RMS voltmeters usually forces 
the user to select a more available instrument and accept the resulting 
inaccuracies or determine methods of compensation. Typical accuracies 
for power meters are + 1~2% which is 0.04 - 0.09 db. 

A study of average-reading and peak-reading voltmeters is a study 
of their detector circuits. For this reason we will now analyze 
commonly used detector circuits and show how their output 
can be processed to yield noise power measurements. Figure 6-1 shows 
a block diagram of a generalized power detector circuit which includes 
predetection filter and amplifier, rac eee detector device, and low- 


pass (postdetection) filter. 


Wideband Predetection Postdetection 
Noise Bandpass Detector Low-pass Sensory 
Voltage Amp Filter Device Filter Transducer 


V(t) Vy (t) 
O O 


Figure 6-1. Generalized Power Detector Circuit 


The detector types that will be considered are: 
a. Envelope 


b. Full-wave square-law 
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c. Half-wave linear 
d. Full-wave linear 
e. Phase sensitive (product detector). 

Before discussing detector types, the definitions for the average 
value of a Gaussian noise voltage, the average value of a half-wave and 
full-wave rectified Gaussian noise voltage, and the average value of 
the envelope of a Gaussian noise voltage should be presented. These 
averages are computed from the statistical definition presented in 
Chapter IV-A. The Gaussian probability density function for a noise 


voltage is obtained from Equation 4A.18 by setting Xx, = Q to give: 
2 
—Va 
P(v,)==t= e** 
‘i G, 2’ 
When the noise voltage is a sample function of a process which is both 
stationary and ergodic, the statistical average and the time average 


are equal and we can compute the following time averages: 


a. The average value of the noise voltage is zero 
+c 


vi dV, =O 1) 


b. The average value of the full-wave rectified noise voltage is 


a eee | Zo,8 [2 
Wels 2 afer] «e dV, = a 


(6.2) 
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c. The average value of the half-wave rectified nolse voltage ts 


V,(E)| = ia : (6.3) 


aE 
d. The average magnitude of the envelope of V6) is determined 
from the Rayleigh distribution (Equation 4A.22) as 
feo) 
-V, 
V 20,* T 
V=lvicr O° ldVv =v¥a G4 


we UG 


2 


A. Peak-Reading Voltmeter 


It has been known for several years that the envelope of a Gaussian 
noise voltage has a Rayleigh distribution (Landon, 1942). This is 
demonstrated with the help of probability theory in Davenport and Root 
(1958, p. 160). An ideal envelope detector is defined as one in which 
the output voltage follows the envelope of the input voltage exactly. 

If we denote RMS noise voltages with E (EL = o,) and measure a Gaussian 
noise voltage with an ideal envelope detector followed by an average— 
reading meter, the average voltage will be determined by applying the 


result of Equation 6.4 to give: 


Vee= Vo oe -|5 ftkt. R, Af (6.5) 


The ideal-diode detector is a type of envelope detector (used for 


AM demodulation) but is not an ideal envelope detector. A peak-reading 
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voltmeter uses an ideal-diode detector for voltage measurements. The 
circuit for a simplified peak-reading voltmeter is shown in Figure 6-2. 
The circuit shows a Nyquist noise source driving a simple peak rectifier 


(ideal-diode detector). 


- Ideal Rectifier ee 


Meter 


usually Rj » R, 


Figure 6-2. Simplified Peak-Reading Voltmeter 


*Rc is the equivalent Thevenin Resistance of the diode. 
**Rd is the equivalent Thevenin Resistance of the dc meter 


When the meter is calibrated to read the RMS value of a sinewave, the 


peak value - and the indicated (RMS) value are related by: 


Now when the sinewave voltage is replaced by a Gaussian noise voltage 


generator (EL av? = / 4kT R AE nen Af ), the RMS noise voltage, E. is 


found by analyzing the charge and discharge equations for the circuit. 


We know from circuit theory that when the peak rectifier is in the 
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steady-state condition the average charge and discharge currents are 
equal: 


charge discharge R, 


If it is assumed that the reciprocal of the generator noise bandwidth, 
1/4f, is much smaller than either the charge (RC) or discharge (Ro) 
time constants, the time average of the charge current and the ensemble 
average will be equal (the assumption of ergodicity) and the current 


equation can be written 
ire) 


Vee Abd | 
e =o IV PC) dy, (6.6) 
a © 
Ve 

where the integral represents the average value of a half-wave rectified 
Gaussian noise voltage biased off by a de voltage of ae which is the 
time average voltage on the capacitor. The assumption of wideband 
noise is necessary to preserve the ergodicity of the process. 


For wideband Gaussian noise the Gaussian probability function is 


substituted into (6.6) to give: 


(6.7) 


256 


Now since the meter is calibrated to read RMS voltage with a sinewave, 
the de voltage i and the indicated meter voltage will be related by, 
Vo =v 2 va Substituting this into (6.7) and letting the factor K be 


defined as 


V 
K = Meter voltage reading _ Vin - 
True RMS Voltage E VEE. 


results in the transcendental equation (Oliver, 1955) 


a 


ie 2 Kyre* = 2 (4 \vap @ (6.8) 
R. | eee 


which relates the measured Vv) and RMS (E) values for a wideband 
Gaussian noise voltage. From this analysis we realize that the ratio 
RAR. must be accurately known to solve for values of K. A unique 
value of the ratio RAR, exists for which K = 1 and there is no 


correction necessary i.e., Na = E.- This occurs when: 


R 

R =2/TeC = 9.636 

It is possible to construct a peak-reading voltmeter that will read true 
RMS voltage for both a sinewave and wideband Gaussian noise. One must 
be careful, however, to be sure that all assumptions are satisfied. 
Generally, the noise bandwidth, Af, of the noise source driving the peak 
rectifier is much larger than the 100 Hz bandwidth found in a typical 
peak-reading voltmeter. Also, a typical meter will have a ratio Ra/R, 


of 10° which means that it will indicate a voltage 2-4 times larger than 
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the true RMS value. The user should check the particular meter he is 
using to determine what its specific time constants are and also to be 
able to properly correct any readings by applying Equation 6.8. 

The peak-reading voltmeter has limited usefulness in sensitivity 
measurements because its operation is so dependent upon input voltage 
waveshape. In fact we have shown it can be accurately used for measure- 
ment of either a pure sinewave or a wideband Gaussian noise voltage but 
not the superposition of the two. Thus, it can be used for noise ratio 
measurements but is not very useful for measuring signal~plus-—noise-to- 
noise ratios. This is a direct result of the fact that the ratio of 
indicated RMS value to true RMS value is a function of the voltage 
waveshape and the charge and discharge time constants of the peak 
detector (a measure of this dependancy is called the rectification 
efficiency). Even when measuring the power ratio of two strictly 
Gaussian white-noise outputs, one must be careful that the noise output 
does not contain any pulse noise or other non-Gaussian components. An 
example of this is measuring audio outputs where both thermal and 
flicker noise are present. When this occurs, the use of a peak-reading 
voltmeter is not recommended. For the times when one must use a peak- 
reading voltmeter to measure RMS noise voltages, it is apparent that 
special care must be taken to interprete the results and apply any 


needed corrections. 


B. Average-Reading Voltmeter 


The average-reading voltmeter, which really measures the average 


value of the full-wave rectified input, may be used for sensitivity 
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measurements when the user is aware of its inaccuracies and limitations. 
Figure 6-3 shows a simplified schematic of an average-reading volt- 


meter. 


Load 


Figure 6-3. Basic Circuit of Average-Reading Voltmeter 


In the circuit of Figure 6-3 the diodes maintain a unidirectional current 
in the meter and the capacitors are used for AC coupling. 

When the input noise voltage is Gaussian, the average value of the 
full-wave rectified signal is obtained by finding the mean absolute 
value of the input (Landon, 1941). This is done by applying random 
variable theory to find the mean (or expected) value as the integral 
of the product of the absolute magnitude of the random variable and 
its probability density function. 

The mean absolute value of the Gaussian input voltage is (Equation 


6.2) 
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co 2 
~ Va 
art 2 2 
V,{ = BPN NC Se a (6.2) 
E, jet 
° 
where 1. E_ = RMS value of the input noise voltage 


r 


2. The probability density function is for a normally 
distributed random variable 


3. The factor of 2 accounts for full-wave rectification. 


The upper limit of the integral is infinity but we know that the 
amplifier used in the meter cannot have an infinite dynamic range. 
This means that some of the high noise peaks will be clipped by the 
amplifier. This will cause an error in the measured value but this 
error is very small if the amplifier is capable of handling voltage 
peaks of 5 E The value of the integral of (6.2) with an upper limit 
of 5 E. is very nearly the same as when the upper limit is infinity. 


Integration of the above equation yields: 
Va = VE Ee (6.9a) 


Since the average-reading AC voltmeter is calibrated with a sinewave 
to read RMS volts, we need to convert from RMS values to average values 


by the equation: 


260 


The indicated meter reading, Va? is the RMS voltage and the mean 


absolute value of the input is the average voltage so: 


Y= V, 


Mw rms 


Nuge =|'Vil 
Combining the results of the last four equations we can relate the 
voltage indicated by the meter, Vw to the RMS value of the input 
noise voltage; Ey as: 


ce 


= Vy. = Lies V, (6.9b) 


E = 


The ratio of indicated voltage to RMS voltage is 


Mn =2 = 0.886 (6.9c) 


a 


Which is a ratio of -1.05db. From this it is concluded that the average 
reading voltmeter will read 1.05 db low when the input is Gaussian noise 
and will read correctly for a noiseless sinewave. For voltages which 
are the superposition of sinewaves and noise there is, as yet, no exact 
error determination method. For noise sources which are not Gaussian, 
one must apply Equation 6.2 to the appropriate probability density 


function. 
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The average-reading voltmeter does give measurements accurate to 
within 1.05 db and is useful for measurements which do not require 
accuracies better than this. For noise power ratio measurements, it 
is the preferred instrument because of its low cost and reasonable 


availability. 
C. Square-Law Detector 


The most widely analyzed detector, because of its mathematical 
tractability and its simplicity and predictability in use, is the 
square-law detector characterized by a detector device voltage transfer 


equation 


2 
A (4) =A Vik) (6.10a) 


where Vee) is the device output voltage, V(t) is the device input 
voltage, and a is an amplitude scaling constant. We will now present 
the derivation of the probability density functions for the square—law 
detector and to simplify notation, the voltages of Figure 6-1 will be 
represented by the functions x(t), y(t) and z(t). 

The probability density function for the output of a full-wave 
square-law device is determined by Equation 6.10a and the theory of 
functions of a random variable (Beckmann, 1967, Sec. 2.2). The full- 


wave square law device equation is 


Y=axe (6 .10b) 
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or y = £(x) where both x and y are random variables. Denoting the 

probability densities of x and y by P(x) and Ey? respectively and 
the inverse function by x = EG); the probability density of y can 
be determined by solving (6.10b) for x and using the general formula 


for functions of a random variable (Beckmann, 1967, p. 63) 
Ply) = BO + BOISE} e | wap 


1? Xo 3%, are the single-valued branches of the inverse 


ba Bok Sane oa Sh 
function as given by x, = fh (y); X» = f. (y), ...- x= fh Cy) with 


where x x 


n total branches. For (6.10b) there are two branches: 
4 4 a 
X=t (4}* A = (-.\= a -(2)}* (6.12) 
Applying (6.11) we get: 
| | | 
(4) =RGE)| ayaq | *RCVE) - ay 


pie) +P(-7¥ 
p(y) = Pee Ee a 


Equation 6.13a relates the probability density function of the output 
of a square-law device to the probability density function of the input. 
This can always be done to any probability density by applying (6.11). 


What we really wanted to obtain is the output probability density 
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function which can then be used to determine the characteristics of the 
detector output. 

A technical distinction is being made between the detector device 
and the detector. The word detector is used to include predetection and 
postdetection filtering as well as the device that actually provides the 
nonlinear action. Reference to Figure 6-1 should clarify this point. 

The noe moment of the output of a square-law device is (Davenport 


and Root, 1958, p. 253)*: 


+aD 


E (y") = an} x*" P (x) dx =aOE (x*") | (6.13b) 


-— oOo 


While the autocorrelation function is: 
Ry (t,,t,) =O E (x? x3) (6.13c) 


The general results of Equations 6.13 summarize the statistical proper- 
ties of a square-law device. It is not practical to elaborate beyond 
these forms without specifying the statistical properties of the detector 
input. 

Consider now that the detector device input is a Gaussian noise 


voltage with probability density function: 


* 

Expected value notation will be used for simplicity. For a dis- 
cussion on expected value and moments consult Davenport and Root (1958, 
Sec. 4~2) or any text on probability theory. 


Pod 


2 


—X 
2 0,* 


= OSS (6.14a) 
Applying (6.13a), the probability density function of the output of 
the square-law device is 
ae Ee 


| 2a0;% 
>O 
0, VeTay Cy>0) (6.14b) 


P(y) = 


which is a chi-squared distribution (Equation 4A.27). In itself, the 
output distribution (6.14b) is not useful for determining the charac- 
teristics of the detector output, z(t). 

Since the detector device input will always be bandlimited by the 
predetection filter, (Figure 6-1), the input voltage to the detector 
device is a sample function of a narrow-band Gaussian process and can 


be represented by the form (Davenport and Root, 1958) 
X(t) = VG) Cos [ wot + ei) (6.15a) 


where 1. V,6t) is the envelope of the Gaussian input noise 
voltage and is a random function, VA6t) > 0 
2. Q(t) is the phase of the input noise voltage and 
is a random function, 0 < O(t) < 2m 
3. Wy is the aan frequency of the narrow-band input 


spectrum. 
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For a band-limited Gaussian noise voltage it can be shown (Beckmann, 
1967, Sec. 7-3) that the envelope has a Rayleigh probability density 


function 


P (Vv) = we, een (v.20) (6.15b) 


and the phase angle has a uniform distribution between 0 and 27. The 
output of the square-law device as a function of time is obtained by 
substitution of (6.15a) into (6.10a) which gives: 

a V(t) V(t) 


Y(t) = a poo eer a Cos [aw,t+2 6(+)| (6.16) 


The first term of (6.16) is a low-frequency voltage with spectral 
density centered about zero frequency while the second has a spectral 
density centered about 2u,- If the low-pass filter can sufficiently 
filter out the spectrum at 20, while passing the spectrum at zero 
frequency, then the filter output is 
2 
a Vk) 


3 (t) =b > | (6.17) 


where b is the low-pass filter amplitude scaling factor. 

The form of Equation 6.17 is the same as that of (6.10b) so it is 
possible to apply a square-law transformation of probability density. 
Equation 6.13a can be applied to the Rayleigh distribution of Equation 
6.15b which is valid for the envelope voltage V be) fu Kquatton 6.17. 


Solving (6.17) for Vi6e) gives: 
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Vd) =1/“S5 V.&) 2O (6.18) 


Applying (6.13a) yields 


P (3) 


(l 
»U 
o™ 

ele 
ad 
no|— 

p 

aby 

4 
ay 
1 

Dp 


= eee eC a (320) (6.19) 


which is an exponential density function. 

We now have sufficient information to calculate the mean and mean- 
square noise voltage outputs for both the square~law device and the 
square-law detector. These values can be obtained by applying the 
statistical definitions of Equations 6.13b or 4A.1 and 4A.7. 

The outputs for the square-law device using the probability density 


of (6.14b) and (6.13b) are 


Ae ee ae |e ac eae, ois 
V,, (+) = E(w) =300,* =30 E° (6.20) 
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where E. amie and E. is the RMS value of the input noise voltage 
V(t). Notice from Figure 6-1 that the predetection filter deter- 
mines E. by limiting the spectral width of the voltage V ft) In a 
similiar manner the probability density of (6.19) is used to obtain 
the mean and mean-square noise voltage outputs from the square-law 


detector (the output is after the postdetection filter): 


V,(t) = £(3) =aba;" =ab ES (6.21a) 


V(t) = E (3°) 2dbo;" = 20 bE" (6.216) 


We now have, from a relatively simple procedure, calculated the mean 
and mean-square outputs for a square-law device and a square-law detector. 
The analysis of a square~law detector using probability density 
functions has yielded equations for the mean and mean-square noise 
voltage outputs in terms of the RMS noise voltage input. Unfortunately, 
these equations do not provide any information about the spectral dis- 
tribution of energy at the output and it is precisely this information 
that is needed to determine the useful noise properties of the detector. 
To get this information it will be necessary to study the system in 
terms of the various autocorrelation functions and power spectral 
density functions. Using this technique it will be possible to deter- 
mine the effects of predetection and postdetection filtering on 
detector sensitivity, output, and time response. The techniques of 


Fourier analysis which we will now use are developed in many texts and 
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papers. The reader is referred to Section IV—A and Part A of the 
Appendix for definitions. The following texts are also recommended; 
Davenport and Root (1958), van der Ziel (1954), Brown and Nilsson 
(1962), Bracewell (1965), Beckmann (1967), Bennett (1960) and Kraus 
(1966). 

The autocorrelation function for the output of a full-wave square- 
law device (device not detector) is given in terms of the input by the 


expected value as: 
Ry(t,,t2) = a E (x x2) (6.13¢) 


When the input signal has a Gaussian distribution, the autocorrelation 


function is simplified to (Davenport and Root, 1958, p. 255) 


KR Ceists) =ar E* (x?) + 2° E°(x, x2) (6.22) 


and if the input is also stationary and ergodic then (6.22) can be 
further simplified by substituting the following expressions for the 


expected values in Equation 6.22 


E (x*) = X*(4) = R(o) 


E (x,x,) =R(T) 
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where T = (ty - t,) and R, is the autocorrelation function of the noise 
voltage input to the square-law device. These substitutions give the 


important result of Equation 6.23: 
25? 2 pp? 
Ry(t) =a Ro) +2 R, (7) (6.23) 


Assume that the noise voltage at the input of the detector is 
Gaussian white noise with a power spectral density of: 


eee 


2 
> (w) = mo = kT, watts/Hz (6.24) 


The double-sided power spectral density at the input to the square- 
law device is found from the product of the detector input spectral 
density and the transfer function of the amplifier/predetection filter 
(Figure 6-1) | 2 

P(e) =s3 kT G gc] (6.25) 
where G is the available gain of the amplifier/filter and 8, &) is 
the normalized transfer function of the predetection filter*. The 
factor 1/2 arises in the conversion from single-sided to double~ 


sided power spectra (Appendix, Part R). 


* 
The noise bandwidth of the predetection filter (Appendix, 


Part B) is: 
@ 


| 2 
B. = at gc» | dw 


° 
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The power spectral density after the square-law device can be 
obtained using the autocorrelation function (6.23) and the Fourier 
transform relationship between power spectral density and autocorrela- 


tion (Appendix, Parts A and R): 


-jwt 
F(wd =]R(T)C dT 
=|[otRor2er RD] eo “dr «26 


The Fourier transform of a constant is an impulse function (repre- 


sented by the Dirac-delta symbol, Equation 4A.52b) 
+00 


_ iw 
ORO C dr =2Ta? Rilo) $ Ww) (6.27) 


-~oo 


while the Fourier transform of the product of two autocorrelation 


functions has the form 
tao +c 


AMR(T Edt = 5k (Fw) Flw-w du! 6.26 


where 
Pw) =|(RIt)E “dv. 


-O 


Substituting these relationships into (6.26) gives the device output 


spectral density in terms of the input: 


271 


Z(w) = aTral Ri(o) § (w) + $ fie $ (w-w') dw’ (6.29) 


The first term, which represents the mean-square de output of the 
square-law device, can be written in the alternate forms: 
+00 2. 
2tra? RE (0) S(w) = 2aTra fag | Piwrdw | [@) 6.30) 
-o 
The second term represents the noise output in a bandwidth about zero 
frequency and about 20) where wu, is the center frequency of the 
spectrum of the predetection filter. 
The output spectral density function is now determined by 


(Appendix, Part B) 


2 
P(x) = PL) | H («) | 3 (6.31) 


where H(W) is the unnormalized transfer function (even in w) of the 
low-pass filter. The output spectral density function for the detector 
can be expressed in terms of the input spectral density by substituting 


(6.29) into (6.31): 


2 
G(w) = 2trot Rio Sw) |Hw| 


+ — pol os , (w-w') dw! (6.32) 
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This equation for the output power spectral density is only valid for 
Gaussian probability densities because the autocorrelation function 
of Equation 6.22 was obtained for an input signal with a Gaussian 
distribution. 

The desired goal has now been achieved and we have an equation 
(6.32) which relates the output and input spectral densities for a 
square-law detector. In principle, it is possible to solve the 
convolution integral of (6.32) but, practically, there are a limited 
number of input spectral density functions which can be solved. 
Numerical or graphical convolution can be accomplished when curves of 
input spectra and filter response are available. One must be sure, 
before applying this method, that the noise input is Gaussian. 

The simplest example for demonstrating this method is when the 
predetection filter is a rectangular bandpass filter with bandwidth 


B (rad/sec) as described by 


| tor (uy-B)< Jw] ¢ (wor Bt) 


2 
Kicoy = (6.33) 
O otherwise 


and the detector input spectral intensity becomes (Equation 6.25): 


B, B 
4 kT, G for GW, 2 ra (w. + ‘| 
. ( 6 ) tals 2] (6.34) 


f (w) = 


otherwise 


The "autoconvolution" of this function can be done graphically as shown 
in Figure 6-4. Figure 6-4b illustrates the resulting convolution which 


can be used to obtain the power spectral density of the output of a 
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fw) = |B P, (2 - w! dw 


Su Ate re is Bere. 


-2W -~B, o Br , 2We 
(b) 


Figure 6-4. Graphical Interpretation of the Autoconvolution 
Integral of Equation 6.32 for a Rectangular 
Bandpass Predetection Filter 


square-law device where the predetection filter has a rectangular 
passband. 

Another important example for convolution is when the predetection 
filter has a low-pass characteristic (baseband IF). When the base 
bandwidth is B (corresponding to an audio or video bandwidth) the 
autoconvolution can be performed as illustrated in Figure 6-5. 

Before discussing the interpretation of these results, the equations 
for device output spectrum and detector output spectrum will be written 


in the forms (compare Equations 6.29 and 6.32) 
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=e By ) 2B, 
(b) 


Figure 6-5. Graphical Interpretation of the Autoconvolution 
Integral of Equation 6.32 for a Rectangular, 
Low-pass Predetection Filter Passband 


P(e) =o R* (0) S(w) + % £ (on) (6.35) 


2 2 
f, (w) = 2Tr ae Ri(o) § (x) | Hear] + & | H(w) f,() (6.36) 


where ee is the autoconvolution of the input spectrum. With the 
output power spectral densities expressed in the form of Equations 
6.35 and 6.36 it is easier to discuss some simplifying approximations 


that are used to obtain £ 4(w). 
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The detector output will be influenced by the steady-state 
transfer function (impulse response), H(w), of the low-pass filter. 
With this in mind it is possible to distinguish three different 
cases for the form of £ Cu): 


1. The postdetection noise bandwidth, B., is much 


L 
smaller than the predetection noise bandwidth, 
Be so that the autoconvolution function in 


Equation 6.32 is essentially independent of w 


and will assume the value: 


a x £ (0) when BL << Bo 


This criterion is analogous to the bandwidth 
assumption made in the section on peak-reading 
voltmeters. 

2. The postdetection filter is a low-pass Schad filter 
which passes only the noise in the spectrum about 
zero frequency i.e., referring to Figure 6-4b only 
that noise in a bandwidth B. centered about zero 
frequency. When this is the case; 


£ ,w) _ £ ,(w) Jw] < Be 


0 otherwise 
3. Finally, when neither case above will apply, the 
autoconvolution integral must be performed in detail 
either by direct integration for a few specialized 


spectrums or else by graphical or digital techniques so 
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F,(w) = [oer P (w-w') dw! 


for all wo. 
The mean-square output of a full-wave square-law detector can be 
found by integrating the output power spectral density function over 


all real frequencies (Appendix, Part R): 


This is a convenient representation because it will yield ac and dc 
components for the output. Substituting Equation 6.35 into the 


equation above gives the general solution for the output as: 
co 


2 


O° = a? Ré(0) Hcorl 


(6.37) 


+ or x. 
~oo 


The first term of (6.37) is identified as the mean-square dc output 


because all the terms are constants evaluated at zero frequency so: 


oo a 
2 
2 | 2 
Gj. =a anf (w)dw] =a R00) (6.38) 
—O 
The second term is the mean-square ac output: 
+00 
ae F 
C- = one H coo) fiw) dw (6.39) 
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We now have the important results--the mean-square outputs in terms 
of the characteristics of the detector components. The terms in 
Equations 6.37, 6.38, and 6.39 will now be defined for additional 


clarity: 


Oe Os. + oe the mean-square output voltage for 
the full-wave square-law detector of Figure 6-1, 
valid only for a Gaussian noise voltage V4): 
Oo = Mean-square ac output voltage 
o = Mean-square de output voltage 
H(w) = The steady-state transfer function of the post- 
detection low-pass filter 
H(o) = Transfer function at de (w = 0) 
RCo) = The mean-square value of the noise voltage, V(t) 
# (4) = Power spectral density function of the noise 
voltage V(t) 
a = Square-law device amplitude scaling constant 
E(w) = Autoconvolution function of the power spectral 
density 9 (4). 
It is difficult to determine the ac output, au, for any spectrum, 
? (a), because of the difficulty in evaluating the autoconvolution 
function £ Cw). Since this cannot be done in general, we will now 
specialize the analysis to the first case where the postdetection noise 
bandwidth, B> is much smaller than the predetection noise bandwidth, 


B This is the most important practical case and the criterion 


h’ 
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B<« By is almost always satisfied when making noise power measure- 
ments. 

When (BL << BY the mean-square dc and ac voltage outputs are 
obtained in the following way. The dc output is determined from (6.38) 


where the mean-square value of the noise voltage V(t) is 


2 
R.) = sh [4 kT. G| 9,0] dw =kT.6 B, 


which gives: 


2 


2 
G = ro @ames-ae (6.40) 


H (0) 


The ac output is evaluated from (6.39) where 


File) = (0) for Ww 4 By, 


and: 


(0) = | Bo deo 


=e 


If the bandwidth of the low-pass filter is much smaller than the 
spectrum of the autoconvolution function, the function is essentially 


constant and is evaluated at zero frequency (6.39) becomes: 


+0o 


2 
H (| dw (6.41a) 


ac 


2 
ew Ge 


-— © 
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The equivalent noise bandwidth of the low-pass filter is (Appendix, 


Part B): 
fore) 


2 
on aes }H Go| du 
aT | H (0) | 


The equivalent noise bandwidth is used in Equation 6.4la to give: 


2 
H(o)| B, £00) 


2 or 


I 


2 2 
2 - | H (0) | B. [Fw duo (6.41b) 


Finally, the equation for the power spectral density (6.25) is 


used to get the final result using (6.41b): 
oo 
2 4 
= oO 2 
C= Tr ola Cenc |e dw (6.41c) 
° 


The integral in Equation 6.4lc is an interesting result. It is not 

a noise bandwidth because the normalized transfer function is taken to 
the fourth power and not the second. To be able to get values for Ga. 
it will be necessary to compute ene value of the integral for several 
commonly used filter responses. Before doing this, however, it would 
be interesting to see if anything can be done to the form of Equation 
6.41c which would allow us to interpret the integral in terms of a 

noise bandwidth. In fact, this can be done by defining a correction 


2 ; : : ; 
constant K which will be interpreted as a factor which will correct 
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for the "distortion" of the predetection noise bandwidth caused by the 
square-law device. The factor may be introduced in the following manner. 


The equivalent noise bandwidth of the predetection filter is 


oo 


2 
B, = <a 19, | duo (6.42) 


and a correction constant for the predetection filter noise bandwidth 


needed to account for various filter amplitude responsed is defined as: 


oo oo -| 
K; afi, (9 dw f lance i dw (6.43) 


The correction constant comes from the integration of the squared, 
filter power-amplitude response and is normalized by the predetection 


equivalent noise bandwidth by using (6.42) in (6.43) to get: 


eo 


2 | 27° 
K. Son B, | [an cy dw (6.44a) 


The correction constant is also used to define another predetection 


bandwidth, B_, by the following equation: 


pd 


+00 a +00 -| 


B, 
HE =] | [Guo] deol - fer] [gy or 


7-05 -cO 


4 
AG (6.44b) 


Bid is considered to be an "equivalent" bandwidth of the predetection 


filter which is different from either the equivalent noise bandwidth or 


the half-power bandwidth. 
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Using the bandwidths of Equations 6.44b and 6.42, the ac output 


of Equation 6.4lc can be written in the alternate forms: 


2 


Ge = 20° [Ho| (kkG BB, ke 


ac 


2 B 
= 2a | He) | (ki) B, B, By (6.45) 


od 


Tables for the actual predetection equivalent noise bandwidth BL and 


the defined predetection bandwidth B_, can be found in Kraus (1966, 


pd 
p. 245 and p. 265). 

The correction factor is affected by the shape of the filter pass- 
band but not by the magnitude of the filter bandwidth. This fact makes 
it convenient to make a table of Ke for various filter amplitude re- 
sponses as is done in Table 6-1. It is convenient to note that the 


limits on the correction factor, for the commonly used filters listed 


in the table, are: 


ae 
2i%p <1 


Since it is the RMS output that is measured and not the mean-square 
output we now can express the de and ac output voltage for the detector 


(By << BY as: 


Oe. = a.|H (0)| kT GB,  voits, de (6.46a) 


Ge =A | H (0) kT,G K. 7/2 BB, volts, rus (6.460) 
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Table 6-1. Correction constant for the noise bandwidth of the 
predetection filter for various filter amplitude 


responses 
‘Type of Filter lg (w) |? oe K 
h F F 
o-W5\2] 2 
n cascaded single-tuned stages r + (2 AR | 
3d 
n= 1 (single-tuned stage) 1/2 .707 
n= 3 .659 .812 
n= 5 -685 .828 
n= ° (Gaussian) .707 841 
WW \ 9 -1 
2n-pole Butterworth filters E + ( a : 
n=1 (single-tuned stage) 1/2 .707 
n=2 -749 .865 
n= 3 .833 -913 
n= ° (ideal filter, rectangular passband) 1 1 


The voltage signal-to-noise ratio at the output (this indicates the 


relative deviation of a meter reading the voltage) is: 


Output VSNR = Ve = al By (6.47) 
One Ke eB, 


This analysis technique is also very useful in analyzing total 


power receivers as used in radio astronomy. Suppose that the input 
noise temperature Th is the sum of a signal temperature AT and the 


system noise temperature T 4 
sys 


283 


(6.48) 


T= 7 


sy 


Pr oT 
If the de voltage caused by the system noise is offset by a fixed dc 


voltage 
V, =a |H(|kTtG B, 


then the voltage SNR at the output would be: 


- OF- NV, 1a | B, 
VENER Se ey ———— (6.49) 
On Tag Ke eB, 


If it can be assumed that the minimum detectable change in noise tempera- 


ture AT occurs when the VSNR is unity then: 


at sys 
AT . 


- 
Eo) Pi, se, 
K. ¥ 2B, 


But the derivation of all these last equations depends on the assump- 


tion BF << BL so we get as a final result 


das 


AL. = -—-—_———__=={7_——_— (6. 50a) 


min ot, Bi, 
K, 2B, 


or substituting (6.44b) gives 


ATvin 
Bea 


(6.50b) 
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where Bd was the defined or "equivalent" predetection bandwidth and 
By is the actual noise bandwidth of the predetection filter. 

In some receiver applications, the minimum detectable change in 
input noise temperature, AT in? is further modified by receiver designs 
which switch the receiver between the antenna and a calibrated noise 
source or other such schemes for improving receiver gain stability. 
These techniques are discussed in Chapter 7 in Kraus (1966). The use 
of switching introduces a correction factor into Equations 6.50a and 


6.50b so that the final equation for Al aa becomes 


Saeki, (6.50) 
min $s F B . 
—h 
2B. 
where AT win = Minimum detectable change in input noise 
temperature, °K 
= . °o 
sys ~ System noise temperature, K 
BL = Equivalent noise bandwidth of the predetection 
filter, Hz 
BL = Equivalent noise bandwidth of the post- 


detection low-pass filter, Hz 

K, = Correction constant for the noise bandwidth of the 
the predetection filter, (.707 xk <1) 

K_ = Receiver sensitivity constant, (1 < Ky < 272). 


K = 1 for unswitched receivers, 


and we have assumed a voltage signal-to-noise ratio of unity. 
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The following summary of minimum detectable noise temperatures 
for various types of postdetection filters was obtained with the help 
of Table 6-2 in Kraus (1966, p. 246): 


a) Ideal integrator, integrating time t 


sint (Lo) 


B= [dn HH) 
(os 


L at 


ee 
AT.- =K K —___ (6.51a) 


b) Single RC filter 


min 


At. SK Ke = (6.51b) 


c) Second-order filter 


Wo," 


(ww? - w?)* + (25 wor)” 


2. 
B, = | H(w) | = 


+ 


sys 


ATwin = K; K; a (6.51c) 
Bia 

where 5 is the undamped natural frequency and 6 is 

the damping constant. 
The important equations for the noise characteristics of a full- 


wave square-law detector have been presented and can now be applied to 


a specific circuit that is widely used in practical applications. A 
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noise power detector that consists of a square-law device output and 


RC low-pass filter is shown in Figure 6-6. 


Figure 6-6. Schematic Representation of a Noise Power Detector 
with RC Low-Pass Filter 


The noise voltage output of the square-law device is represented 
by a Thevenin equivalent circuit where Ra is the output resistance 
P ? 2 
and Va is a noise voltage generator whose mean-square value, Va » is 


determined by (Appendix, Part R) 


yy = 4R, Ald, (w) dw (6.528) 


where e,,(w) is the output power spectral density function defined by 
Equations 6.29 or 6.35. 

To determine ve we substitute Equation 6.35 into (6.52a) to 
give: 
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Ve = Re] amet Rio Sw+Z fo) doo 
= 4R,a° R®(0)| Siw) daw +95 [Fon dw 


2 eo 
4Rya* (kT, G B,) +4R,y ape ft (ww) da (6.528) 


The detector output voltage, as we have already seen (Equations 6.46), 


is the sum of a de voltage and a low-frequency ac voltage: 


YW=G.+ 
03 =O. | He) | kT, GS By volts, dc (6.53a) 


1 


G. = A| HO] kT, G K,V2 B, By, volts, ac (6.536) 


The dc voltage is proportional to the input noise temperature, predetec- 
tion gain and noise bandwidth and the de attenuation of the post- 
detection filter. The postdetection bandwidth does not affect the 


dc output. The dc attenuation of the RC filter is simply: 


R 


|H(o|= = 


Ry+R, 


On the other hand, the RMS ac output is proportional to the square root 


of both predetection and postdetection filter noise bandwidths. 
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Now with 


T Ro Ry 


~ 
a 


B ~ RC where R R. z Ry 


the ac voltage can be reduced to an arbitrarily low value by increasing 
the RC time constant. This can be done without affecting the relative 
de output level by changing only the capacitance C and leaving Ro and 
R, fixed. A change in R, or Ry will affect H(O) which in turn affects 
the dc output. Substitution of the de attenuation and low-pass noise 


bandwidth give as a final result for the ac and dc outputs: 


G = (0k) TE 8, aye (65h 


il 


(a k)T,G K, By, ae ate (6.54b) 
o ‘Xd 


As a final topic, we will look at the output of a square-law detector 
when the input voltage is a Gaussian noise voltage added to a single, 
unmodulated sinewave. This result will be applied to the problem of 
measuring noise factor with a sinewave generator. The analysis will 
proceed in a manner completely analogous to that done previously for a 
"noise only" input. Because of this analogy, the steps in the following 
derivations will be abbreviated and the reader is referred to the 


previous discussion for many of the details. 
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The input signal for this case is 


X(t) = S(t) +n(t) 


where s(t) is an unmodulated sinewave. The autocorrelation function 
for the output of the square-law device is (Davenport and Root, 1958, 


p- 258) 


R, (ti 5) = OF E [Cs,+n,)* (s,+n.) | (6.55) 


and because the input noise is stationary we get (Davenport and Root, 


1958, p. 258) 
Ro =o8 [ROO +4RORO+20°G RY] 6.50 


where R,(1) and RD) are the signal and noise autocorrelation functions, 


2 2 A 
O and o, are the mean-square signal and noise voltages and: 


ate 2-2 
R (+) —_ E (s S;) 
st 
(6.57) 
= 2,2 
R (+) = E (n, nz) 
n 
The output of the square-law detector consists of three types of terms: 
2 2 : 
a Roxs6? =a R527), which represents the interaction 
of the sinewave signal with itself, 
= 2 7 > 2 
2 Roxn'? =a R2(7), which represents the interaction 


of the noise with itself and, 
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2 2.2 2 F 
. - T T 
3 Reo CO) 4a R,¢ )R,¢ ) + 2a o. Ons which represents 
the interaction of signal and noise. 
The autocorrelation function of the output can be written in the 


form: 
R(t) = [R(t) +R CO +R] (6.58) 


Now since the input is Gaussian, the nxn part of the autocorrelation 


function is just that when the sinewave is absent (Equation 6.23): 


R st) = a R, (0) +20 R* (tt) (6.59) 


The autocorrelation function of the input sinewave is determined 


from Equation 4A.50 in the last section as 


ee 
R, (tT) = = cos ©T ; (st =V, cosu,t] (6.60a) 


which is used to determine the autocorrelation function for the 


interaction of signal and noise: 


R(t) = 40? RR) + 20°G,"G,"* (6.61) 


Sxn 


The mean-square value for the sinewave signal is the available power 


from the sinewave generator 
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2 
cs? s/o 
=a 6.60b 
Ss 4 R, ( ) 


but for simplicity we will represent the mean-square value with the 


autocorrelation function 


Ve 
O = Ro) = > 


where the factor AR in the denominator of (6.60b) is normalized to 
unity. This factor will be re-introduced in Equations 6.82. The mean- 


square value of the noise signal is: 
O,° = R,©) 
n x 


Substituting these and (6.60) into (6.6la) gives: 


Rett) = 40° R, (0)R,(4) Cos &T +208 Rie) R (0) (6.61b) 


Finally, the autocorrelation function for the square of the input signal 
is determined using the definition (Appendix, Equation A.3) and ga) = 


2 
Ve cos’ wt to give (Davenport and Root, 1958, p. 260): 


R(t) = at R; (0) [ + 4 Cos 20, | (6.62) 


We now have the three autocorrelation terms of Equation 6.58 and they 
can be used to determine the output of the square-law device when the 


input is Gaussian noise and a single, unmodulated sinewave. 
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The output spectral density function of the square-law device can 
now be determined by taking the Fourier transform of the output auto- 
correlation function R(t). First express R(t) in terms of Raxn'?? 
Roxen’)? and Rong 6D by substituting Equations 6.62, 6.6lb and 6.59 


into Equation 6.58: 


2 74 | 
Rit) =+0 Ro) | + Py COS 2Wet 


+ 40° R(o) R(t) cos wt +20 R(0) R(o) 


+A R(o) +20° R(t) 


Now apply the Fourier transform (Appendix, Part A) to get the output 


power spectral density function (analogous to Equation 6.26): 


+o 


$w) =]RIt) Ede 


=~co 
+oo 


| ~jwre 
= ie CT) Ar) +R... (%)] C dt (0285) 


~co 
The three separate integrals of Equation 6.63 can be associated 
with the following output spectral densities: 
1. The output spectrum due to the sinewave interacting 


with itself, 


€(0) =F [Riv] 


S$xs 
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2. The output spectrum due to the noise interacting with 


itself, 
Zo) =F [R(t] 


3. The output spectrum due to the noise and sinewave inter- 


acting, 


? (w) =F Reon (T)] 


Sxn 


The following spectral densities are obtained 


f (w) =eT rots R- (o) S (a) + z a? Rio) IS @o-20.)+S(e 20.) 


(6.64a) 


2 
g (w) = 2T a Ré(o) § (ws) + = i (Ww) (6.64b) 


nun 


where f , (w) = FIR (2)] and the results are the same as those obtained 


¢ 
in Equation 6.35, and finally: 


% (w) =20 Re» Fw ~W,) + $,o-w.)] FATA RR, (0) Sw) (6.64c) 


The spectral density of the interaction of signal and noise, Equation 
6.64c, is obtained by applying the following Fourier transformation 


equations; 
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_ [40° RR, (rt) cost +20° R (0) R, (0) | ery T (6.65a) 


~ oo 


The second term in the brackets will transform to a delta function be- 
cause it is a constant and the first term in the brackets contains the 
autocorrelation function of a sinewave (6.60) so the integral can be 


reduced to: 


-jwrt 
£ (w) = 40° R(v) R (%) c dt +47 O° R (0) R{o) S (GW) (6.65b) 


The Fourier transform of a product (6.28) reduces (6.65b) to: 


+o 


p (wy = 22° f , ' 2 
> wd = “Fe | Pw) F(co-cut) den! + 4T OF RLR,(0) Sw) (6.65e) 


-o 


Equation 6.65c can be further reduced by substituting the expression 


for the spectral density of the input sinewave (44.51): 


Ew) = F[R(v] = WRIO [Soro +f o'+w.)] 


The autoconvolution integral in (6.65c) becomes 


295 


fs (’) $ (w-w’) dw’ = T Rio) [ $.@-w. +£,(w+or)] (6.66) 


which is substituted into (6.65c) to give as a final result Equation 


6.64c: 
$ : (w) =?7a R, (0) ‘2 (w- We) + $d. (w+We.) + ATa R, (0) R (0) S (w) 


We now have some useful equations for the spectral output of the 
square-law device. These spectral functions can now be used to obtain 


the spectral output of the detector by applying the relationship 


3 (w) = Z,(w) | Hew 


to give: 


Fw =[f,0°8 (0+, 0] [Heal om 


The mean-square voltage output of a square-law detector with sinewave 
plus Gaussian noise input can be found by integrating the output power 


spectral density (6.77) over all frequencies: 
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+o°co 


- an | ¢, (w) dw 


4 
I 


dat. ites 


+ Alt. (w) Ere dw +5 ¢ wo] Heos) dw 


—co 


(6.78) 


A partial evaluation of (6.78) can be accomplished by substituting 
Equations 6.64 into (6.78) and evaluating those parts of the integrals 
which contain Dirac-delta functions. When this is done, Equation 6.78 
is reduced to: 


2 2 e 
+ SRO |Hew| + aF Rio) |H(or|” 


"7 Hef Eo) de 


Hw] dw 


FR, (0) oa fg EE (WwW ->,) + ¢. (w+w.) | 


* 20° R (0) R(o) | H(0)| (6.79) 
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This form for the mean-square voltage output is the simplest that 


can be obtained without any simplifying assumptions about the transfer 
function of the low-pass filter, H(w). Assuming that the low-pass 
filter has a noise bandwidth much smaller than the predetection noise 
bandwidth (B, <<B,) we can evaluate the integrals in (6.79) using the 
same technique that was used to get Equation 6.41. The results of the 


integrations are summarized below 


eB 2 
fnconl (w)dw = F, (0) 4m |H] B, 


+co 


[F,(w-w.) a $,(w+un)| 


~wo 


and 


2 
H(w)| dw 


2 
= 8T J(u.) |H(0)| B, 
These values are substituted into Equation 6.79 to give an equation 


for the mean-square voltage output for the special case when B,<<B,: 


G*= a? R,(0) | H(o)| 


+ & R(o [Hoof +Za° |Ho|B, fo 


2 


2 
H(0)|B, +20°R,0) R(o)| H(o) 


+8 R, (0) P, (we) 


(6.80) 
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The term containing H(2w,) is dropped because the passband of the low- 
pass filter is too low to pass a frequency of Zu, + 
The de terms of the output can be identified from (6.80) as those 


with no frequency dependence: 


one 


c 


af | H() il Rilo) +2 Rio) Rio) +Rioy| 


i) 


‘eu 


2 @ 
H(o)| [R,(0) + Ro] (6.818) 


The low-frequency ac terms are actually distributed in a narrow 


spectrum about zero frequency because |H(w) |? is a narrow bandwidth: 


Gage 


T H (0) 


2 
B, [ £00) + 41T R.(0) e. (w.)] (6.81b) 


These last two equations can be compared with the results obtained in 
the previous derivation for a "noise only" input. With V5 = 0 (R_(0)=0), 
Equation 6.8la becomes identical to (6.38) while Equation 6.81b be- 
comes (6.41). 

Assuming the noise voltage at the input to the detector is 
Gaussian and white, the double-sided spectral density function for the 
input is represented by Equation 6.25. The sinewave voltage at the 
input to the detector, Vo» is related to the voltage at the input to the 
square-law device by V5 = ve\v, where both are peak voltages and G is 
the power gain of the amplifier. The factor in Equation 6.81b which 


contains £ (0) can be re-written in terms of the input power spectral 
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density function and noise bandwidth by using the techniques of Equations 
6.41 and 6.42. 
The power spectral density function, o (wu), is simply the amplitude 


of the power spectrum at wy or: 


$.(w.) = =z kT.S|qewo [= 4kT,G 


The mean-square value of the sinewave signal, R,(0), is the available 
power of the source which can now be written in terms of the peak 


generator voltage v, and the source resistance 


where the factor 4B. un-normalizes the autocorrelation function (see 
Equation 6.60b). 

Equations 6.81 are now written in terms of circuit values be 
substituting in the following values for the mean-square signal, mean- 
square noise, the noise power spectral density function and the auto- 


convolution function: 


R(o) = =>—:-G 


R (0) 


T 
= 
si 
@ 
& 
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d (wr) = + kT, GS 


Fo) = 7(kT,G) BL Ke 


Applying these substitutions, Equations 6.81 become: 


a 2a 


2 V, 

Ge =a |H(o)| G | rT, B, | (6.82a) 

2 ' : VG k Ta 
OL. = A JH (0) B, [2 (kr,.¢) Bke aR, ], lee 

The de and ac RMS voltages for the detector output become: 

ve 

Ose =a |H(o|G gR a kT, B,. (6.83a) 
0. =a | H (0) | G 4/(kT, K.) 2B,B, +kT, (6.83b) 


Equations 6.83 can be used to show how the predetection signal- 
to-noise ratio or average noise factor of a receiver can be determined 
using an unmodulated CW signal generator and by measuring the dc output 


voltage of the square-law detector. Let the dc output of the detector 
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with no sinewave input v, = 0) be denoted by Ey where from (6.83a): 


E,= a|H(o|GkT, B, (6.84) 


° 


The predetection signal-to-noise ratio is the ratio of the available 


powers at the input: v2 
3/2. 2 
G——— V. 
4R, 3/2. 


S23 
ee Be 4R,kT, Br 


(6.85) 


The ratio of de output voltage with sinewave input to that without is 


y 
8Rs 
a aie) = (1+ S,) (6.86) 


obtained from (6.83a) and (6.84). Thus, a measure of O4/E, gives 
the predetection signal-to-noise ratio using (6.86). For the average 
noise factor over the predetection noise bandwidth BL (Appendix, Part H) 


we have 
7 
F = |+ = and T= 7, +7, (6.87) 


where the noise temperature Th is the sum of the source noise tempera~- 
ture, which is the standard Ts? and the receiver noise temperature, TL. 
The mean-square value of sinewave voltage at the input is denoted 


by 


2 Vy 
E = (volts, RMS)“ 
) 2 
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so that Equation 6.85 can be re-written in the form: 
@ 1 
i = oe [4 K Ty R, B,] = Sp [4k (T.+T.) R, B, | (0.848) 


Solving (6.88) for the noise temperature of the receiver being tested 
gives; 
ES 
= ———_— -T (6.89) 
Fr o) 
Sp [4k Rs Br | 


Equations 6.89 and 6.86 are substituted into (6.87) to give the average 


noise factor of the receiver 
2 Se 


nee Ee f 


~ Sp[4kT. RB) (% -1) 4kT. Rs By —_ 


where Ee = RMS input voltage in hard volts RMS 

o 
dc , 

rE de output voltage ratio, generator-on to generator-off 
fe) 
R, = Source resistance 
T = 290° K 

re) 

By = Predetection noise bandwidth 
s5 = Predetection signal-to-noise ratio. 


The ac noise voltage of Equation 6.83b will limit the resolution of the 
measurement and will determine the smallest signal-to-noise ratio that 
can be measured. This is a result of the fact that both Cae and Ey must 
be measured in the presence of a "noise" voltage Oras that will cause a 


measurement uncertainty. 
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D. Linear Diode Detector 


The most widely used detector in communication receivers is the 
linear diode detector. When the input voltage is large enough, the 
response of tue detector is described by the relationships (see 
Chapter III-E) 


y = ax x > 0 
(6.91) 


y = 0 x < 0 
where x and y can represent voltages or currents. Actually the diode 
is really only approximately linear but for large inputs the approxima- 
tion is valid. The ratio of detector dc output voltage with sinewave 
input to that without is determined by the predetection signal-to-noise 


ratio as given by (Blake, 1972) 
S 


~ 
= " (I+Sp) I, (z) + Sp 1,(%)| Se 


E. 


I 
(Yd 


where 28 = Predetection signal-to-noise ratio 
on 
Ey =a » the dc output when the input sinewave is zero 
Vv 20 
1) = Ji (i 
modified Bessel functions 
I, (x) = iJ, (ix) 
Ca4 Detector dc output with input sinewave. 


Blake (1972) has solved Equation 6.92 and published tables of 5 as a 


function of O4./E,: Using his results we can determine the average 
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noise factor in the same manner as was used to obtain Equation 6.90 


9 


S, [4kT.R, By| 


e- 


(6.93) 


where os = Predetection signal-to-noise ratio 
E = RMS input voltage in hard volts which produces 
the de ratio O4,/E 
BL = Predetection noise bandwidth, Hz. 
T = 290° K 
fe) 
= Boltzmann's constant 
R, = Source resistance. 


Table 6-2 shows the predetection signal-to-noise ratio for different 
values of the detector dc voltage ratio 4 /E,: 
When the input signal to a half-wave linear detector is another 


noise voltage,the ratio of the dc outputs is determined by (Blake, 1972) 


G =, [Sm +A 
E — 2 (6.94a) 
° on 


2 ; : 
where do, represents the increase in mean-square noise at the input 


due to the noise signal. In terms of noise temperature this becomes: 


Orr Tays + OT AT 
eS: ae cee els | + T. 
“heye sys 


(6.94b) 
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Table 6-2. Solution to Equation 6.92 for use in measuring average 
noise factor 


i 


O4,/E, 20 log (o4,/E,) es 
ay Se eae i A at se ES re et ee 
°de lft dc, 2 
E 72 ~ S5 2. 2 G ee | 
fe) 
2.00 6 db 2.60 
1.50 - 1.13 
1.412 3 db 915 
1.260 2 db 535 
1.123 1 db 254 
o 
de 493 : S 2/3 =] 
E P E 
ro) fe) 


When the linear diode detector is used for measuring noise factors, 
Equation 6.94b can be solved for the measured noise factor in the follow- 
ing manner. For noise factor measurements the source is at standard 


temperature so 


i g= i, +t, (6.95) 


y 


and substituting ane into (6.94b) and solving for T gives: 


AT 
ae me =e (6.96) 


(ZY) -1] 
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Using Equation 6.87 gives the average noise tactor as: 


a 
EE) -| 


F 


C6.97) 


It is worth mentioning that the results obtained for the half-wave diode 
detector are equally valid for the full-wave detector. All outputs are 
doubled but since we are only concerned with ratios, the equations 


which use ratios remain valid. 
E. Phase-Sensitive Detector (Product Detector) 


The phase-sensitive detector is a mixer in which the local oscilla- 
tor frequency is equal to the input frequency (van der Ziel, 1954, 
p. 343). This is the type of detector used in direct conversion receivers 
(also called homodyne or autodyne receivers) and in single-sideband 
receivers (where it is called a product detector). The transconductance 


of this type of detector is time dependent as expressed by 


Gm (4) = Guat 2 Ime COS Wet (6.98) 
where Sa Average Bn of the mixer device 
ies Conversion transconductance of the mixer 
Ce Input frequency or local oscillator frequency. 


Applying van der Ziel's results and using techniques analogous to those 
used in the square-law detector analysis, the mean-square dc and ac 


voltages are: 


307 


T= Jc JH col ( kT,G By)” (6.992) 


Toc H (0) | (ee) & By kK. (6.99b) 


2 2 
Fin 
The voltage signal-to-noise ratio at the output is 


Ose | By, 
One Ke faa BL 


(6.100) 


which is identical to that for the square-law detector (Equation 6.47). 
This means that the results obtained for the square-law detector 
response to a noise input is equally valid for a phase-sensitive 


detector. 
F. Detector Dynamic Range 


As a final topic we will look at the dynamic range needed in an 
output power detector. In all measurements of noise voltages, the output 
power indicator must be capable of handling crest factors in excess of 
4 to 1. The crest factor, which is a ratio of the peak value of a volt- 
age to its RMS value, is not defined for a noise voltage because 
theoretically the amplitude is unbounded. Theoretical calculations 
(Landon, 1941) have shown that the number of crests exceeding four 
times the RMS value (40) have a probability of 3 x 107> and, if these 
peaks are clipped by the measuring instrument, their loss will have 


little effect on the reading. There are inexpensive meters which do not 
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meet this specification because their amplifiers saturate on large 
voltage peaks. Measurements made with meters of inadequate dynamic 
range will indicate RMS values lower than the true values. 

Meter response to high peaks causes needle flicker which makes the 
meter hard to read. This problem can be minimized by proper adjust- 
ment of meter damping. 

In concluding this section the reader is again reminded of the 
differences in instruments used for noise power detection and the 
errors involved. Each measurement problem should be carefully studied 


for factors which might affect measurement accuracy. 
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VII. METHODS OF SENSITIVITY COMPARISON 


There are several commonly used methods for comparing the sensitiv- 
ities of receiving systems. Each method has its relative advantages and 
disadvantages and no one method is satisfactory, or even meaningful, for 
every receiving system. The need for several methods arises because 
there are a variety of modulation techniques and detectors employed in 
communication systems. The most common specifications for determining 
the relative merit of noise performance for a receiving system are: 

1. Noise figure (Noise factor) 

2. Equivalent noise temperature 

3. Signal-plus-noise-to-noise ratio (AM sensitivity) 
4. Tangential noise sensitivity (Pulse code systems) 
5. Noise quieting (FM systems) 

6. Receiving system power sensitivity. 

The specifications of noise figure or equivalent noise temperature 
are most often used to specify the noise performance of "linear" systems 
such as single-sideband, AM, and total power receivers. Also, the 
"linear" portions of most receivers or at least those circuits closest 
to the antenna, such as RF amplifiers and mixers can be evaluated for 
noise performance on the basis of noise figure or noise temperature. In 
this context, the word "linear" is used to mean that the available power 
output is linearly proportional to the available power input. 

For AM systems, a very common designation of noise performance is 
the signal-plus-noise-to-noise ratio for a given sinewave input. It is 


referred to as AM sensitivity but this is really a misnomer as it is the 
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signal-to-noise ratio that is the ultimate specification for every 
system. The signal-plus-noise-to-noise ratio specification is meaning- 
ful for every system which is linear and which can be measured with a 
AM modulated sinewave input. Although AM sensitivity is probably the 
most common specification of noise performance, it is also probably the 
most abused and confused one. Since AM sensitivity is closely related 
to the information theory requirement of a specified minimum SNR, it 
seems to be a most meaningful and desirable specification, but it also 
can be very nebulous. This problem occurs because the AM sensitivity 
of a linear receiver depends on 1) antenna impedance, 2) receiver 
equivalent bandwidth and 3) the type and percentage of amplitude modula- 
tion used for the measurement. All of these variables must be stated 
along with the measured SNR and input level or it will be impossible to 
make meaningful comparisons among receivers. 

When testing receivers used in data transmission links, the specifi- 
cation of tangential noise sensitivity is usually the most meaningful. 
This specification relates the amount of peak RF signal needed at the 
input to produce an output pulse of a specified peak amplitude above the 
receiver noise level. It is desirable to use this specification when 
the receiver has nonlinear stages of amplification and the desired out- 
put is pulse coded. 

In the case of FM receivers, and especially when evaluating a 
complete system, the commonly used specification is noise quieting 
which relates the amount of RF signal required at the input to produce 
a specific peauetion in audio noise at the output. Noise quieting is 


caused by the ability of the FM detector to "capture" the largest 
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signal and to suppress weaker ones. The problems associated with 
specifying noise quieting are similar to those of specifying AM sen- 
sitivity because one also has to give, 1) antenna impedance, 2) FM 
bandwidth, 3) deviation ratio of the system. 

The specification of receiving system power sensitivity relates 
the amount of available signal power needed at the receiving antenna to 
achieve a specified signal-to-noise ratio at the output. This specifi- 
cation is valid for linear receivers and is an alternate way of express- 
ing noise figure or equivalent noise temperature. A definition of this 
quantity is given in Chapter IV-D. 

At this point, the importance of a specific signal-to-noise ratio 
at the output should be discussed and emphasized. In the information 
theory aspect of this problem, the saesut must meet certain user defined 
criteria or the system becomes unusable. This means that a specific 
minimum signal-to-noise ratio is desirable and must be achieved. Con- 
sistent with other requirements, there will always be design variables 
which allow the designer to maximize signal-to-noise ratio. Receivers 
having the highest ratio will perform the best for the user. The most 
basic system requirement is always the signal-to-noise ratio that can 
be achieved for a given level of input. Since the receiver is usually 
linear in the first stages of RF, where the noise factor can be meaning- 
fully specified, the system requirement can be determined knowing the 
noise factor of the RF stages and the type of detector to be used. 

The truth is summarized by the following statement: 


"System sensitivity is a function of noise figure and 
detector characteristic," 
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i.e., other factors being equal, the system with the lowest noise figure 


or equivalent noise temperature will always produce the highest output 
signal-to-noise ratio. 


A brief summary of the types of sensitivity specifications which 
should be applied to a given component will now be given. The theory 
of sensitivity measurements and how to measure and present data is 


presented in the following two chapters. 
A. Complete Receiving Systems 


The sensitivity specification of a complete receiving system must 
take into account the type of modulation employed and hence the kind of 
detector used. For "linear" systems such as SSB, AM and total-power 
receivers (Radiometers), the specifications of noise figure, equivalent 
noise temperature, AM sensitivity or receiving system power sensitivity 
are adequate. For systems employing pulse code modulation it is more 
convenient and meaningful to specify tangential noise sensitivity be~ 
cause it is more closely related to the information theory requirement 
and because it can be directly measured. 

The behavior of the FM detector in marginal signal environments 


makes the specification of noise quieting the logical choice. 
B. Two-Port Devices 


The testing and specification of the noise performance of individual 
stages such as RF amplifiers, RF mixers, IF amplifiers, solid-state 
devices, filters, attenuators and feed system components is best done 


with noise figure or equivalent noise temperature. The concepts of 
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noise generation in amplifying and mixing devices are well suited to 
being described by these specifications. Individual electron devices 
such as vacuum tubes, bipolar transistors, field-effect transistors, 
and diodes are most often specified for their noise performance by 
noise figure. This is all right if the user will accept the fact that 
many circuit conditions and requirements must be met before the device 
will perform in an amplifier or mixer circuit with the stated noise 
figure. These conditions are discussed in Sections IV-C, IV-D, and IV-E. 
The specialized concept of Noise Measure (Appendix, Part K) was 
developed to overcome the limitations of noise figure in specifying 
the noise performance of low-gain or negative-resistance amplifiers. 
Noise measure is useful in choosing between two amplifiers to be con- 
nected in cascade but is not applicable to a single amplifier. A 
technique which helps choose among several amplifiers for a specific 


application is given in the Appendix, Part L and is called noise merit. 
C. Detectors 


The analysis of the noise performance of detectors will not be 
presented in any more detail than the theory that is given in Chapter VI. 
It has been demonstrated (Fubini and Johnson, 1948) that every type of 
practical detector will exhibit some kind of nonlinear threshold effect. 
By "threshold effect" it is meant that; when the predectection SNR falls 
below a certain level, the output SNR drops by a greater factor. This 
means that the requirement of linearity of input and output power, that 
was given at the beginning of this chapter, is not satisfied and this 


effect will introduce errors into the measurement. For example, in AM 
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detectors it has been observed that the presence of a low-level carrier 
will actually increase the noise output and thus make the output SNR 
worse than the input SNR. In FM detectors, the threshold effect is 

much more pronounced where predetection signal-to-noise ratio may change 
from 7 to 5 db and the output signal-to-noise ratio may drop from 15 db 

to 0 db. More information on this threshold effect will be given in 
Chapters VIII and X. For more information about the noise performance 

of detectors, the reader is referred to the following sources: Fubini 
and Johnson (1948), Middleton (1948, 1960), DeLano (1949), Bridges (1954), 
Baghdady (1961), Wakeley (1963), Beckmann (1967) and Davenport and 


Root (1958). 
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VIII. THEORY OF SENSITIVITY MEASUREMENTS 


Sensitivity measurements on receiving systems are made for one 
purpose--to compare receivers by measuring which receiver will produce 
the best output signal-to-noise ratio for a given input Signal level. 
This fundamental measurement may be broken up into several sub-measure- 
ments such as measuring the noise performance of each component but the 
fundamental comparison criteria still remain the same. The results of 
any sensitivity measurement and how to interpret it correctly depends 
on an understanding of sensitivity measurement theory. It is the purpose 
of this chapter to present this theory and to develop the theory behind 
the commonly used measurement techniques which are presented in the 
next chapter. The essential components that make up a sensitivity 
measuring system are illustrated in Figure 8-1. This same diagram 
will be used for discussing the measurements on a complete receiver 
or any of its sub-components. 

Each block in the diagram will now be discussed and the essential 
characteristics listed. Circled numbers will be used for reference: 

@) The test signal source is a generator connected to 
the input of the device being tested. The generator 
has a nominal impedance equal to the impedance of 
the transmission line which is R5> the source resis-— 
tance specified for the device being tested. The 
generator impedance Rs is at standard temperature, To: 
The generator output will be made up of the noise due 


to R, at Ty and a controlled signal E which may be: 
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a. An excess noise signal which has a mean~ 


square value of ES 


=4k R. ATE. 
b. An unmodulated sinewave with mean-square 
value E oe 
8 ; 
c. An AM modulated sinewave with a mean-square 
value mE : where ine will be used to account 
for the percentage of modulation. 
d. An exact reproduction of the input signal 
that will actually be used in the receiving 
system. 
The Thevenin's equivalent circuit for the signal source 
is the same as that used for the receiving antenna, 
Figure 4C-23 in Chapter IV. 
A transmission line connects the test signal ecigee and 
the device being tested. The transmission line is 
characterized by a flat loss N, a physical temperature 
Ty» and a characteristic impedance Ze = R,- For the 
theory presented in this section, the transmission line 
effects will be omitted by letting it be lossless (see 
Chapter IV-C). The errors caused by this simplification 
will be discussed in Chapter X. 
The device or component being tested can be a single 
device such as a transistor, a subassembly unit such 
as an amplifier or mixer stage, or a complete receiver. 
The predetection amplifier accounts for the gain 


preceding the detector or demodulator system and provides 
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a suitable termination for the device being tested. 
It also provides a known noise factor so that its 
noise contribution to the total noise factor, Fos 
can be accounted for. The important characteristics 
of the predetection amplifier are: 

a. Gain, G 

P 

b. Equivalent noise temperature, Tig 

c. Bandwidth. 
It will be assumed that the bandwidth of the predetec- 
tion amplifier is larger than the predetection noise 
bandwidth which is determined byG). The predetection 
amplifier represents the IF amplification in a receiver. 
The predetection filter determines the information band- 
width and also the equivalent noise bandwidth for noise 
factor measurements. It is this filter that regulates 
the spectrum of signals going into the detector device. 
The important characteristics of the predetection filter 
are: 

a. The shape of the passband response 

b. The equivalent noise bandwidth, By 

c. The center frequency of the passband, fo° 
The predetection filter is used to represent the IF 
filtering in a receiver. Typical noise bandwidths 
range from 1 to 50 KHz for communication receivers and 
-l to 1 MHz for radiometers. Typical IF frequencies 


include .050, .455, 1.6, 4.5, 9.0, 18.0, 30.0, 60.0 and 
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105 MHz. For more discussion on how to determine the 
noise bandwidth and the effect of passband shape on 
measurements, refer to the Appendix, Part B and Chapter 
VI-C. 
The detector device or demodulator is used to recover 
the information on the input signal in an actual 
application but in a measurement application it is used 
to modify the statistical character of the signal in 
such a way that measurements can be made to determine 
the nature of the input signal. Usually this is accom- 
plished by rectification to change a signal with a zero 
mean to one with a nonzero mean. The types of detectors 
or demodulators that are considered to be the most impor- 
tant for noise measurements are: 

a. Square-law detectors 

b. Linear diode detector 

c. Product detectors (Phase sensitive detector) 

d. Envelope detector (AM demodulator) 

e. Peak-reading voltmeter (Peak rectifier) 

f. Average-reading voltmeter 

g- RMS voltmeter. 
For more information on detectors refer to Chapters III, 
VI, and VII. 
The postdetection filter is used to filter and shape 
the output of the detector device or demodulator. This 


filter has a low-pass response and an equivalent noise 
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bandwidth Bi: The postdetection filter in a receiver 
is the audio filter or video filter and has a bandwidth 
less than the predetection bandwidth. It also deter- 
mines the output signal-to-noise ratio, sa The impor- 
tant characteristics of the postdetection filter are: 
a. Equivalent noise bandwidth, Be 
b. DC attenuation, |H(o) | 
c. Passband shape. 
The postdetection amplifier is used to amplify the signals 
from the postdetection filter so that they may be used 
to drive the desired sensory transducer. This amplifier 
accounts for the audio or video amplification in a 
communication receiver. Its important characteristics 
are: 
a. Gain, Ga 
b. Bandwidth 
c. Output impedance 
d. Flicker noise contribution 
e. DC response 
£. Linearity. 
The postdetection amplifier must have a bandwidth low 
enough so that it will not contribute an appreciable 
noise signal. It must be linear or it can seriously 
affect measurement data. It may or may not have a 
response at dc as illustrated by the switched capacitor 


at the input. 
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The sensory transducer is a device used to display the 
outputs of the measuring system. It can be a meter, 
oscilloscope, loudspeaker or stripchart recorder. The choice 
of output display is up to the user butinmany applications 
the choice is obvious. Some of the common choices are: meters 
for the linear sensitivity measurements such as noise 
figure, noise temperature, AM sensitivity and power 


sensitivity, oscilloscope for tangential noise sensitiv- 


ity and loudspeaker and meter for FM noise quieting. 


A. A Theorem for Sensitivity Measurements 


All sensitivity measurements are based on the same fundamental 


Postdetection information is used to determine predetection 
RF signal-to-noise ratio. 


This fact is used as a basis for the following theorem of sensitivity 


measurements: 


"The sensitivity performance of every receiving system 
can be specified by the input noise factor (or equiva- 
lent noise temperature) and the functional relationship 
between the predetection and postdetection signal-to- 


noise ratios. 


ok 


The receiver noise factor Be and the predetection signal-to-noise ratio 


uniquely determine the predetection noise performance of a receiver and 


are related by the fundamental equation 


E 2 


Po) 2 (8A.1) 
ro 8, (4k TR, BA] 


*Predetection SNR is the SNR that exists in the linear portion of the receiver, prior to the 
detector. Postdetection SNR is the measured SNR after the detection stage. The detector 
may be either linear or non-linear. 


h> 


where 


The predetection 


by some function: 
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the average noise factor, over the predetection 
bandwidth Bue of the device being tested. This 
is not the average noise factor for the device 
(see Appendix, Part H). 

the mean-square value of the generator test 
signal used to measure the noise factor, FL. 
When ar is a sinewave it is measured in hard 
volts RMS (Appendix, Part Q). 

the equivalent noise bandwidth of the predetection 
filter. 

Predetection signal-to-noise power ratio. 
Specified source resistance for the device or 
component being tested. 


Boltzmanns constant. 


Standard temperature, 290° K. 


and postdetection signal-to-noise ratios are related 


(8A.2) 


fa 
i] 
th 
o>~ 
n 
wY 


The study of the noise behavior of a detector is the study of this 


functional relationship. 


In actual measurements, the predetection signal-to-noise ratio is 


determined by a ratio measurement at the output which is usually the 
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ratio of two ac or two dc voltages. This relationship is expressed in 


the function: 


S =f, (M) (8A.3) 


where M is the ratio of the measured output when the test signal source 
is turned on (E, # 0) to that when it is turned off e. = (0). The 
various forms of fy O) will be given later in this chapter. The 
functional dependence of predetection and postdetection signal-to-noise 


ratio is best represented in the graphs of Figure 8A-2. 
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Figure 8A-2. Comparison of Output SNR to Input SNR for Typical 
Detector Types 
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The degrading of output signal-to-noise ratio at low input signal- 
to-noise ratio is illustrated for FM detectors and linear diode detec- 
tors. The ideal detector curve represents the response assumed for an 
ideal "linear" system where the total power at the output is directly 
related to the power input. Data on the functional dependence of input 
and output SNR for various types of detectors can be found in the follow- 
ing references; Davenport and Root (1958, p. 266), Fubini and Johnson 
(1948), Bridges (1954) and Middleton (1948, 1960). 

It must be kept in mind that the relationship .5 = f(s) is not 
of fundamental importance in sensitivity measurements but is for system 
specification. What is important is-~how does the predetection signal- 
to-noise ratio depend on the ratio of measured outputs, Equation 8.3? 
The measured ratio at the output is usually the ratio of two de voltages 
or two ac noise voltages. The postdetection SNR will affect the 
accuracy of the measurement. 

This concludes the introductory discussion of sensitivity measure- 
ment and the sensitivity measurement theorem. The next three sections 
will describe the application of sensitivity measurement theory to 
various systems and how they relate to the block diagram. The order of 


presentation is for convenience and has no other significance. 
B. Noise Quieting (FM Systems) 


A meaningful way to measure the relative sensitivity of FM receivers 
has been developed which takes advantage of the capture effect in an FM 
receiver. The capture effect is the ability of an FM receiver to favor 


the strongest signal in the passband and discriminate against the weaker 
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ones. A difference in input level of only 3-4 db can cause several db 
of output difference. Because of this effect, when the FM receiver is 
tuned to an unmodulated carrier, the output noise will decrease. This 
decrease in noise is called quieting and will be described shortly but 
first we need to present more information on the FM detector. Figure 
8A-2 is only meant to illustrate the threshold effect in FM detectors 
and does not give absolute information. A more complete story of FM 
detection can be given with the help of Figure 8B-l. This figure 
shows the threshold effect and how it varies with the deviation ratio, 
D, defined as: 


D= Maximum instantaneous frequency excursion from the carrier 


Modulation frequency 


In theory, the signal-to-noise ratio for an FM system compared to an 
AM system is given by (Cook and Liff, 1968, p. 49) 

(SM 2 

re 3D 

m’ AM 

valid when the input SNR is high enough to put the detector above the 
full FM improvement threshold. Notice from the figure that this threshold 
depends upon the deviation ratio. The higher the deviation ratio the 
more FM improvement, but the threshold has to be reached with larger 
and larger input signal-to-noise ratios. What does one sacrifice for 
this SNR improvement? The answer is bandwidth. The higher the FM 


deviation ratio, the larger the FM bandwidth. 


50 


40 


30 


20 


Output SNR ~ db 


Figure 8B-1. 
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Signal-to-Noise-Ratio Characteristics for an 
Ideal FM Detector 
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A study* of FM modulation and bandwidth requirements, based upon 
Bessel functions and output signal distortion, shows that reasonable 
bandwidth rules can be obtained for various ranges of deviation ratio. 


These rules are summarized below: 


FM Bandwidth Rules 


O<D<¢ 0.25 FMBW = 2 £ 


0.25<D<l1 FMBW = 4 f) 


— 
NN 
oO 


FMBW = 2(D + 1)f. (Speech) 
= 2(D + 2)f (music) 


where fn is the maximum audio frequency to be transmitted. 


For low deviations (D < .25), the FM bandwidth is equal to the required 
AM bandwidth, but for deviations which will give a signal-to-noise 
ratio imporvement (D < e ), the required FMBW is at least twice 

that of the AM system. For a deviation ratio of 2, the required FMBW 
for music transmission is four times that needed for AM. Feldman 
(1966, p. 27) discusses quieting in an FM receiver. The FM sensitivity 
of a receiver can be specified by measuring the required input signal 


level that will give a specified output quieting ratio: 


. Audio noise output with unmodulated sinewave signal 


QR 


Audio noise output without sinewave signal 


* 

These rules were developed for presentation in an FM Two-Way 
Radio Course taught by the author for Engineering Extension at Iowa 
State University, Ames, Iowa. 
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A typical quieting curve is shown in Figure 8B-2 (some of the terms 
shown in the figure will not be defined until Chapter IX). The quieting 
ratio is specified in db (usually 20 or 30 db) and is high enough to 
get above the FM threshold. 

Besides FM quieting there are methods of specifying FM sensitivity 
which employ the recovered audio of the system. These methods are 
designed to test the quality of recovered audio. The additional 


methods are discussed in Section IX-C. 
C. Tangential Noise Sensitivity (PCM Systems) 


For systems which employ pulse-code modulation (PCM) such as for 
radar and data transmission, the pulse receivers are probably best 
tested with a pulsed test signal source. This is a complete system 
test and takes into account the affect of the detector on signal-to- 
noise ratio. The minimum detectable signal is a hard criterion to 
define for any system and usually requires a knowledge of communication 
theory and detector operation. The best minimum detectable signal 
criterion that has been found for pulse receivers is the Tangential 
Noise Sensitivity measured using a pulse generator and an oscilloscope 
for a sensory transducer. The measurement is described with the help 
of Figure 8C-l1. The sinewave test generator is pulsed on and off so 
that the output of the pulse detector is an ac noise signal superimposed 
on two de output levels. The output ac noise voltage is described as 
"grass" because, when the sweep rate of the scope is much slower than 
the reciprocal bandwidth of the predetection filter, the waveform looks 


like grass. The output of the pulse generator is adjusted so that the 
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Figure 8C-l1. Waveforms Representing Tangential Noise 
Sensitivity Measurement 


bottom of the "grass" during the "pulse on" period is even with, or 
tangent to, the top of the grass during the "pulse off" period. 
Measurements taken by qualified observers showed (Montgomery, 1964, 
p. 228) that accuracies no better than 1 to 2 db can be expected with 
this method. Actual data taken showed a 2db standard deviation for the 
reported mean value for all observers. Repetitive measurements by a 


single observer showed a deviation from the mean of less than 1 db. 


The actual value of tangential sensitivity will depend upon the detector 
type and the subjective evaluation of the observer. The observer tests 
reported above also determined that the value of peak pulse input power 
needed to give a tangential signal was 9.2 db above that needed to give 
an output signal-to-noise ratio of unity. A square-law detector was 
used in these measurements. A discussion of sensitivity measurements 


for wideband pulse receivers is given by Klipper (1965). In his paper, 
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Klipper presents the power sensitivities for square-law and linear 
detectors based upon several criteria. The criteria of tangential 
sensitivity and unity output SNR will be summarized here. If the 
predetection bandwidth is much greater than the postdetection bandwidth 


(BL > BL), the sensitivity equation given by (8A.1) becomes 


E 2 


ae = __a8____—. (8C.1) 
4k TR, (K)1/2 3B, I 


where Ooh = K) ~/2 BB. The factor Kp is a numerical constant whose 
value depends upon both the detector type and the measurement criteria. 
Klipper (1965) has given values of K) for square-law and linear detectors. 
The values of K for unity SNR (S4/N, = 1) and tangential sensitivity are 
given in Table 8C-1. For the purpose of judging when the signals are 
tangent, Klipper employed a value of 3.5 On as the practical top of the 
"grass". When tangential sensitivity and unity SNR are compared on this 
basis, the input signal required for tangential sensitivity is 8.5 db 


higher, or equal to the ratio of the respective K. This number 


1 
> s 
compares favorably with the 9.2 db reported in Montgomery (1964, p. 228). 


Table 8C-1. Sensitivity constant, Kp» for square-law and linear 
diode detectors. 


‘ 


Detector Type S/N, =] Tangential Sensitivity Ratio 
Square-~law 1 7 ~ 8.5 db 
Linear diode 1/2 3.5 ~ 8.5 db 


ne nee 
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The power sensitivity of the receiver in terms of available input 


power in dbm, is from Equation 8C.1 


2 
E 
aR, (dbm) = S,(dbm) = - 114 + 10 log F + 10 log K, + 10 log -(28, 8, 


(8C.2) 


where BL and Bo are in MHz. From this equation and the Ky values we see 
that the linear diode detector is 3-db more sensitive than the square- 


law detector. 


D. Noise Factor and AM Sensitivity 


In Chapter VII a special definition of "linear" receiver was used 
when talking about noise factor and AM sensitivity. Montgomery (1964, 
p. 233) uses the term "linear-gain receiver" to describe the same 
property. The linear-gain receiver is defined to be one in which the 
output power is proportional to the input power. This distinction is 
important to sensitivity measurement theory. The sensitivity of a 
linear-gain receiver is completely specified by Equation 8A.1. When 
this equation is applied to a linear-gain receiver the measured sensi- 
tivity can be specified by two factors; the predetection signal-to- 
noise ratio and the mean-square value of test signal needed to obtain 
it. Each measurement technique that is presented in the following 
sections will follow the same procedure; the type of test signal source 


is specified which determines E, then the detector type is specified 
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which determines the functional relationship between the measured output 
ratio, M, and the predetection signal-to-noise ratio, oe 

The special forms of Equation 8A.1 which apply to each measurement 
will be derived along with information on how to determine the functional 
relationship between M and a (Equation 8A.3). The theory will be 
discussed by detector type and test generator type. The fundamental 
quantity of noise factor will be used throughout this section because 
it is fundamentally related to the actual measurements and because 
equivalent noise temperature and receiving system power sensitivity 
are related to noise factor through definitions. To better define the 
concepts involved, the first two articles of this section will deal 
with the definition of noise factor and how to specify the test signal 
generator. Figure 8D-l is a simplified block diagram for sensitivity 


measurements. 


l. Noise factor measurement theory 


The noise factor method of specifying receiver sensitivity is 
completely independent of the widely variable factors of receiver band- 
width and gain or, as in the case of AM sensitivity, signal generator 
characteristics such as modulation percentage and distortion. Also, as 
an added bonus, the noise factor specification is independent of the 
input impedance of the receiver. The attractiveness of the noise factor 
specification has resulted in its use to specify not only receivers, but 
a wide variety of active electronic amplifying devices. Various defini- 
tions for noise factor exist and are successfully applied to many 


devices but one has to be cautious to avoid applying them incorrectly. 
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After becoming familiar with these definitions, it is possible to 
simplify many calculations by choosing the one most appropriate. It 
is to this end we now discuss the definitions. 

North (1942) defines noise factor as, "the ratio of actual noise 
power to that developed by an ideal receiver". Taken out of context, 
the definition sounds nebulous but when the ideas which are presented 
are correlated, the definition may be stated as: 

Noise factor is the ratio of actual noise power 
output from a noisy receiver connected to an 
antenna to the noise power output from a noise- 


less but otherwise indentical receiver connected 
to the same antenna, or 


F = ————_2etal noise power at the output i, (8D.1) 


~ Noise power at the output due only to the antenna 


Applying North's definition exactly was a problem however, because it 
left too much room for interpretation when trying to define such things 
as "antenna" and "noiseless receiver". The definition also was dependent 
upon assigning a particular reference temperature, To? to the antenna. 
This is equivalent to saying that we don't want the denominator of the 
noise factor definition to go to zero because: 


Lim F = © 


26 (8D.2) 
fe] 


To remedy these difficulties, more strict definitions have been developed, 
including an IRE(IEEE) standard in 1963b. 
The explicit definition of noise factor can be best illustrated by 


the use of Figure 8D-2 where the source could be an antenna, a noise 
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or 
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Gain 
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Receiver 
or 
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Gain 


Source (b) Ideal Noiseless Receiver Load 


Figure 8D-2. Circuits for Noise Factor Definition 


generator, or the Thevenin's equivalent of the output of a previous 
stage. 

Figure 8D-~2a shows the noisy receiver with equivalent noise 
generators referred to the input. Figure 8D-2b is the same circuit 


except the receiver noise generators have been omitted. 


337 


The quantities in the figure are defined as follows: 


R, = Source resistance (may be antenna radiation resistance, 
test generator resistance, or the Thevenin's equiva- 
lent resistance of the previous stage) 

e = RMS voltage of the test signal generator 

2 : 
vi = 4k R, Ty Af, the mean-square value of noise voltage 
for R 
s 
ne? ne = Equivalent noise generators for the noisy receiver or 
amplifier, undesired noise (see Section IV-E) 
Noo = Noise power output when the noisy receiver is in the 
circuit 
Noy = Noise power output when the noisy receiver is replaced 


by an ideal noiseless receiver. 
The noisy receiver is actually any noisy two-port, described by its 
noise parameters and its noiseless two~-port matrix coefficients. The 
exact definition of noise factor, dependent upon the reference tempera-— 


ture T., is (see also the Appendix, Part H): 


N 
wal NOISE FACTOR (8D.3) 
ol 


F = 


Several restrictions and definitions subtle to the definition are 
listed for clarification: 
1. The noise factor definition is dependent upon the 
reference temperature To which is now generally 


o * 
accepted to be 290 K. 


*This value has been adopted by the Institute of Electrical and Electronics Enginners 
as a standard, so that all receivers can be evaluated and compared to each other based 
on their noise and sensitivity characteristics. 
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The ideal noiseless receiver is derived from the 
noisy receiver by letting all internal noise source 
temperatures go to zero so that 5 eet =I = 0. 

The result of simply "turning off" the noise sources 
to obtain the ideal receiver is that all of the 
noiseless two-port parameters remain the same, so 
that the receiver gain G and the terminated two-port 


admittances Y,. and Y are unchanged. 
in ou 


t 
The restriction that the entire system remain linear 
is still needed and it must be emphasized that noise 
factor is only meaningful for a linear two-port. 


When specifying the noise factor of a two-port, it 


is necessary also to specify the source resistance Ro: 


An alternate, and very useful definition for noise factor is obtained 


using the idea of signal-to-noise ratio. 


The source in Figure 8D-2 includes a noise voltage, Vv and a 


signal voltage, Ee The ratio of E, to La defines the signal-to- 


noise ratio available to the receiver and it is surmised that an 


ideal receiver would preserve this ratio; certainly we could not 


expect to improve it! The definition is derived as follows; the 


signal power output oe is G times the signal power input Si. and 


from the previous definition of noise factor (Equation 8D.3 or 8D.1) 


G Ni +GN 
pe —i_ (8D.4) 


G Ni 
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where N, = Available noise power at the receiver input 
2 
due to V 
n 
N.. = Available noise power at the receiver input due 


to the internal noise of the receiver. 


Divide the numerator and denominator of (8D.4) by GS, to get 


GN, + GN GS 
L r L 
GS, GN. (s,/N.) 
F = = = ————+——— = Ga. (8D.5) 
GN, Gs. four) 
1 L 
Gs. GN, + GN 
L i zr 


which is the ratio of available input SNR to available output SNR. For 
a noiseless receiver (F = 1) the signal-to-noise ratio is preserved. 

It is impractical to measure noise factor directly using the signal-to- 
noise ratio definition but we use this definition to obtain measurement 
techniques which are practical. 

The IRE definition of noise factor is taken from two standards 
published in 1957 and 1963b. To quote the definition, "Noise factor 
(Noise figure) of a two-port transducer; at a specific input frequency, 
the ratio of: 

1. The total noise power per-unit-bandwidth (at a 


corresponding output frequency) available at the 


output port when the Noise Temperature of its input 
: fe) “ 

is standard (290  K) at all frequencies (Reference: 
Definition for average noise factor) to, 
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2. That portion of 1. engendered at the input frequency 
by the input termination at the Standard Noise 
Temperature (290° K). 

Note 1: For heterodyne systems there will be, in principle, 
more than one output frequency corresponding to a 
single input frequency, and vice versa; for each 


pair of corresponding frequencies a Noise Factor is 


defined. 2. includes only that noise from the input 
termination which appears in the output via the 
principal-frequency transformation of the system, i.e. 
via the signal-frequency transformation(s and does 
not include spurious contributions such as those from 
an_unused image-frequency or an unused idler-frequency 


transformation. 

Note 2: The phrase "available at the output port" may be re- 
placed by "delivered by system into an output termina- 
tion. 

Note 3: To characterize a system by a Noise Factor is meaningful 
only when the admittance (or impedance) of the input 
termination is specified. 

The underlined words in the definition were added in the 1963b Standard 
for increased clarity. 

The available input signal—to-noise-ratio is simply the ratio of 


available powers of rs and Mis or 
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EZ 
g E 2 
S 4R. g 
See Se os a ee (8D.6) 
Ni v2 4kT R BL 
4R_ 
s 


where By is the noise bandwidth of the receiver. The output signal- 


to-noise ratio is really the predetection SNR, S_, and is only related 


P 
to the actual receiver output SNR, an Substituting (8D.6) and Sp 


into the definition of (8D.5) gives 


FR 


PS T4@kt? RB 
Pp o.)6UCU6SsS 


hn 


which is the same as Equation 8A.1. 


2. Test signal sources 


There will be three types of test signal sources to consider: 


1. A noise voltage generator which produces an equivalent 


mean-square value, E =4k R, AT Bee AT is the excess 
noise temperature of the generator. 
2. An unmodulated sinewave voltage generator with mean- 
2 
Square value E. - 
3. An amplitude modulated sinewave generator with modulation 
index m which produces a mean-square voltage of mE 
when only the recovered audio produces an output. 


The noise factor equation of the form of (8A.1) is modified by the type 


of generator employed. The following equations are obtained for noise 
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factor by substituting in the mean-square values of test signal 
voltages: 
1. Noise Voltage Generator 
— (8D.7a) 


xr Ss qT, 


2. Unmodulated Sinewave 


= 

Fo = ——4______. (8D.7b) 
xr S5 [4k T) R, BL 

3. AM Sinewave 
a mE 4 
Fo = ——_4—_____ (8D.7c) 


r s [4 k a Ro Bd 


Notice that the measurement of noise factor using a noise source 
(8D.7a) has eliminated all considerations of effective predetection 
noise bandwidth. This is the primary reason why noise sources are 
preferred for test signal sources when very accurate noise factors 


must be measured. 


3. Detectors for noise factor measurements 

The following presentation of the characteristics of detectors for 
noise factor measurements represents the most commonly used techniques. 
Others which are not presented may be equally valid. 

The square-law detector will be presented first. For a measurement 


where the test signal is a noise voltage generator the ratio of the 
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output dc voltages with and without noise signal is given by (Chapter 
VI, Equation 6.86) 


fe} 
= Py co: eae he . 
S = f4Q0 = ( E 1) = ( 1) (8D.8) 


where 


mM. = Detector dc output with generator von 


de Detector dc output with generator "off" 


The measured noise factor then becomes: 


(8D.9) 


When the test signal is an unmodulated sinewave, the mean-square voltage 
2 
is of and the predetection SNR is still given by Equation 8D.8 and the 


resulting noise factor becomes: 


2 
E 


(8D.10) 
- 1)[4 k qT) R, Bd 


r (Ma. 


Since the ac output voltage of a square-law detector is proportional to 
the input noise temperature (Equation 7.46b), the ratio of ac output 


voltages also determines the predetection SNR i.e. 
S = (M_ -1) (8D.11) 
where 


_ Detector ac output noise voltage with generator "on" 


ac Detector ac output noise voltage with generator "off" 
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The measured noise factor then becomes 


AT 


ac ce) 


rj > 


which is the same form as Equation 8D.9. The square-law detector with 
a modulated sinewave input will not be discussed. 

The linear-diode detector is the next most useful detector for 
sensitivity measurements. When the test signal is noise, the predetec- 


tion SNR is related to the measured dc ratio by (Equation 6.97) 
Ss. = (M BSS 1) (8D.13) 


which gives a resulting noise factor of: 


F = 1 (8D.14) 
Mae - 4) 5 


When the input is an unmodulated sinewave, the measured output dc ratio 

is related to the predetection SNR by the transcendental (7.92). 

Data for the solution to this equation was given in Table 6-2. For the 
special case where the measured dc ratio is two (Mao = 2), the predetec- 
tion SNR is 2.60. For larger predetection signal-to-noise ratios, the 


approximation given below is valid 


-1 (1,2 - 
Ss = 9 G Mae 1) Mao 22 (8D.15) 


which gives for a measured noise factor: 


E 2 
Po = ———————— 8 ____________ (8D. 16) 
r 1 7 2 
2 G Man — 1) (4k To R. Bd 
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The product detector behaves the same as the square-law detector 
when the test signal is noise. This means Equations 8D.9 and 8D.12 are 
valid for the product detector. The product detector with a sinewave 
input will not be discussed. 

The peak-reading voltmeter can be used for noise ratio measurements 
i.e. the ratio of two ac noise voltages but should not be used for 
measuring sinewaves-plus-noise. The corrections which apply to noise 
measurements of absolute voltages are discussed in Section VI-A. 

The average-reading voltmeter can be used to measure noise voltage 
ratios and signal-plus-noise-to-noise ratios for large ratios (SNR>6 db). 
At large SNR's, the 1.05 db correction factor discussed in Section VI-B 
must be applied. 

The true-reading RMS voltmeter or power meter can be used to measure 
predetection signal-to-noise ratios for either noise voltages alone or 
sinewaves-plus-noise. This instrument is capable of direct noise factor 
measurements provided the gain of the system is large enough to produce 
measurable powers (usually around +20 dbm). 

Sensitivity measurements using an AM demodulator can be made using 
either a noise source or a modulated sinewave generator. When the noise 
source is used as a test signal, the output SNR of the detector is 
assumed to be the same as the input SNR. This is valid when both the 
receiver noise and the noise of the source have the same spectral and 


statistical properties, hence 
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or 


Bs = So/N, (8D.17) 


where Sy is the power output due to the test signal and N, is the power 
output due to receiver noise and source noise. The measurement at the 
output is the ratio of the noise power output with test signal to that 


without or the signal-plus-noise-to-noise ratio which is: 


o_o (8D. 18) 


Combining (8D.16) and (8D.15) we get the relationship between input SNR 
and measured signal-plus-noise-to-noise ratio, 


35 + Ny 
iS |-5—2 = | (8D. 19) 


N 
fe) 


which gives a measured noise factor of: 


F ay renee eens (8D. 20) 


The input excess noise temperature, AT is that which produces the ratio 
(So + N/A: 

When the test signal generator is an AM sinewave, the mean-square 
input voltage which determines the recovered audio is mE where m 
is the modulation index. For large predetection signal- 
to-noise ratios (SNR > 6 db) the detector threshold effect can be 
neglected but the equivalent noise bandwidth must be determined. The 


noise signal measured at the audio output depends upon both the 
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predetection and postdetection noise bandwidths. In high quality 
receivers of modern design, the IF bandwidth determines the informa- 
tion bandwidth of the system and is approximately equal to twice the 
audio bandwidth. Quite often, however, the audio bandwidth is smaller 
than one-half the IF bandwidth. When this is the case, the average 
noise factor is determined by the audio bandwidth. If the noise con- 
tribution of the audio stages can be ignored compared to the IF noise 
output, the effective noise bandwidth for AM sensitivity measurements 
is determined for three conditions: 
1. The audio noise bandwidth is smaller than one-half 
the predetection or IF noise bandwidth, By <¢ Bue 
2. The audio noise bandwidth is larger than one-half 
the predetection noise bandwidth, BF > +B. 
3. The audio noise bandwidth is nearly equal to one- 
half the predetection noise bandwidth, B =$ Bi: 


L 


The measured noise factor determined by AM sensitivity is 


ice # 


ee (8D. 21) 


r 5 + N, 
i oe - | [4 k qT R, Bed 


where B. is the effective noise bandwidth of the receiver. The effective 


noise bandwidth is, for the first two cases above: 


{ 
er eas 


ho 
w 
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For the case where By 2+ Bee the composite bandwidth of the predetec- 


tion and postdetection filters must be used. This composite or effec- 
tive noise bandwidth can be determined by measuring the total receiver 
frequency response from RF input to audio output. It usually has a 
value very close to the predetection noise bandwidth, Bee 
Figure 8D.3 is a summary of the results in this section. The 
following quantities are defined for additional clarity: 
AT = Excess noise of the noise source used as a test 
generator, a a 
E = Mean-square value of sinewave voltage. 
m = Modulation index for amplitude modulation, 0 <mcl. 
M,. = Ratio of detector de output voltage with test source 
on to that with test source off. 


M_. = Ratio of detector ac output voltage with test source 


on to that with test source off. 


S +N 
- 2 = Ratio of output signal—power—plus-noise-power to noise 
Q 
power alone. 
R, = Test generator source resistance, ohms. 
BL = Predetection equivalent noise bandwidth of the measure- 
ment system, Hz. 
B. = Composite or effective noise bandwidth for an AM 


receiver. In special circumstances it is equal to 
either predetection or postdetection noise bandwidths. 


T_ = Standard Temperature, 290° K. 
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When making sensitivity measurements, one must distinguish between a 
measured output voltage ratio, Moo and a measured output power ratio, 
(Ss, + NANG: If the output level change is measured in db, this must 
be converted to a numerical factor by one of the conversions: 

S +N 


10 log cera) 
(@) 


Ratio in db 


22 
20 log (MW) (8D ad 


The results of this chapter will now be applied to practical techniques 


for measuring sensitivities. 
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IX. SENSITIVITY MEASURING METHODS 


The purpose of this chapter is to present the commonly used tech- 
niques of measuring sensitivity. It is not possible to enumerate all of 
the various combinations of measuring systems and specifications so 
only the most common ones will be presented. Much of the basic theory 
underlying these techniques is presented in other chapters and will not 
be repeated. The details of measurement accuracy will not be given here 
but are reserved for Chapter X. No amount of detailed theory can sub- 
stitute for good common sense when it comes to making accurate sensitivity 
measurements. The paramount consideration in all of the techniques that 
will be discussed is: how can measurement errors be minimized by care- 
ful technique? The techniques are grouped according to the type of 


generator used to make the measurement. 
A. Using Noise Generators 


The use of a noise generator to measure the noise factor or equiva- 
lent noise temperature of a linear-gain receiver or linear two-port 
network is popular because the noise bandwidth of the system does not 
have to be known and noise generators are capable of giving the best 
accuracy. These reasons account for the fact that high accuracy noise 
factor measurements are made using commercially available noise sources 
and automatic noise-figure meters. It is recommended that, whenever 
possible, the sensitivity of "linear" systems should be measured using 


a calibrated noise source. 
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1. Noise sources 
There are four noise sources which are commonly used to make noise 
factor measurements. They are: 
1. Hot-cold noise source 
2. Temperature limited noise diode 
3. Gas-discharge noise source 
4. Solid-state diode noise source. 

The hot-cold noise source is constructed using two calibrated 
resistive terminations, one at a "hot" temperature and one at a "cold" 
temperature. This arrangement allows the receiver noise to be measured 
using two different source temperatures. The schematic representation 
of a hot-cold noise source is shown in Figure 9A-l (adapted from 


Pastori, 1967). 


The temperature-limited diode noise source was discussed in 


Chapters IV-B and IV-F. The deleterious effects of stray reactance and 
transit time in noise diodes will be discussed in Chapter X. 

The gas-discharge noise source produces broadband microwave noise 
by current flow in a gaseous plasma. The noise produced by the plasma 
is coupled to a coax or waveguide to be used as a noise source. The 
construction and operation of gas-discharge noise sources is discussed 
by Hart (1962), Pastori (1967), and Trembath (in Mumford, 1968, p. 709). 

The solid-state diode noise source uses the noise produced in the 
breakdown of a diode junction. The solid-state noise source can produce 
much higher levels of noise than the other types of sources. Excess 
noise ratios of 25-40 db are typical. 


The important characteristics of any noise source are: 
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Figure 9A-1. Schematic Representation of a Typical Hot-Cold 
Noise Source 


1. The characteristic impedance, R.- 
2. The value of the two characteristic noise temperatures, 
Th and To: 
For noise diode and gas-discharge noise sources, the "cold" tempera- 
ture is Ty and the "hot" temperature is the effective noise temperature 
of source due to the added noise. The added noise is referred to as 


excess noise (Appendix, Part G). Thus for these types of noise sources, 
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the important characteristics are impedance, Ro» and excess noise ratio. 


The excess noise ratio is defined as 


E = 
NR = 10 log (R.,) (9A.1) 
where R= “ex = zee 
ex T T 
fe) re) 
T, = Ty the "cold" temperature 
T = T,-T_, the excess noise of the source 
ex h “o 
T, = the "hot" temperature. 


Table 9A-1 summarizes the typical characteristics of commercially 


available noise sources. 


Table 9A-1. Typical noise source characteristics 


Source Type R,,ohms VSWR ENR,db Ty, °K ae OK 
Noise diode 50 1,2 5.2 1250 290 
10-30 MHz (40.2) ee 
-43 
Noise diode 50 1.3 6.6 1616 290 
600 MHZ (+0.5) +161 
-145, 
Hot-cold 50 1:2 oe 373.3 1738 
0-6 GHz (+2..0) (+2 .0) 
Gas~discharge -- 1.2 15.6 10,819 290 


0.4-18 GHz to (40.6) a 
-1358 
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2. Y-Factor method 

The so-called Y-Factor method of measuring effective noise tempera-~ 
ture or noise factor is the most general method for linear-gain receivers. 
It is based on the fact that if the predetection output power is measured 
at two different levels of input source temperature, the effective noise 
temperature can be determined from the resulting power ratio. Figure 
9A-2 is an idealized schematic representation of the measurement tech- 
nique. 

Y-Factor is the ratio of output noise power with the source at 
effective temperature Ty to the noise power output when the source as 


at temperature T Y-Factor is essentially a predetection signal—-plus- 


1 


noise-to-noise ratio for two noise sources. 


Noisy 
Linear-gain 


Device Power 


Detector 


G 


Hot-—Cold 
Source 


Figure 9A-2. Simple Representation of Y-Factor Method 


Applying the definition with the help of Figure 9A-2 we get 
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N k (T, + T,) B. G T+T 


02 2 e 
YS ee ee ee eee (9A.2) 
Noi k (T, + T,) BL G T) + tT. 
where No2 = available output noise power when the source at 


temperature T, is connected. 


Noy = available output noise power when the source at 
temperature Ty is connected. 
qT. = effective input noise temperature of the device 
being measured. 
BL = predetection noise bandwidth of the RMS power 


meter or the equivalent noise bandwidth of the 
measuring system. 
G = Transducer gain of the device being measured. 
T, = Noise temperature of source #2. This is the 
"hot" source (T, > T,)- 
T, = Noise temperature of source #1. This is the 


W iki 
cold" source (T) < T,). 


The effective input noise temperature of the device is determined by 


solving (9A.2) for T,: 


(T, > T (9A.3) 


2 T) 


Noise factor is obtained by substituting T, into the defining equation, 


T. = (F - 1) T5: to obtain: 
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Fa y+ —2 (9A.4) 
(Y - 1) 


When a hot-cold source is used, equations 9A.3 and 9A.4 cannot be 
simplified but when a noise diode or gas-discharge source is used, the 


"cold" temperature T, becomes standard temperature. For these sources 


1 


ee (94.5) 


where — is the excess noise temperature. Substituting these relation- 


ships into Equations 9A.3 and 9A.4 gives: 


Tr 
= eX 
Lee. (94.6) 
T 
2 
© Bes: ay wee 
8 tO ae Scie tess fe ae (9A.7) 


Equation 9A.7 can be compared to Equation 8D.17. We see that AT = eee 
and the measured Y-Factor is simply the measured predetection signal- 
plus-noise-to-noise ratio. 

The simple test setup shown in Figure 9A~-2 is usually unpractical 
because it requires a very accurate RMS power detector and a device gain 
high enough to give usable readings. A more practical test setup is 


obtained by a modification of Figure 8-1. This scheme is illustrated 


in Figure 9A-3. The key to this system is a calibrated variable 
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attenuator of high resolution. The measurement procedure is as follows 

(assume T, > T)): 

1. The input is connected to source #1 (the "cold" 
source) and the attenuator is set for a convenient 
reference power output, Noi: 

2. Next, the input is switched to source #2 (the "hot" 
source) and the attenuator is adjusted until the 
same relative output is again achieved. 


3. The attenuator will now indicate the ratio of the 


two output powers as the Y-Factor: 


ape 86 gee 


The accuracy of the measurement will depend primarily on the 
accuracy of the noise source and the attenuator. The detector used 
does not have to be linear in power because it is used for only relative 
indications, any type of ac voltmeter is satisfactory. The location 
of the calibrated Y-Factor attenuator in the actual measurement circuit 
is not critical as long as the following three criteria are observed: 

1. The attenuator must be in a constant impedance circuit 
and the reflection coefficients of its terminations 
must be very low. 

2. The attenuator must be inserted far enough after the 
noise factor determining elements so its loss will 
not affect device noise factor. 

3. The attenuator must be inserted before the detector 


to eliminate detector errors. 
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In a few special cases, the attenuator can be inserted after the 
detector but only when the detector is nearly linear in power and when 
the errors introduced by detector power nonlinearity can be tolerated. 
Since Y-Factor is really a predetection signal-plus-noise-to-noise 
ratio, it can be related to the SNR's developed in Chapter VIII-D. 

With the help of Figure 8D.3 we can relate Y-Factor to the postdetection 
measured quantities for the following detectors: 


Square-law 


Y= Moo 
(9A.8) 
Y=M 


Linear-diode 


ie 2 
Y= Mao (9A.9) 


AM Demodulator 


yY = ~—_2 (94.10) 


For the AM detector we must assume a linear power characteristic before 
(94.10) is valid. 
The noise figure in terms of Y-Factor is obtained by taking the 


log of both sides of Equation 9A.7 to get: 


R 
a ex 
10 log F = 10 log LS — Ti 


NF 


10 log Rox - 10 log (Y - 1) 


ENR - 10 log (¥ - 1) (9A.11) 


NF 
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The excess noise ratio in db is defined by Equation 9A.1 and can be 
related to excess noise temperature. Figure 9A-4 is a plot of Y-Factor 
V.S. noise figure as given by Equation 9A.11. The dependence of 
measured Y-Factor on excess noise ratio is clearly illustrated. These 
curves also show the steep slope for small values of Y and indicate 
the poor measurement accuracy for Yap less than one db. The actual 
error is given by Equation 10E.46a in Chapter X. 
When a hot-cold noise source is used in the Y-Factor technique 

the concept of excess noise ratio is no longer meaningful if the cold 
source is not at standard temperature. When this is the case, Equation 
94.3 is used to determine effective input noise temperature. The 
"hot" temperature is limited to values which will not destroy the 
resistive termination and yet are high enough to give usable Y-Factors. 
Possible hot temperatures which can be produced with good accuracy are: 

1. Steam point at STP, 373.16 °K 

2. Melting tin, 504.35 °K 

3. Melting lead, 600.46 °K 

4. Sulphur point, 717.76 °K 
Possible cold temperatures are: 

1. Water triple-point, 273.16 ok 

2. Freezing mercury, 234.30 ok 

3. Dry ice (CO,), v 195 °K 

4. Boiling liquid oxygen, v 90.2 °K 

5. Boiling liquid nitrogen, v 77.3 °K 

6. Boiling liquid hydrogen, Hy» ~ 20.4 °K 


7. Liquid helium, v 4.2 °K 


NF — Noise Figure in db 
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Figure 9A-4. Noise Figure as a Function of Y-Factor for Various 
Values of the Excess Noise Ratio of the Noise Source 
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The selection of termination temperatures for Y-Factor measurements 
depends upon the relative value of T, to be measured. This can be seen 


by factoring (9A.3) into the form: 


- ay 
Le = W- a (1-Y z,’ (9A.12) 


Because qT, is always positive we can observe the following limits for 


(94.12): 


(94.13) 


The upper limit for Y and hence the accuracy of the measurement is 
determined by the ratio of T,/T,- For typical equivalent noise tempera- 
tures of 100-500 OK: the ratio T/T, needs to be greater than about 1.5 
to get reasonable accuracy (actually Ty also affects the accuracy as 
will be discussed in the next chapter). Based upon these criteria, 


reasonable choices for hot and cold temperatures are: 


1 T, = 373 °K 


2 
T,/T, = 1.91 
T, = 195 2 Bae 
2% t, $373 °K 
T,/T, = 4.82 
T, = 77.3 ox aot 


These temperatures are selected because they are the ones most likely 


to be available in a lab. Effective noise temperature as a function 
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of Y-Factor for these two hot-cold sources is given in Figure 


9A-5. 


3. Noise diode method (3 db method) 


A special case of the Y-Factor method that is commonly used to 
measure noise factor is the noise diode method. This method is 
probably the simplest and most readily available manual technique for 
measuring noise factor. The noise source is a diode noise generator 
terminated with a source resistance, R.: The excess noise of the 
source determines the hot temperature T, and the cold temperature is 
the temperature of the source resistance which is at standard tempera- 
ture. The ratio of noise power output when the diode is on to that 
when it is off is the Y-Factor and in terms of the excess noise tempera- 


ture, the noise factor is, from Equation 9A.7 


T 
i=>.4 
eS ae (94.14) 
Wea a. 


where the excess noise temperature of the diode is (from Figure 4F.2) 


q I, 
= ————- 9A.15 
Tox ~ 2KG : : 
s 
where T = excess noise temperature of the noise 


ex 


diode source, ox 
Y = measured Y-Factor 
T= standard temperature, 290 °K 


I_ = diode saturation current, amperes 
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Effective noise temperature, °K 


Y-factor in db 


Figure 9A-5. Effective Noise Temperature vs Y-Factor for 
Two Hot-Cold Noise Sources 
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GC. = source conductance of the noise source, mhos 
k = Boltzmann's constant 
q = electronic charge. 


The circuit of Figure 9A-6 illustrates two possible techniques 
for measuring noise factor using a noise diode. 
The following measurement procedure is recommended for the circuit 
of Figure 9A-6a: 
1. The noise diode is turned off (I, = 0) and a relative 
noise power output Noi is noted. 
2. The noise diode is turned on and the diode current is 


increased until a reasonable increase in noise power 


output is obtained. The noise power output is now Noo° 


Linear Relative 
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Figure 9A-6. Circuits for Measuring Noise Factor with a Diode 
Noise Generator 
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The measured noise factor for both the receiver and transmission 


line can be computed from the combination of Equations 9A.14 and 9A.15 


as 
q . rs 
‘a 2kT, @-D a 
where R. is the source resistance and Y = Noo/Noy- 


The quantities q, k, and qT) are physical constants. If these 


constants are substituted into (9A.16) the result is (Ty = 290 °K): 


P= 20 Ro wy (9A.17) 


When the receiver is designed to operate with a source resistance 
of 50 ohms and the output power level change is predetermined as 2 to 1 
(a 3db change), Equation 9A.17 is simplified further by substituting 


R. = 50 ohms and Y = 2. Doing this gives 


FS = I, (ma.) CR. = 50n, Y = 2] (9A .18a) 


where the measured noise factor, for a Y-Factor of two, is numerically 
equal to the noise diode d.c. current in milliamperes. Equation 9A.18a 


is also seen in the alternate form: 


F_ = 1000 I (9A .18b) 
m s 
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There are many assumptions which are made to get the simple expressions 
of Equations 9A.18. These are: 
1. The noise diode is ideal so that (9A.15) is valid. 
2. The temperature of the source resistance is Ty: 
3. The generator source resistance is 50 ohms. 
4. The power output increases by a factor of two when 
the diode is turned on. 
3. The diode filament temperature is variable so 
that the saturation current can be adjusted to 
give a Y-Factor of exactly two. 
It is easy to see from Equation 9A.18b that the minimum diode current 
is 1 ma. corresponding to an ideal receiver with unity noise factor. 
Because the measurement involves the ratio of two noise voltages, 
the characteristics of the power detector are not critical and practically 
any ac voltmeter can be used. The circuit of Figure 9A-6b is recommended 
when the highest possible accuracy is needed. This technique eliminates 
any nonlinear-gain characteristics the detector may have. This circuit 
is analogous to Figure 9A-3 where the attenuator is switched in and out 
instead of being variable. When the diode is off, the attenuator is 
switched out and a relative power output, Noy is noted. Then the 
attenuator is switched in and the diode current is increased until the 
same relative output, Noy is noted. The noise factor is then computed 
from Equation 9A.17. For the special case where R, = 50 ohms and Y is 
2 (a 3db pad) the noise factor is determined from Equations 9A.18. 
The most important assumptions used in obtaining these simple 


measurement techniques are listed below: 
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1. The transmission line is assumed to be matched (Ry = Zz) 
to the noise source. For most situations, a VSWR of 1.1 
or less is adequate. 

2. Assume a linear-gain receiver. 

3. The transmission line output impedance at 2-2 presents 
the receiver with its specified source resistance. 

4. The attenuator, Y, is inserted into a constant impedance 
signal path so that reflection coefficients will not 
cause an error in the attenuation factor. 

The errors caused by source VSWR and attenuator reflection coefficients 
are discussed in Chapter X. 

The precise value of Y greatly affects the measurement accuracy and 
it is important that Y is neither too large or small. It is recommended 
that values of Y between 2 and 4 be used. Smaller values cause larger 
measurement errors and larger values require too much diode current. 

The effect of transmission line loss on measured noise temperature 
was discussed in Chapter IV-C. In terms of the true receiver noise 


temperature Th» the measured noise temperature is 


T =T N+T (N-1) (9A.19) 
m r c 
where I. = receiver noise temperature 
qT, = physical temperature of the transmission line 
N = flat loss of the line, = P,_/P A 
in’ out 


Solving 9A.19 for receiver noise temperature gives: 
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T 


- 2 _ ik 
Bae Sets CG ey (<a) (9A.20) 


The noise factor of the receiver is obtained by substituting the 


relation, T = (F - 1) T)> into (9A.20) to give 
1 T. 
F =l1+ wa -1) - 7. (al - => (9A.21) 


and if the temperature of the transmission line is nearly equal to 


standard temperature then qT. = Ty and the noise factor is reduced to, 


F 
= it 
F. N (9A.22) 
or in terms of noise figure: 
NF. = 10 log ae - 10 log N (9A.23) 


From this equation we see that when the transmission line is matched 
to the source (Ry ca Z,) and is at standard temperature (T. s TY the 
line loss in db is simply subtracted from the measured noise figure 


to obtain the actual noise figure of the receiver. 


4. Gas-discharge noise method 


The use of a gas-discharge noise generator for measuring noise 
factor is similar to using a noise diode except that the excess noise 
temperature (or ENR) of the generator cannot be varied. The measure- 
ment setup needed is shown in Figure 9A-3. The noise factor is deter- 


mined by Equation 9A.7 or the noise figure is determined from the excess 
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noise ratio and Y-Factor using (9A.11). Figure 9A-7 is a plot of noise 
figure as a function of Y-Factor for an excess noise ratio of 15.6 + .6 
db. Tke dotted lines show the error limits resulting from the uncer- 
tainity in excess noise ratio. The gas discharge noise source is used 
at microwave frequencies where noise diodes cannot be used because of 
transit time effects. A problem unique to gas discharge noise sources 
is that the source impedance changes when the gas is fired (Pastori, 


1968b). The error introduced by this effect is discussed in Chapter X. 
B. Using an Unmodulated Sinewave Generator 


1. Power meter 

The use of an unmodulated sinewave generator for measuring noise 
factor is at best a "tricky business". The threshold effect in detectors 
is most pronounced when the signal is an unmodulated sinewave and the 
predetection signal-to-noise ratio is low. This creates a large 
potential for error because of the detector nonlinear power gain. The 
test setup of Figure 9A-6a can be used if the noise diode generator is 
replaced with an unmodulated sinewave generator and if the noise power 
detector is either a power meter or true-reading RMS voltmeter. For 
these conditions, the noise factor is computed from Equation 8A.1 where 
the predetection signal-to-noise ratio, a is written in terms of the 


predetection signal-plus-noise-to-noise ratio, (S, + N/NG» 


E 2 
Fos (9B.1) 


m 55 + Ny 
ae = 1) c4 kT) Rs 3] 
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Figure 9A-7. Noise Figure vs Y-Factor for a Typical Gas Discharge 
Noise Generator 
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and 


BL = effective noise bandwidth 


So = measured sinewave signal power 


Ny = measured sinewave noise power 


S +N 
(s) o _ Sinewave power plus noise power , 
Ny Noise power 


For a given receiving system, Ro» By and Fn are parameters of the 
system while E and the output signal-to~noise ratio are related by 
Equation 9B.1. The measured noise factor, Fw of the receiver is 
treated like a dependent variable in measurement theory equations. 
Because Fn is a system parameter, the signal E. and the signal~to-nolse 
ratio cannot be considered as independent variables but rather that Be 
determines the SNR. When applying equation 9B.1 it is better to think 
of t. ag the input voltage that will produce a given output SNR subject 
to cia constraints imposed by Fae 

The predetection signal-plus-noise-to-noise ratio is measured by 
either turning off the generator or, better yet, tuning it off frequency. 
If the output ratio is doubled and the source resistance is 50 ohms, 


Equation 4B.1 can be reduced by making the following substitutions 


4k 26 = 1.6 x 10729 watt-sec 


R_ = 50 ohms 
8 


S +N 


C) () 
y = 2 (3 db) 
re) 
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which gives 
2 


E 
F = 1.25 x 10° —&- (9B.2a) 
m BL 


les] 
It 


where predetection equivalent noise bandwidth, Hz. 
E_ = RMS sinewave voltage of the generator in hard 


microvolts. 


Typical values of - range from .05 to 5 RMS microvolts. 
For an output signal-plus-noise-to-noise ratio of 10 db, 


(S_+N_)/N_ = 10, the noise factor is: 
oO 0’ oO 


F = 1.39 x 10 a (9B.2b) 


When a power meter cannot be used for the measurement, it is possible 


to use a square-law detector or a linear-diode detector. 


2. Square-law detector 


The de output level of a square-law detector changes when an un- 
modulated sinewave is applied to the input. The measured noise factor 


can be determined from these dc ratios by applying Equation 8D.10: 
E 2 


ge ee ee 
m (Mi. - 1[4k Ty R. BA 


F 


A typical test setup for measuring noise factor using an unmodulated 


sinewave generator and a square-law detector is shown in Figure 9B-1. 
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Figure 9B-l. Test Setup for Measuring Noise Factor with a 
Square-Law Detector 


3. Linear-diode detector 
The de output level of a linear diode detector will change when 
an unmodulated sinewave is applied to the input. The measured noise 
factor for de level changes greater than or equal to two (Mi. ? 2) 
is given by Equation 8D.14: 
eS eee eee 
F = 


u 2 
5 G Mic - 1)[4 k TR, BL 


The test setup of Figure 8B-1 can also be used for the linear-diode 
detector. 


The technique of putting a calibrated attenuator in the signal 


path cannot be used for the square-law or linear-diode detector because 


of nonlinear effects. 


C. Using a Modulated Sinewave Generator 


The use of a modulated generator implies that the output measure- 


ments will be made after some low-frequency amplifier which will amplify 
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the recovered audio signal. Because of this, the detector and audio 
amplifiers become an important part of the measurement problem. It 
will be assumed that the receiver is a linear-gain receiver and that 
the audio stages are linear for all levels of recovered audio. Some- 
times the audio stages are not linear, as for example when crossover 
distortion occurs, and this will introduce large errors in the measure- 
ment. The detector threshold effect must be accounted for or else the 
measurement must be made at a sufficiently high SNR to insure a linear- 
gain characteristic. As a general rule, the audio gain should be 
turned up as high as possible (1/2 to 3/4 of full) to insure that the 


noise generated in the audio stages will not affect the measurement. 


1. AM sensitivity 


In the AM sensitivity test, the test signal generator is amplitude 
modulated by a single audio tone and the output signal-plus-noise-to- 
noise ratio is measured as a function of input signal level. The actual 


measured quantity is 


fe) Oi. Recovered audio power plus noise power 
Ny Noise power 


because the recovered audio cannot be measured independently from the 
noise. The level of noise will be determined by the receiver noise 
factor and the temperature of the generator resistance. 

We now consider the test procedure and equipment necessary to 
make accurate and meaningful signal-plus-noise-to-noise ratio measure- 


ments. A typical AM sensitivity test setup is shown in Figure 9C-1. 
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Signal Linear-Gain Power 


Generator Receiver Indicator 


Figure 9C-1. Test Setup for AM Sensitivity 


Before discussing the measurement, the minimum performance requirements 


on the test equipment will now be described. 


Signal generator 


The AM signal generator must be capable of AM modulation to at 
iwase 30% and preferably to 70% while maintaining low distortion and 
spurious output. In addition, it must have a calibrated RF output that 
is adjustable in the sub-microvolt region and the output must have a 
known impedance and VSWR. Finally, the frequency stability must be 
adequate to allow several measurements to be made without the inconveni- 
ence of stopping to reset frequency. Table 9C-1 summarizes some typical 
values of the important AM generator specifications. 

The output level must be accurate because it determines the AM 
sensitivity measured. Regardless of the optimistic statements made by 
manufacturers of signal generators, it is very difficult to get accurate 
output levels much below one microvolt. The cause of this is seldom the 
attenuator calibration but most often is RF leakage. The high level RF 
voltages inside the generator leak out of the case and around coax con- 
nectors to upset the receiver input. This problem is solved either by 


very careful generator maintainence and calibration or by receiver and 
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Table 9C-1. Important AM signal generator specifications 


Specification Typical Values 
Output Level: 0.1 microvolts to 0.2 volts + 1ldb 
Output Impedance: , 50 ohms, VSWR 1.1 - 1.2 
Modulation Percentage: 0-30Z, 0-50Z%, 0-952 
Modulation Frequency: 400 and 1000 Hz + 5% 
Modulation Distortion: Less than 10%, typical 2% at 30% AM 
Spurious AM: At least 30db down from the carrier 


and typically 60db down 


Drift: 5-50 parts in 10° per 10 min. 


generator isolation with a shield room. The generator impedance must be 
compatible with the receiver because the receiver is designed to give 

the best sensitivity with a specific antenna impedance. Attempts to 
measure the receiver sensitivity at impedances other than that specified 
will often result in measured signal-plus-noise-to~noise ratios that are 
very pessimistic. For more information about the effect of antenna 
impedance on receiver sensitivity, refer to the sections on RF translator 
noise and noise theory of two-port networks. 

The modulation characteristics of an AM signal generator are very 
important in determining the reliability and accuracy of AM sensitivity 
measurements. For example, the percentage of modulation is actually a 
measure of the AM sideband power in relationship to carrier power. 
Changes in the modulation percentage directly affect the sideband power 


which determines the recovered audio level. Because most published data 
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and methods assume sinewave modulation, it is important to realize that 
the real criteria is percentage of sideband power and that distortion 

can cause this power percentage to differ from that obtained assuming 

an ideal sinewave. When using other types of modulation, it is important 
to consider a correction factor for correlating the data with that for 
sinewave modulation. Large ratio measurements require the RF signal to 
be relatively free from spurious AM output. Hum and incidental AM may 
degrade the pure RF carrier from the generator and limit the (S, + N/N, 
ratio at the receiver input. In any case, the signal generator should 
have spurious AM that is 10db better than the (S, + NAN, ratio to be 
measured. 

The last specification to be discussed, and often the most frustrat- 
ing problem, is that of frequency drift. The RF carrier must be stable 
enough so that the signal and AM sidebands will remain inside the re- 
ceiver passband long enough to make careful measurements. This means 
that, in a typical AM receiver with 6 KHz IF bandwidth and a RF carrier 
with 1 KHz audio sidebands, the carrier frequency must not drift more 
than + 2 KHz from center frequency or serious envelope distortion will 
occur. A good signal generator will remain within 200 Hz of the received 
frequency for at least one minute which is enough time to get two or 


three ratio measurements. 


Detector 
Since all AM detectors will not exhibit the same threshold char- 
acteristics it is important that threshold effects be minimized. To 


insure this, it is necessary that the signal-to-noise ratio for the 
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measurement be considerably larger than unity. It is recommended that 
a ratio, at the output, of at least 6 db be used. For more information 


on AM detector requirements refer to Chapter VIII-D. 


Measurement technique 
The setup of Figure 9C-1 can be used to make (So + N/N, ratio 


measurements. Before taking data, the user must check receiver operation 
to make sure it is operating linearly in power and with sufficient 
dynamic range to measure the desired ratio. This means that receiver 

AGC must be disabled and total gain must be low enough to prevent 
saturation on signal peaks. The procedure is as follows: 

a. Set the signal generator RF to a level well above the 
threshold response of the receiver, usually a 20db 
excess. 

b. Modulate the carrier at the desired percentage and 
frequency. Record the audio output power level. 

c. Turn off the modulation and note the decrease in 
audio output power. 

d. This measured ratio of modulated carrier audio power 
to unmodulated is the (Ss, + NAN, ratio. 

e. Adjust the RF carrier level until the desired ratio 
is achieved. The value of RF input voltage that 
provides this ratio is called the sensitivity of 
the receiver in microvolts for a given signal-plus- 


noise-to-noise ratio at the audio output. 
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2. Tangential noise sensitivity 


The tangential noise sensitivity of a pulse receiver or radar re- 
ceiver is measured using a pulsed sinewave generator and an oscilloscope 
for an output transducer. This test is a complete system test and takes 
into account the threshold effects of the detector. Tangential noise 
sensitivity can only be related to noise factor by the subjective 
evaluation of a human observer (Chapter VIII-C). A typical test setup 


for measuring tangential noise sensitivity is shown in Figure 9C-2. 


Oscilloscope 


Pulse ei Pepe 
Generator gna = ae 
Generator Receiver 


Figure 9C-2. Test Setup for Tangential Noise Sensitivity 


The appearance of the noise signal depends upon the sweep rate of 
the scope relative to the effective noise bandwidth of the receiving 
system. The ratio of sweep rate to noise bandwidth is important but 
not the absolute values (Baxendall, 1968a). A reasonably "grassy" 
appearance can be obtained with a sweep rate that is 1/1000°8 of the 
noise bandwidth. 


The measurement procedure is as follows: 
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1. Tune the signal generator off frequency and set the 
oscilloscope for about 1/8t® to 1/3°4 vertical deflection 
on the noise signal. The sweep speed of the scope should 
be slow enough so that the randomly fluctuating noise 
voltage looks like grass. 

2. Tune the generator on frequency and adjust the peak 
amplitude so that the bottom of the grass on the pulse 
is tangent to the top of the grass on the baseline. 
Figure 9C-3 illustrates the appearance of the noisy 
pulse on the scope display. 

3. The carrier level measured in dbm available power or 


hard microvolts to achieve a tangential signal is the 


Approximate Line 
of Tangency 


Baseline 


Figure 9C-3. Oscilloscope Display of a Tangential Signal 
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tangential sensitivity of the receiver. It is 
unambigous to report tangential sensitivity in 
available power but if the sensitivity is reported 
in microvolts it must also be stated as hard or 


soft microvolts. 


3. FM sensitivity 


There are three methods of measuring and specifying FM sensitivity 

that are in common use. These are: 

1. Noise quieting method 

2. IRE quieting method 

3. 12 db SINAD method. 
The last two methods are closely related to the first method which is 
true noise quieting. 

When an unmodulated sinewave generator* is tuned into the passband 
of an FM receiver, the audio output is observed to decrease (Chapter 
VIII-B). This audio noise power decrease is used to specify a figure 
of merit for FM sensitivity called the noise quieting sensitivity. 

A typical test setup for measuring noise quieting sensitivity is 
shown in Figure 9C-4. The loudspeaker is helpful for audio monitoring 
of the quieting signal to make sure the receiver output does not contain 


any stray signals. 


Rye ‘ ; . ; 

Noise quieting was not included in the section on sensitivity 
measurements using unmodulated sinewave generators because it is de- 
sirable to include all FM sensitivity tests in the same section. 
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Figure 9C-4, Test Setup for Measuring Noise-Quieting Sensitivity 


The test secueaine is as follows: 

1. Tune the signal generator well off frequency and 
set the audio output level to near maximum. Note 
the reading on the AC voltmeter. 

2. Tune the signal generator to center frequency by 
observing a null in the discriminator output. 

3. Record data of carrier level VS reduction of audio 
noise level. 

4. The input signal required to give a specified amount 
of audio noise reduction at the output is referred 
to as the noise quieting sensitivity. 

A widely used quieting ratio for specification purposes is 20 db. 
Typical 20 db noise quieting sensitivities are 0.3 uV for narrowband 
FM and 2.0 yV for wideband FM. Since the audio noise output is 
proportional to predetection noise bandwidth, the measured quieting 


sensitivity is meaningless unless the FM bandwidth is also specified. 
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Typical FM bandwidths are 15 KHz for narrowband FM and 210 KHZ for 
wideband FM. 

Notice that an AC voltmeter is specified for the output indicator. 
Any voltmeter that is linear over a 20 db range is satisfactory be- 
cause a noise ratio is measured, not absolute values. If better 
accuracy is needed, the test setup of Figure 9A-6b is recommended 
where Y is the quieting ratio. 

The IRE (Institute of Radio Engineers) quieting method is similar 
to noise quieting except that the signal generator is FM modulated and 
the ratio of recovered audio to quieting level is measured. This test 
measures the ability of the FM receiver to supply a given output SNR 
but it is not as simple to make as noise quieting and requires an FM 
generator. A typical test setup for measuring IRE quieting is shown 


in Figure 9C-5. 


FM Signal 
Generator 


Noise Power 
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FM Receiver 


ag Loudspeaker 


Audio 
Generator 


DC Voltmeter/ 
Null Indica- 
tor 


Figure 9C-5. Test Setup for Measuring IRE Quieting Sensitivity 


The quality of the FM generator is important to the accuracy of the 
measurement. Considerations of generator performance are similar to 
those listed for the AM signal generator except modulation percentage 


becomes a deviation ratio and incidental AM becomes incidental FM. ~ 
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The test procedure is as follows: 

1. The deviation ratio of the generator is set for 30% 
of the deviation ratio rating for the system. 

2. The generator is tuned to center frequency by nulling 
the discriminator output. 

3. The modulation is switched on and off and the ratio 
of recovered audio-plus-noise to noise is measured 
for various levels of input signal. 

4. The input level in hard microvolts that gives a 
specified output ratio (usually 30 db) is called 
the IRE quieting sensitivity. 

Figure 8B-2 shows an IRE quieting sensitivity of 0.62 uV for a 30 db 
output ratio. 

The 12 db SINAD (signal-plus-noise and distortion) method is used 
in specifying narrowband FM voice communication systems. This is really 
the best method for specifying the least usable sensitivity (Feldman, 
1966, p. 25) of a two-way FM radio system because it takes into account 
both background noise limitations and distortion. The 12 db SINAD test 
is the most difficult to make because it requires both a high quality 
FM generator and an audio distortion meter for the measurement. A 
typical test setup for measuring 12 db SINAD sensitivity is shown in 
Figure 9C-6. 

The distortion analyzer is needed because it has a very selective 
audio notch filter that is used to "notch out" the audio tone when 


measuring only noise and distortion. 
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Figure 9C-6. Test Setup for Measuring 12 db SINAD Sensitivity 


A recommended test procedure is as follows: 

1. The generator modulation is adusted for a frequency 
of 1 KHz and a frequency deviation of 2/3 the maximum 
rated deviation. 

2. A large RF signal level is applied (usually 1000 uv) 
and the generator is tuned to center frequency. The 
audio level is adjusted for near maximum output. 

3. The 1 KHz notch filter of the distortion analyzer is 
alternately switched in and out while the RF signal 
level is decreased. The RF signal level which gives 
a 12 db ratio at the output is the 12 db SINAD 
sensitivity of the receiver. 


The measured output ratio is: 


Recovered Audio Plus Noise and Distortion 


12 db SINAD Ratio = Noise and Distortion 
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The audio frequency must be carefully tuned to be exactly in the notch 
of the audio filter or a measurement error will result. The depth of 
the audio notch should be at least 20 db when measuring a 12 db ratio. 
A typical 12 db SINAD sensitivity for a 15 KHz FM bandwidth system is 
0.25 HV. 

Figure 8B-2 illustrates the typical quieting ratios and sensitivities 
which have been presented in this section. From the data on a typical 
FM receiver one can see the relative values of input level for the 
different sensitivities. It is usually true that the 12db SINAD sensi- 
tivity yields the smallest microvolt level and that true noise-quieting 


yields the largest. 
D. Antenna Noise Measurement 


A knowledge of the effective noise temperature of the receiving 
antenna is helpful in determining the total receiving system performance. 
There are two simple techniques that can be used to measure the noise 
temperature of the antenna and both are modifications of the Y-factor 
technique. Figure 9D-1 illustrates the first technique. This technique 
employs a receiver with known effective noise temperature and a refer- 
ence termination of known resistance and temperature. 

The receiver input is switched between the antenna and the known 


reference and the change in output power is measured: 


N 
M= a the change in output power levels. 
O1 
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Figure 9D-1. Test Setup for Measuring Antenna Noise Temperature 


*In radio astronomy, this configuration is called a Dicke Radiometer and us used 
for measuring cosmic radiation noise is low-noise receivers. 


The change, M, can be written in terms of the mean-square noise voltages 


at the input: 


A 
4k Ty Ry Af +4k T, Rs £ 


“%kKT R AF +4kT R AE 
s s e s 


T, R, +T R 
es 


- AA (9D.1) 
T R_+T R 
s s e's 
Solwing for the antenna noise temperature gives: 
or 
= —2 - .2 
Ty Ry {M T+ T, (m - 1)] (9D.2a) 


Since the receiver effective noise temperature, T,> depends upon the 
source resistance used in the measurement, errors can be minimized if 


Ry and R, are equal. This condition reduces (9D.2a) to: 


S 
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Ty = M Ty + T. (M - 1) (9D.2b) 

The use of a calibrated noise generator for the reference can be 
very useful in making precise antenna noise temperature measurements. 
For this technique, the reference temperature, Ty, is adjusted so that 
no output level change (M = 1) occurs when switching from antenna to 
reference. When M= 1, the antenna temperature and the reference 
temperature are equal. 

When a noise generator is unavailable, the antenna noise can still 
be measured by using a reference termination which is near standard 
temperature (T. = tT): For this condition, the antenna temperature 


(9D.2b) is given by the equation: 


T,=MT)+T, (M - 1) (9D .3) 


A plot of Equation 9D-3 for three different values of receiver effective 
noise temperature is shown in Figure 9D-2. The curves show that, for 
low values of antenna temperature, the receiver noise temperature must 
also be low or the measurement accuracy will be very poor. As the 

slope of the curve increases the measurement error also increases. 

A third technique is sometimes used for the measurement of antenna 
noise temperature whereby the receiver is never disconnected from the 
antenna during the measurement. When it is important that the receiver 
be enabled at all times, this technique is very useful. Also the system 
can perform the useful, and sometimes vital, self-test function for the 
receiver. If the receiver were to fail or the sensitivity were to be 


seriously degraded, the measurement would indicate an abnormally high or 


Ty, ~ Antenna noise temperature in °K 


fo 


Oy 


vi 


Li) 


Figure 9D-2. 


391 


=T = 290° K 
(e) 
Te 
O 
O 
mo) 
oF 
Or 
290 
-3 -2 4 O 4 2 3 4 


M - Measured noise power ratio in db 


Antenna Noise Temperature vs Output Noise 
Power Ratio 


392 


infinite noise temperature. The measurement system shown in Figure 9D-3 
shows a 20 db coupler between the antenna and receiver. This coupler 

is used to couple in the noise signal from the noise source and yet 
keep the antenna connected to the receiver at all times. A large 
coupling ratio such as 20 db is needed so that noise generator loading 


of the antenna circuit can be neglected. 


Receiver 
G 


Output 
Indicator 


Figure 9D-3. Antenna Noise Measurement Setup Using High- 
Loss Coupler 


The ratio of available noise powers when the noise source is 


turned on and off is simply the ratio of the noise powers at the 


input 
- Noo = Th iy ts ig 5 ? Tax) ® 
ie eee nse 
OL A e 
where F ase = excess noise temperature of the noise source 
a@ = the numerical attenuation factor for the coupler 


(a = 1/100 for a 20 db coupler). 
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Solving Equation 9D.4 for the antenna noise temperature gives: 


(T. +T__) 
og - T (M > 1) (9D.5) 


TG 1) e 


This test setup can also be used to measure noise figure if the 
antenna is replaced with a source resistance at standard temperature. 


Letting qT, = T, and solving Equation 9D.5 for noise factor gives: 


T 
P= + — Sn (9D. 6) 


The noise figure in db is 


T 
NF = 10 log (1 + rae) 
fe) 


(ENP ~ 


oe) ~ 10 log (M - 1) (9D.7) 
where a,, = coupler attenuation in db 
ENP = 10 log (1 + Tit ys the excess noise 
power of the noise source i.e. the noise 
power above kTAf in db 


M = output power ratio, No2/Noj° 


This equation for noise figure differs only slightly from that of 
Equation 9A.11 and excess noise ratio (ENR) and excess noise power (ENP) 


are closely related. Excess noise power is always greater than zero db. 
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The noise source used for this technique must have an excess 
noise power greater than the coupler attenuation. A typical excess 
noise power for commercially available units is 25 db (T, = 91, 416 °K) 
a value that can only be obtained with a solid-state noise source. 

Better insight into the results of making an antenna noise 
measurement can be obtained by examining a different form of Equation 
9D.3. The desired equation is obtained by solving (9D.3) for M and 


introducing noise factor. First, solving for M gives: 


T. + Ty 


“TFT, ope 
e fe) 


M 


Factor out the equivalent noise temperature in the numerator and the 


result is: 


Ty e 
M = G+ 1)=-- (9D.9) 
e e 0) 


Substituting the relationship between noise temperature and noise 


factor, qT, = (FL - 1) To: gives the final result: 


T 
M = A+ iy >) (9D .10) 


e r 


This form for the equation more clearly illustrates the dependence of 
the measured power ratio, M upon receiver noise factor and the ratio 
of antenna noise temperature to receiver noise temperature. 

A graph of Equation 9D.10 with noise factor expressed as noise 
figure is shown in Figure 9D-4. The figure shows how a wide range of 


antenna noise temperature affects the measured power ratio. Generally, 


M - Measured noise power ratio 


10 


Figure 9D-4. 
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the smaller the value of M, the better the system noise temperature. 
Since the system noise temperature is the sum of the antenna noise 
temperature and the effective noise temperature of the receiver, 
Equation 9D.8 gives the system noise temperature as: 


1s =M (T, + Ty) (9D.11) 


and it is readily apparent that smaller values of M indicate lower 
values of system noise temperature. 

A criterion of good noise performance for the antenna is difficult 
to obtain and depends a great deal on the needs of the user. If the 
criterion is adopted that the antenna noise increase the system noise 
temperature by no more than ten percent, then we have the same require- 
ment that was specified for noise merit (Appendix, Part L). 


If this criterion is adopted then 


1 
Fee ar 


and Equation 9D.10 can be used to set the upper limit on M which is 


determined by receiver noise factor: 


ee ae ae * (9D.12) 
r 


The limits on receiver noise factor and M are (from Equation 9D.12): 


(9D.13) 


° 
A 
4 
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This indicates that the wide range of noise factor is compressed into 
the measured power ratio range of 0 tao 1.1. The accurate measurement 
of M will determine if the antenna noise is seriously degrading system 
performance. Other criteria such as Ty <FT, and Ty < qT, can be 
adopted if the requirement for low-noise is not severe. A graph of 
M as a function of receiver noise factor for these three criteria is 
shown in Figure 9D-5. The measured power ratio must be below the line 
or the criterion is not met. For convenience, both measured power 
ratio and receiver noise figure are expressed in db. 

Measurements of ratios very nearly 0 db (M = 1) can be confusing 
because when the output power does not change it can be interpreted 
as either a large receiver noise figure or an antenna temperature 
equal to T: In other words: if M = 1 then, 

1. T, = T., or 


A ° 
2. T. >> T, and T.>>T. 
e YA e ae) 

The problem of receiver noise figures so high that they produce noise 
power ratios of nearly 0 db begins when the noise figure exceeds 10 db. 
As a rule, the optimum receiving system design is one in which 
the antenna noise temperature and receiver noise temperature are nearly 

equal. This usually results in the simplest design and lowest cost. 
When the antenna noise temperature is larger than the receiver noise 
temperature it is better to try to reduce antenna noise than to expend 
effort on reducing receiver noise. On the other hand, if receiver 
noise temperature is larger than antenna noise temperature then the 


effort should be expended to reduce receiver noise. Some discussion 


of the trade-offs to be made is given in Chapter V. 


Map 7 Measured output noise power ratio in db 


Figure 9D-5. 


398 


NF. - Receiver noise figure in db 


Measured Output Power Ratio as a Function of 
Receiver Noise Figure for Three Values of 
Antenna Noise Temperature 
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X. UNCERTAINTIES IN SENSITIVITY MEASUREMENTS 


The sources of error in measuring the sensitivity of a receiving 
system are legion. It is difficult to get good agreement among various 
methods and even among various test setups. Typical accuracies for 
commercial noise figure measuring equipment are 5-10% for noise tempera- 
ture and +0.25 to +1 db for noise figure. Accuracies better than +0.25 db 
for noise figure are not possible under ordinary laboratory conditions. 
For better accuracy one must conduct the tests with extreme care and 
use only equipment which is laboratory-standards quality. The informa- 
tion given in this chapter is intended to aid in the accurate measure- 
ment of receiving system sensitivity. Interrelationships of system 
parameters make error analysis difficult and preclude all possibility 
of considering every situation. 

Some amusing comments on the frustrations of making accurate noise 
figure measurements have been given by Cohn (1959), in a technical 
editorial titled "The Noise Figure Muddle", and by Greene (1961) ina 
correspondence titled " 'Noisemanship'--the Art of Measuring Noise 
Figures Nearly Independent of Device Performance". Cohn relates his 
discovery of image noise errors in noise figure measurements while 
Greene compiles a partial list of experimental procedures which are 
designed to produce any noise figure the experimeter desires without 
regard for the actual device. Although given in a somewhat humorous 
vein, these papers do illustrate many of the sources of error in the 


experimental procedures. 
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The results of measuring noise figure using three different methods 
is reported by Matthews (1967). His results show variations of 0.2 to 
1.2 db at a nominal noise figure of 7.5 db. These variations are 
typical of what can be expected after taking into account the various 
system inaccuracies. 

The most important sources of error in a sensitivity measuring 
system are those due to the detector and signal source. These errors 
are usually caused by detector nonlinearity and reading error and by 
source SWR and output calibration. Other errors which occur in the 
system can usually be compensated but errors in sources and detectors 
are usually of such a fundamental nature that they cannot be easily 
corrected. The organization of topics on measurement error is dif- 
ficult because no scheme seems logical. The best approach is to 
present the essential errors which occur in a measuring system 
(Figure 8-1) and then consider the errors which occur with various 


noise sources and measurement techniques. 
A. Sensitivity Measuring System 


The following is a brief discussion of the possible sources of 
error and the resulting measurement uncertainties that can occur 
in each component of a sensitivity measuring system (Figure 8-1). 
The discussion will be mostly qualitative in this section as the 
quantitative information will be given in the appropriate sections 


later in the chapter. 
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1. Test signal sources 


The measurement of sensitivity using a noise source depends upon 
knowing both the noise temperature and characteristic impedance of the 
source. When a hot-cold noise source is used, the accuracy problem is 
compounded because two reference temperatures and two characteristic 
impedances are involved. The SWR of the source tends to increase the 
receiver noise factor and temperature errors cause the measured Y-factor 
to be in error. Also, if the source is connected by a transmission 
line to the device being measured, the losses in the line will tend 
to make source temperatures above - appear colder and source tempera-— 
tures below Ty appear hotter. If the noise source is a noise diode, 
the excess noise temperature is changed by stray reactance and transit- 
time effects. Also, the cold temperature is assumed to be Ty = 290° K 
in most measurement schemes but generally the source resistance tempera~ 
ture is 3-5° K higher (Appendix, Part 0). A gas-discharge noise 
source has a characteristic impedance which changes when the source 
is fired (Pastori, 1968b). This error complicates the measurement 
problem still further. The accuracy to which the manufacturer has 
specified excess noise temperature must also be considered in measure- 
ment accuracy because the error in excess noise ratio adds directly to 
the error in measured noise figure (see Equation 9A.11). 

When a sinewave test signal source is used to measure sensitivity, 
the measurement depends upon knowing the impedance of the generator, 
its output level, and the percentage or index of modulation. Genera- 
tor VSWR causes the receiver noise figure to increase while the 


percentage of modulation affects the level of recovered audio. The 
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generator output level in the sub-microvolt region is difficult to 
calibrate because of leakage problems. For the highest possible 
accuracies, the test setup must be carefully calibrated and shielded. 
It is usually better to measure the percentage of modulation by 
external means rather than depending upon modulation meter accuracy 


(usually +5%). 


2. Device being tested 


When measuring the sensitivity of any device, one must be sure 
that it is operating properly and that the specified power and terminating 


impedances are applied. It has been demonstrated several times in 


previous chapters that the source impedance for lowest noise figure 
is not the same as that for impedance matching. This must be kept in 


mind because the designer of the device has specified a certain source 
impedance for minimum noise figure. Typical source impedances are 
50-, 75-, 100-, 200-, 300-, 400-, and 600-ohms but, by far, the most 
common system impedance is 50 ohms. If the device ates figure is 
measured with a source impedance other than the one specified, the 
resulting measured value will be higher than the minimum value. 

If the matching network circuits at the device input are mistuned, 
a serious noise figure degradation can result. Generally the are 
matching network does not power match or resonate the device input 
because its function is to provide the optimum source resistance for 
lowest noise figure and to provide noise tuning. For high-frequency 
circuits, the input matching network is tuned below resonance for 


minimum noise figure. 
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Since it is not possible to tune the input circuits for cae taun 
gain it is usually necessary to have an automatic noise figure meter 
to tune for minimum noise figure. The point should be emphasized 
that the noise figure of any device must be measured using the source 
resistance specified by the designer. 

For devices with gains low enough that the noise contribution of 
the predetection amplifier must be considered, it is necessary to have 
an accurate measurement of device gain. To be able to accurately 
apply the Friis equation (Appendix, Part J) the transducer gain must 
be used but most often it is the insertion gain which is haaeubed: It 
is shown in Equation D.9 of the Appendix that the tranducer gain is 
always smaller than the insertion gain. When applying the Friis equa- 
tion, the noise figure calculated using insertion gain is always larger 
than that obtained using transducer gain and thus will give pessimestic 
noise figure values for the device. 

Problems can occur which are not directly involved in device 
sensitivity measurement but nevertheless have a deleterious affect on 
the results. Two of the more common problems are spurious oscillations 
and power supply noise. A large SWR at either the input or output will 
cause a marginally stable device to oscillate. If these oscillations 
occur off frequency they will severely degrade the noise figure of the 
device. On-frequency oscillations are more obvious. Noise introduced 
into the signal path from a noisy power supply will also degrade noise 
figure. This can frequently occur where zener diodes are used for 
regulation and the zener noise is not adequately bypassed. The solution 


to these problems is usually better design stability and adequate 
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bypassing and filtering. Stray RF signals from external sources such 
as transmitters or grid-dip meters will cause measurement errors. 

For many radio-astronomy and radar receivers, the RF filter will 
pass both the signal and image frequencies. When noise figure measure- 
ments are made on this type of receiver, the noise input at the image 
frequency will add to that at the signal frequency to give noise figure 
measurements from 0 to 3 db lower than the spot noise figure. Reporting 
and measuring the sensitivity of multiple-response receivers must be 
done carefully and full details of the circumstances should be re- 


counted. 


3. Predetection amplifier 


The predetection amplifier usually has a gain that is high enough 
to overcome all the noise contributions of succeeding stages and 
provides the device being tested with a suitable impedance termination 
and a known noise figure. The bandwidth of the predetection amplifier 
is assumed to be large enough to give uniform amplification to all 
signals within the passband of the predetection filter. Inaccuracies 
in noise figure and bandwidth can have a serious affect on sensitivity 
measurements. 

The noise figure of the predetection amplifier is usually ences 
from a specified reference impedance but when it is connected to the 
device output it is usually not operating with the specified source. 
This will cause the noise figure of the predetection amplifier to in- 
crease. The larger noise figure will introduce an error into the 


Friis equation calculation and cause the calculated noise figure to 
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be larger than the true value, which will give pessimistic noise 
figures. 
Bandwidth errors, and especially those due to a bandwidth which 


is too narrow, were discussed in Part J of the Appendix. 


4. Predetection filter 

The predetection filter bandwidth is used in many noise calculations 
and sensitivity measurements. Errors in the noise bandwidth used in any 
of the calculations will cause errors in the measured sensitivity. In 
some cases the shape of the passband response (see Section VII-C) is 
important. The bandwidth of the predetection filter determines the 
bandwidth over which the noise figure is measured. This bandwidth must © 
be smaller than the bandwidth of the device being measured or serious 
errors can result. The equivalent noise bandwidth for many types of 
predetection filters is given in Kraus (1966, p. 265). For most prac- 
tical filters, the noise bandwidth is a factor of 1 to We times larger 
than the 3 db bandwidth. For the best precision, the noise bandwidth 
should be determined graphically. A graphical method for the determina- 
tion of equivalent noise bandwidth from the filter amplitude response 


is given by Vigneri et al. (1968). 


5. Detector device 


Errors in sensitivity measurements which are caused by the detector 
device are due to threshold effects, nonlinear gain effects, and 
detector-law disparities. Threshold effects occur in all detectors and 
cannot be eliminated but are usually compensated for by either direct 


measurement correction or a clever measurement scheme. Tf the detector 
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is nonlinear in gain, the output level will not change db for db with 
input level change. This introduces errors in the measured-ratio 
output. Variations in the detector-law characteristics affect the 
spectral character of the signals and analytical techniques such as 
were used for a perfect square-law device are extremely difficult to 
apply. 

There is little excuse for letting detector errors limit the 
accuracy of the sensitivity measurement because there are so many 
techniques available for eliminating these errors such as operating 
above threshold or making comparative measurements or using a calibrated 
attenuator as is done in the Y-factor method. This is not to say, 
however that detector error is eliminated in every practical measure- 
ment. Many times detectors are used in a manner such that their errors do 


affect accuracy. 


6. Postdetection filter 

The postdetection filter is most important in determining the 
measurement resolution limit at the output of the detector. For square- 
law detectors, the limit is determined by the ratio of predetection and 
postdetection filter bandwidths as given by Equation 7.47 in Chapter VI. 
In general, the smaller the noise bandwidth Bi» the more resolution 
there is in the measurement. This fundamental limitation applies to 
all dc measuring devices. In AM systems, the postdetection filter 
determines the audio noise bandwidth and thus affects the noise factor 


measured by AM sensitivity (Equation 8D.18). The determination of 
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postdetection noise bandwidth by graphical techniques is the same as 


discussed previously for the predetection filter. 


7. Postdetection amplifier 


The postdetection amplifier must amplify the signals from the 
detector so they may be used to drive the output indicator. If the out- 
put is a dc level, the de stability and linearity of the amplifier must 
be good or measurement errors will result. DC level changes with 
temperature or signal level cannot he tolerated. Gain stability is 
important in both ac and de measurements because gain changes cause 
errors in the measured output level change. The bandwidth of the 
postdetection amplifier may be wide enough to give a significant noise 
contribution to the output. This noise will tend to "mask" the detector 
output and introduce a large error. 

In many instances, the most critical problem in the postdetection 
amplifier is the flicker noise output. This limits the resolution of 
the output indicator because low-pass filtering cannot eliminate the 
problem. The real—time resolution of the system can never be better 
than that dictated by flicker noise. Flicker noise error can be 


minimized by numerically averaging several data points. 


8. Sensory transducer (output indicator 

The effect of the output indicator on the accuracy of the sensitiv- 
ity measurement is determined by the dynamics of the indicator, its 
relative accuracy, and the bias of the human observer. Such problems 
as needle flicker and parallax are always present when using a meter 


indicator. Needle flicker is determined, to a large extent, by the 
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dynamics of the meter movement. The accuracy of the meter movement is 
the important factor because most often, relative accuracy is needed 
and not absolute accuracy. The relative accuracy depends upon scale 
calibration and meter linearity. The accuracy of a meter can be 
specified in three ways: 

1. Percent of full-scale 

2. Percent of reading 

3. Percent of reading plus percent of full-scale. 
Typical percent of full-scale accuracy is +2% while percent of reading 
accuracy is expressed in db and is typically +0.2 to +0.4 db. These, 
however, are absolute accuracies and not a true indication of the 
accuracy of a ratio measurement. 

For output ratio measurements, the significant errors are due to 
scale non-linearity and human observer error. Experience by this author 
has shown that ratio measurements better than +0.05 db for a 3 db ratio 
are difficult to achieve. Switching scales on the meter to make a large 
ratio measurement should be discouraged because this introduces an 
additional error in the measurement that can be as high as the absolute 
accuracy specification. The crest factor (ratio of peak amplitude to 
RMS amplitude) capability must be greater than 5 to 1 at full scale or 
clipping effects will cause the meter to read lower than true value. 
This tends to make noise ratio measurements smaller than actual measure- 
ments which results in pessimistic noise figure values. 

When making tangential noise sensitivity measurements with an 
oscilloscope, the error involved is nearly all due to the subjective 


evaluation of an observer (see Figure 8C-1). Trying to line up the 
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"tangencies" of the two noise outputs is difficult. Measurements by 
qualified observers (Montgomery, 1964, p. 228) show a 2 db standard 
deviation of the reported sensitivity for all observers and a standard 
deviation of 1 db for a single observer. These results indicate that 
measured noise figures using this method would also show the 2 db and 
1 db standard deviations. 

Strip chart recorders are used primarily for taking data over a 
long span of time and generally for poor signal-to-noise ratios. The 
accuracy of a strip chart recorder is really very adequate for sensi- 
tivity measurements, especially for measuring noise ratios. The data 
can be recorded and then averaged to give a very accurate ratio measure- 
ment. Scale accuracies are an order of magnitude better than for a 
meter. Accuracies of +0.2% of full scale and linearities of +0.1% are 


possible. 
B. Test Signal Sources 


The most fundamental errors occurring in a sensitivity measuring 
system are those due to the test signal source. In this section, the 
causes of test signal errors and how they may be calculated are 
presented. The equivalent circuits approach is used extensively to 
obtain the error equations and the reader will have to be proficient 
in the application of Thevenin's theorem, the available power theorem, 
two-port parameter theory and transmission-line equations. Also it is 
recommended that many of the referenced papers be read priar to or 


concurrent with this chapter. 
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The test signal source of any sensitivity measuring scheme is 
usually separated from the device being tested by a transmission line. 
It is of fundamental importance to know the available powers, impedances 
and reflection coefficients for the combination of transmission line 
and source. Figure 10B-1 is a schematic representation of the circuit 
showing the various quantities. For the sake of generality, the trans- 
mission line is replaced by a passive two-port described by a flat loss 


N, a physical temperature T, and scattering parameters, Cs]. 


Passive Two-Port 


@T % 
c 


N = Flat Loss 


Source Receiver 


Figure 10B-1. Circuit Used to Illustrate the Effects of a 
Passive Two-Port between Test Signal Source 
and Receiver 


The following quantities are defined: 


R 7 Reference impedance of the system, usually 50 ohms 


fo) 

S S 

[S$] : A Ae , the scattering matrix for the passive 
S S 

21 22 
two-port measured with respect to Ry 
A 
Ze = R. + jx,» the impedance of the load 
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Z. : R. + jx,» the impedance of the two-port output 
Z : R, + jX,; the impedance of the source 
w* 3 4k T, Re (2) Af, the mean-square noise voltage of the 
source 
ES? 2 the mean-square sinewave signal voltage of the source, 
[volts RMS| 4 
T; a noise temperature of the source 
qT. a physical temperature of the two-port 
A Z, - Ry 
1 => +R? the reflection coefficient of the source 
8 fe) 
Z_-R 
Tt 2 74k the reflection coefficient of the output of 
° 


the two-port 


Z -R 
? : aA, the reflection coefficient of the load 
r Z.. + R, 
2 
2A E R, 
la,| = 9 the signal power the source will deliver to 
|z_ +R_| 
s oO 
a reference impedance load (see Appendix, Part D) 
2 
2A ns BS 
lave! = | 2° the noise power the source will deliver to 
Z +R 
s fe) 


a reference impedance load, 


Livingston and Bechtold (1968) have considered the effect of imped- 
ance mismatch on antenna noise temperature and many of their techniques 


and equations can be applied to this problem. First, the output 
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reflection coefficient of the two-port network can be written in terms 


of the source reflection coefficient and the scattering parameters 


= Si + T 3655, =a Si S.2) (10B.1) 


Ss, 
and the output impedance is written in terms of Ro and ae as: 


}+ Ty 
= ae (10B.2) 
Ze R, j - a 


The signal power delivered to the load is given by Livingston and 


Bechtold to be: 


2 2 2 
P ad a, Sa1| ( es iD) (10B.3) 


IC1-S,2)C- $27) - 5,5, 7 Te]? 


The available loss (defined as the ratio of available input power to 


‘) 


available output power) is: 


1-5, | - [Se(1-S. 2) +Sn Sa T 


PSs ; é -|n)") 


The available loss, {, is a positive real number greater than or equal 


(10B.4) 


to unity (f> 1). 
In Section IV-C, the noise temperature of a noise source as seen 
through a lossy transmission line was derived in terms of the flat loss 


of the line, N, and the physical temperature, To: Equation 4C.55a 
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actually has more general applicability than indicated. It is generally 
applicable in calculating the two-port output noise temperature for any 
source temperature and VSWR. To obtain the more general form, the flat 
loss, N, is replaced by the available loss, k. This gives the general 


result (Livingston and Bechtold, 1968) 


/ 


iA on ¥$ IT, + (£-1)T (108.5) 


where ti is the effective noise temperature of the real part of Ze or 
the available output noise temperature. The equivalent circuit for the 
two-port output, showing mean-square noise and signal voltages and 
impedances, is given in Figure 10B-2. 

The mean-square noise voltage is obtained by applying Nyquist's 


Theorem and using the effective noise temperature of (10B.5): 


ve = 4AkT, Re (Z,)AF (108 . 6) 


The two-port output impedance is given by Equation 10B.2. The mean- 
square signal voltage has to be obtained by considering the signal power 
delivered to the load. | 

The power delivered to the load is given by (10B.3) but it is more 
meaningful to express this power in terms of the available loss and the 


available signal power at the input (Livingston and Bechtold, 1968): 


Buell: atte es 
s ae 1 -|ny} 


(10B.7) 
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Figure 10B-2. Equivalent Circuit for Two-Port Output and 
Load 


From circuit theory and Figure 10B-2 we know the signal power delivered 


to the load is (Appendix, Part D): 


P = IIRe(z,) 


Ee, 
ee arr ae z 
lz. gs z pel ) (10B.8) 


Combining (10B.7) and (10B.8) we get the mean-square signal output 


voltage as: 


J 


E. = la.t" : [z. + zy 
= a (1 -[T|?) Re @,) 


(10B.9) 
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The effects of two-port loss and VSWR on available signal power, 
noise power and loss have now been described by various equations which 
will be used later in the chapter. 

It is convenient to derive an alternate expression for the signal 
power, al. delivered to Ro: The reflection coefficient for the 


source is defined as 
wee rg ey (10B.10) 


and its absolute value is determined by complex algebra to be 


* 
em x Ze at Re Ps = R, 
| 7 | =T T= aR ) rap (10B.11a) 
Qr: 
2_ AR, Z. 
[- | 7 | = 4R. Re(Z.) (10B.11b) 


ES +R,[° 


The signal power delivered to a load Rg from a source impedance 25 is 


la,| = (10B .12) 


which can be combined with (10B.11) to give the desired result: 


la,| = ree -|n}) (10B .13) 
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This expresses the signal power delivered to Ro in terms of the available 
power from the source (Appendix, Part C) and the reflection coefficient, 


Tee A similar equation can be written for the noise power delivered to 


R: 
fe) 


Tt 


2 2 
[ova = kT Af (1 — ) (10B.14) 
The ratio of available signal power to available noise power from 


the source is independent of the reflection coefficient of the source: 


EB z 

Are (Zs) _ Es = [Qs] (108.15) 

Ms 4kTsRe(z.) MF [One|* | 
4Re(z5) 


The ratio of available powers at the output of the two-port is determined 
by using the delivered power equations for Ps and Y ve and a conjugately 


x 
matched load (Ty = T! = or Z = Z,_ ). The available signal power is 


t 
determined from (10B.3): 


6 2 ar Py 
P (avail) = lod |s..1 ( nt) (108.16) 


IG 5,73 1G - $21") =o5 ST i 


The available noise power is computed from the circuit of Figure 10B-2 


and using Equation 10B.6: 
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2 
P. (avail) = T+F 3 Re (22) (2, = zy) 
= ie = kT, Af (108.17) 


4 Re (Z,) 


The ratio of available signal-to-noise power at the source to that 
at the two-port output is the definition of the noise factor of the 
two-port. The two-port noise factor, Fe is determined using Equations 


10B.17, 10B.16, and 10B.15 as: 


la,|° : Ps (avail) 
| Qos |* Pp (avail) 


F 


/ * * 2 
iz (= S, T2) (1- S2aT )- D2 Sai Tt 


Ts [s.,/ @ -lTRP) (t-te) 


It should be remembered that iM and a are related through Equation 


(108.18) 


10B.1. 

If the two-port has been designed so that its characteristic 
impedance (the reference impedance for which the scattering parameters 
are measured) is the same as the reference impedance Ry? the input and 
output scattering parameters will be zero (Say = Soo = 0). For the 


condition (Say =5§ = 0), the equations for the available loss, output 


22 


reflection coefficient, available signal power, and two-port reflection 


coefficient can be simplified. Upon simplification of these equations 
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and applying (10B.19) to get all quantities in terms of Ty these equa~ 


tions become: 


1 T= 8,5,,7 RY = [Sf Sf [RP aos. 


a 1 = S252 T ) | (10B.20) 


[s.) (1-1 TI) 


3. P avai) = la,|° [Sail * (108.21) 
(1 > IS. S., 1 ) 
/ 2 
aS Beeler (1 = |S25a17| (108.22) 


Fo= : 
: i |S.,| G@-|T|*) 


If we define S and § for a transmission line, the above equations 


12 21 
can be further specialized in terms of the transmission-line parameters. 
From transmission-line theory we know that the output impedance is related 


to the input impedance by the equation 


Ze cost + 2, Sinh ¥L 


Zz,.=2 10B.23 
° Ze Cody k + Zs Sinh YL mean 
or in terms of exponentials 
v2 ~¥2 
Cu+he 
Z, = Z, (10B.23b) 


ef” - T e 4 
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where Zo, is the characteristic impedance of the line, y = 4+ j8 is 
the propagation constant, and R is the length of the line. 

Equation 10B.23b can be written in an alternate form which is more 
suitable for this discussion. If the line is distortionless then the 
characteristic impedance is real (2, = R, + 40) and multiplying both 


numerator and denominator by ef gives: 


x 
oo een 


Z,= R, 


(10B.24) 


For the distortionless line, the scattering matrix for a reference of 


R_ is 
[e] 
~YR 
oO e 
[s| a eer (10B .25) 
e O 
and: 
—¥L -~at Qh  -j 
S,=S =e = eC e JPL (10B.26a) 


The absolute magnitude squared of Si or So4 is determined from (10B.26a) 


as: 


-2af 
Is.{ = Sie Ss. =e€E ° (10B.27a) 


By comparing (10B.26a) with (4C.48) we see that Si and S5, can also be 


written in terms of the line attenuation factor (numerical flat loss), 


N. 
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-jpL 
S.=S,, = _ Cc - (10B .26b) 
sei = ls.,| = = (10B.27b) 


Finally we can use these equations to specialize Equations 10B.19 


through 10B.22 for a distortionless transmission line: 


| 
1. ah = "N, € qT (10B .28) 


(108.29) 


(10B.30) 


i. 2 i f= 1+(£-1) J, (108 .31) 


For a lossless line or one so short that the line attenuation factor is 


unity (N = 1) the available loss becomes unity (&= 1) and the available 


, 


noise temperature becomes that of the source (T. = TS): When the 


source VSWR is unity, the absolute magnitude of the source reflection 


coefficient as given by 
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Zz —-R, 
Zz, +R, 


| 
| 


or, 


[T a ewe (108. 32) 


: VSWR+1h 


becomes zero and the available loss becomes N. These limiting cases 


can be summarized with the expressions: 


tim L = 1 


N— 4 (10B .33) 


Low. A SN 


(10B.34) 
IT |"—>o 


The assumption of unity VSWR was imposed in deriving Equation 4C.55a 
and if we use the result of (10B.34) in (10B.5) we see that (10B.5) 
reduces to (4C.55a). 

The equations that have been presented in this section will now 
be applied to the problems of determining the sources of error in 
sensitivity measuring systems and particularly the available power 


of test-signal sources. 


1. Hot-cold noise source 
Under ideal conditions, the hot-cold noise source is characterized 
by two known temperatures, and a single source impedance with unity 


VSWR. In reality, the source is characterized by two temperatures of 
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specified accuracy, two source impedances of specified VSWR and a section 
of transmission line. The line is needed to connect the hot and cold 
terminations to the device being measured. Figure 10B-3 shows the 
circuit elements for an ideal and nonideal hot-cold noise source. 

The ideal hot-cold source has unity VSWR for both hot and cold 
terminations and the transmission line is lossless. For these ideal 
conditions, the ratio of the available powers for the two sources is 
simply the ratio of the noise temperatures. For the nonideal source 
the effects of source VSWR and transmission-line loss must be taken 
into account. The powers delivered to the load impedance, Zs for the 
Ty (hot) and T) (cold) sources are obtained by applying Equations 10B.6 


and 10B.8 to the circuits of Figure 10B-3 to get: 


P = Re (Z,) 
. lz, + aT J 
zy £2 

=k T, — oo (108.35) 

+2 

ve 

‘ |Z, + z.,[° oe Cy) 

mis kT, Af 4 Re (2+) Re (2.,) neataes 


[z, +Za|° 
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It 


kT, AF 


KT, AF 


(a) Ideal Hot-Cold Noise Source 


(b) Nonideal Hot-Cold Noise Source 


Figure 10B-3. Schematic Representations of Ideal and Non-Ideal 
Hot-Cold Noise Sources 
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where 


|! 
= ea Te +(£.-1)T| (10B.37a) 


i, = ¥ ih + (£,-1) T.] (10B .37b) 


(10B . 37) 

iii) 

. fe inp 
a= N ( Me (108.374) 


The equations for available power, when the line is lossy and the 
source has a VSWR greater than unity, will reduce to those for the 
ideal case when % = a = 0 and N=1. 

The available output noise powers for the Ty and Ty sources can 


be determined from (10B.35) and (10B.36) by impedance matching at the 


output: 
P (avail) = kT, Af (Z,= Zhe ) (10B . 38a) 
P (avail) = kT,’ Af (2. = Zi, ) (10B .38b) 


The error in available noise power is determined by the error in 


available noise temperature. Letting the subscript on T’ be s so 


425 


the equations that follow can apply to either T,' or T,'> we get 


Equation 10B.5: 


! | 
eae be (£-1)T,| 
which can be factored to give an equation that is suitable for error 


determination of TS: Factoring (10B.5) gives 


w= 7 [1 +(-$)(#-)) (10B.39) 


which is written in an alternate form 


+ 


s 


_ T, [1 + K.| (108.40) 


with K, representing the two factors in parentheses. Equation 10B.39 
could be used to determine T,' if all the variables were known exactly 


but since they are not, (10B.40) is written in a second alternate form 


7 = T [1 + x, (10B.41a) 


where the tilde denotes a measured quantity which is known only to a 
specified accuracy. We will now take Equation 10B.41 and determine the 
uncertainty in T,! by looking at the uncertainties in the other parag 
meters. Each variable in (10B.41) can be represented as the sum of a 


true value and an error value 
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~~! t ! 

T,; = T, + ATs (10B .42a) 
7, = 7, + AT; (108 .42b) 
K, = K, + AK, (10B .42c) 


which are substituted into (10B.4la) to give: 
' ‘ 
T, +87, = T [I+ Kg] + AK, T, +47, [1+k,+K,] (108.416) 


The maximum error or uncertainty in T,' is determined from the absolute 


value of AT." (see Appendix, Part S) 


[AT, | 4 |AK,| T + [ATs| [I+ ks + 1AKs]] (108.43) 


~ 
where | AK. | is the maximum uncertainty in Ky and |4T. | is the maximum 
uncertainty in T. K, and qT; are nominal values. 


The uncertainty in K, must now be determined. First let 


| o~w 
= = (108.44) 
=z E 

and: 
o~ 
R=TraAst (10B.45a) 
E> E+AE (10B.45b) 


(#)= de, at (10B .45¢) 
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Using (10B.42c) and Equations 10B.45, 10B.39, and 10B.41, we get 


K, = | = 4| [ (=) = | (10B.46a) 


Ks 


} 
FSS 
Hk, 
a 
Pali 
~. 
bee 


(10B .46b) 


K,+ 4K, = [ -(é +08) |(2)+ At = ] (10B.47) 
and the error in K, becomes: 
AK, = A= (I-) +AE(1- F) -AF az (10B .48) 


If the uncertainty criteria (Appendix, Part S) are applied to (10B.48) 


in a term by term manner, the resulting uncertainty is 
iP 
jak] ¢ [a-é|+ lox | F + log| + + [ae] +oe|lo- 


but this gives a bound which is unrealistically high. A smaller upper 
bound has been calculated by factorizing (10B.47) into the form of 


(108.48) which gives an uncertainty of 
lak,| 4 os (i-#)+|A [- =] + Ja AF 
sl S/F, E)+ [AE| cf + |ag| AT (108.49) 


which is a smaller value than given by the equation above. What we are 


striving for is the most realistic value for uncertainty, not the largest. 
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We have been determining upper bounds on |AK.| but not a least upper 


bound. The least upper bound, for small increments, is (see Appendix, 


Part S) 
aK Tq. 9 K 
|AK,| ¢ vz att alsa 


which is evaluated using (10B.46b) as: 
I, T 

|Ak.| ¢ C1- #) la zr + E 1 [Az| (10B .50) 
$s s 


For small errors, (10B.50) and (10B.49) are very nearly equal. The 
error in & is evaluated from the equation for & which is obtained using 


(10B.29) and (10B.44): 
S. (Cr -|TI") 
_ Ih 
N() ny) 


For small errors we can evaluate | AB} from (see Appendix, Part S) 


(10B.51) 


Ag ¢ ‘|+ [SEI lanl 


Tar 


which gives, using (10B.51): 
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N_(N* -1) ri 
\Ag| < (tT ERY | AIT, 


sa (\- [Tt r) coe |AN| (108.52) 


From (10B.52), (10B.50) and (10B.43) it is determined that the uncertainty 


LY? 
in TS": jar.'l, is a function of the following variables: 


1, rie: the squared absolute value of the source reflection 
coefficient 

2. N, the line attenuation factor (also called the flat—loss) 

3. T/T , the ratio of transmission line temperature to source 
temperature 

4. Ts» the source temperature 


5. and the uncertainties in each of the above variables. 


The functional dependence of [AT . "| is expressed in the equation: 


aT =F CoE msl lal, fan laree|) 


For source VSWR's less than 1.5, @ and its uncertainty become: 


oe out 

Ee =W 
— (N?-1) 2 [AN 
lAzg| = N32 [ait ‘a N* 
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This simplifies Equation 10B.50 to 


jax.) = (- + ) Jae 


-| (foto larat sw tant lait |+ Nn lant 
- 


(10B.53) 
N3 


which can then be used in (10B.43) to determine the uncertainty in 
TS) the available output noise temperature. 

For day-to-day work one would like to be able to use equations 
which age simplier than those just presented. These equations can 
be simplified by using a low source VSWR approximation which is quite 


good for practical sources. For low source VSWR 


and if it is assumed that T >>] 47. | then the following simplified 


equations may be used: 


AN 
|AK,| = ( ea + 7 = ] aM (10B. 54) 
E> 7 (108.55) 
= L\ /T 
Ke? (1 ~ wn) (+ =I ) (10B . 56) 


t 
lat = T, jak, + fanl[i+Kg] 


ie 


(10B.57) 


Ts (I+ Ks) [ATI 


|AT, | (108.58) 


As a numerical example, consider a noise source of 373° K and a 


coaxial cable of 1 db loss at 298° K. The actual system specifications 


are; 


373 f 


Hh 
HT} 


1.26 to.0e (Loto. db) 


2) 
it 


298 + 5°K 


ot 
T 


From this data we can compute the following quantities: 


|AT.| = 5 °K [AN| = 0.06 
We = 0.80 [ae = 0.024 


Calculating | AK. | and K_ we get: 


= 0.06 _ 
|AK,| = (\- ze) ) @o24) + |- 0.2 | eee oles 


K, =a ( - 74; )} (0-80 -!) = —0.04| 
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Finally, using (10B.57) and (10B.58), we can compute [AT | and 13 


AT, | = 373 (0.0125) +5 (1- 0.041) = 9.5°K 


$ 
F! = 373 (1-004) + [ATE| 


$s 


7, = 358 19.5 °k 


The effect of the cable loss has been to reduce the apparent 


fH} 


source temperature and increase the absolute error in noise temperature 
caused by the uncertainty in <. and T.. The nominal noise temperature 


of the source is lowered by 15° K. 


2. Noise diode 
For many purposes, the errors which occur in a noise diode test 

source are just simplified versions of those for the hot-cold nae 
source. The errors that are unique to the noise diode are those associ- 
ated with diode operation. The errors inherent in the noise diode 
source are: 

1. Space-charge shot-noise reduction 

2. Transit-time shot-noise reduction 

3. Reactive loading 

4. Source VSWR 

5. Transmission line loss 
The first three error sources result in a net error in the excess noise 
temperature of the source while the remaining two cause errors in avail- 


able output noise temperatures. 
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All noise diodes are operated in the temperature-limited region of 
operation (Lawson and Uhlenbeck, 1950, p. 83). This means that the 
electric field between plate and cathode is strong enough to cause every 
electron emitted from the cathode to be attracted to the plate. If for 
some reason the electric field drops below a critical value where all 
electrons are not attracted, the diode current will be limited by the 
space charge cloud of electrons around the cathode. This space charge 
suppression lowers the mean-square noise current of the diode. A space- 


2 ; 
charge-suppression factor T'” is used to account for the reduction where: 
2 
oe | < |] 


The factor T* is very nearly unity for a good diode noise source. Space 
charge suppression is discussed by van der Ziel (1954, p. 134) and by 
Quate (in Smullin and Haus, 1959, Chapter 1) but it is not easy to 
arrive at a good experimental equation forT”. Hart (1962) discusses 
the effect of plate voltage on the space-charge-reduction factor and 
gives experimental values. Data on a typical noise diode indicates 
less than 1% reduction in shot noise when the plate voltage is greater 
than 100 V. 

Transit-time error has been analyzed by Fraser (1949) and by van der 
Ziel (1954, p. 126). Fraser derived an equation for the transit-time 
reduction factor by applying Fourier analysis and statistics to the 


shot noise current. Fraser's equation is 


aoe. ee a 
v, ae ORE [ (wr) +2 (i-coswt -WT cosw)| (108.59) 
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where W = operating frequency, rad/sec 


T= electron transit time, sec. 


The electron transit time in a planar diode is (van der Ziel, 1954, 


p. 372) 


T = 2d 3.4 x io’ es 
5 aaa —" cara : 
m V4 Vg 


where d = plate spacing in meters 
q = electronic charge 
m = electronic mass 
Va = plate voltage. 


For small values of Wt) the transit-time reduction factor is 
approximated by expanding the sin and cos terms in (10B.59) in terms 
of a power series and ignoring higher order terms (van der Ziel, 1954, 


p- 128): 
ie = |- 7 (wr)* Gr) < + (10B.61) 


After substituting (10B.60) into (10B.61) we get, 


2 
2 
y= |- 74F < (108 . 62) 


as the transit-time reduction factor where f is the operating frequency 


in MHz. 
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The third source of error is caused by stray reactances in the noise 
diode circuits. Figure 10B-4 is a circuit model of a diode noise source 


showing parallel diode capacitance Co» series inductance Loe and termina- 


tion admittance Yo 


Figure 10B-4. Diode Noise Source Illustrating Noise Current 
Generator, Stray Reactances, and Termination 
Admittance 


Applying Fourier analysis techniques to the noise generator circuit, and 
assuming that Xp is adjusted so the source impedance, YS is real, we 


get the equivalent circuit of Figure 10B-5. 


R,@ T, °k 


Nn 


Figure 10B-5. Reduce Equivalent Circuit for Diode Noise Source 


The mean-square noise current is 
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ao | ee: 


ee 
Ll. = Ge \2 ~e (10B . 63) 
(1 - Ss) 


is the resonant frequency of the series-tuned circuit. 


1 
LC 


where we = 
femme) 


The error due to stray reactance can be accounted for by yet another 


reduction factor defined as: 


/ Wd 
= o, Lj (108.64) 


When all three reduction factors are taken into account, the 


equivalent mean-square noise current for the noise diode becomes: 
72 2 
ys = 2ql, 02% TT AF (10B.65) 


A circuit model for the practical noise diode can now be given in 

terms of the source resistance Rs and the effective noise temperature 

of the diode. Figure 10B-6 is analogous to Figure 4F.2 in Chapter IV 

and illustrates how to account for shot noise reduction or modification. 
The effects of shot noise reduction and stray reactances are 

reflected in manufacturers specifications on noise diodes. Figure 10B-8 

shows the frequency dependence and error limits on both excess noise 

ratio and effective noise temperature for a VHF noise diode source. Note 

the tendency for both the excess noise and the error limits to increase 


with frequency. The upper frequency limit of 600 MHz is determined by 
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IY =4k Ta Af 
Tee RG UT tT 


Noise Diode Source 


Figure 10B-6. Circuit Model for a Practical Noise Diode 
which Accounts for Excess Noise Temperature 
Errors 


transit-time effects. For measuring the noise figure of low-noise 
amplifiers, the ENR accuracy of +0.5 db at the higher frequencies is 
really not very good and, if better accuracy is desired, one must 
resort to hot-cold sources or more accurately calibrated diode sources. 
The available output noise power for a noise diode source with 
transmission line is determined the same as it was for a hot-cold noise 
source. The noise-diode source equivalent circuit used for error 


determination and measurement of noise figure is shown in Figure 10B-/. 


Figure 10B-7. Equivalent Circuit for a Diode Noise Source 
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Figure 10B-8. 
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Frequency Dependence of Excess Noise and Error 
Limits for a Typical VHF Noise Diode Source 
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The available output noise temperature is (similar to Equations 10B.37 


or 10B.39) 


ved Sa ie [ = (| ba a (t -1) (108. 66) 


and the output impedance Z.. is determined by Equation 10B.24. The 
available loss is computed from (10B.29). The uncertainty in available 


output noise temperature is given as (similar to Equation 10B.43) 
P 
IAT, | S [AK,| Tee © [AT | [ + K, + [akg (10B.67) 


where K, is computed from (10B.46b) and { AK | is computed from (10B.49). 
The approximations discussed for the case of low VSWR which resulted 
in Equations 10B.54 through 10B.58 are also valid for the noise diode 


source, 


3. Gas-discharge 


The errors which are inherent in the operation of the gas-discharge 
noise source are: 

1. Output coupling of gas-discharge to transmission line 
or waveguide 

2. Errors in electron temperature of the discharge column 
caused by variations in pressure, physical size and 
current (see Olson in Mumford, 1968) 

3. Change in output impedance between fired and unfired 


conditions 
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4. Transmission line loss. 

The situation involved in analyzing the error in the excess noise 
temperature of a gas-discharge noise source is the same as that for 
the hot-cold source. The only difference between the two is the mech- 
anism of noise generation. The "hot" or fired noise temperature T, is 
the sum of the excess noise temperature and 290° K. Typical uncertain- 
ties in the excess noise ratio of coaxial and waveguide noise sources 
are +0.25 to +0.6 db. The uncertainties in measured noise figure 
associated with VSWR changes and ENR uncertainties will be discussed 


in Section E of this chapter. 


4, Sinewave generator 


The errors associated with an AM signal generator were discussed 
in Section C of Chapter IX but they will now be summarized along with 
those for FM and Pulse generators. The sources of error common to all 
generators are: 

1. Output level errors caused by attenuator inaccuracy 
and level detector error 

2. Generator VSWR 

3. Modulation errors and residual modulation 

4, RF leakage 

5. Generator excess noise 

6. Output indicator interpretation. 

The absolute accuracy of the output level is determined by the 
accuracy of the variable output attenuator and output level detector. 


The output level detector is some type of rectifier circuit which 
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samples the RF level input to the output attenuator and feeds a 
proportional dc level to a meter for accurate level setting. This 
scheme cannot have a better accuracy than the components used in its 
construction and usually has a +5% error caused by resistor and meter 
errors. The attenuator accuracy depends upon mechanical tolerances 
used in its construction. These two errors determine the output level 
accuracy of the generator. The accuracy obtainable in high quality 
laboratory signal generators is 40.25 to +1.0 db. Output level speci- 
fications should be carefully checked on any signal generator used 
for sensitivity measurements. 

The VSWR of the generator will affect the available output power 
if a lossy transmission line is used to connect the generator to the 
receiver. The available signal power from the transmission line can 
be computed from Equation 10B.7 with |a,|° written in terms of the 


open circuit RMS voltage of the generator, E,! 


_ ot EF 
ae 4R, 


(10B.68) 


The available loss, Z, is computed from Equation 10B.29. The un- 
certainty in P. is obtained from Equation 10B.52 because P. is 
proportional to %. If we assume VSWR's of less than 1.5, the uncer- 


tainty in Ps due to the uncertainty in — becomes 


2 
|AR| £ no). [AIn|*| + oats . = (10B.69) 
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where | N = the line attenuation factor 
IT? = the squared absolute value of the source reflection 
coefficient 
| AN| = uncertainty in N 


jal Te? = uncertainty in IT?. 


The uncertainty in P due to an uncertainty in a is simply a db for 
db relationship. 

As an example, consider a signal generator with an output level 
accuracy of +1.0 db and a coaxial cable with 1.0 + 0.2 db loss. The 
maximum VSWR of the generator is 1.2 at the frequency of consideration. 
The uncertainty, in db, of the available output noise power is the sum 


of the generator output level accuracy and the logarithmic uncertainty 


in P 
a 
+ | £ ; 
l.Odb fo) Jeg [ P (10B .70) 
and: 
jaei _ (N*-1) Jaime] 4 —IANI 
= a | In! arr (108.71) 


We compute the following quantities: 


N=1.26  |AN| = 0.06 
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2 
JAR] _ G.26) - | (0.83x107?) + SS& = 0.051 


The total uncertainty in available output power is computed from 


(10B.70): 
*(l.odb +0.22db) =+ 1.22 db 


Modulation index errors and residual modulation cause errors in 
the measured level of recovered audio. In AM signal generators, the 
recovered audio power is proportional to the product of the available 


input power and the modulation index squared: 


Audio Power, PR ~ Mm? P (10B.72) 


The modulation index is characterized by some actual value plus an 


error term 
m=m+t+am 


or squaring MT we get: 


m2? = m* +2mam +(Am)* 


444 


If the term (am)? is neglected, Equation 10B.72 becomes: 
(f B : 
TORY ER ~ [m* 2 +2m am P] 


The relative error is obtained by normalizing the measured value of 


recovered audio power with the true value: 


a p+2 (108.73) 
A 


The uncertainty in recovered audio power due to an uncertainty in the 


modulation index can be expressed in db as: 


lAm| 


Sm = 10 Jor, [ $2 ‘aml (10B.74) 


The §-notation will be used to denote uncertainty in db (see Appendix, 
Part S). For a high quality laboratory generator, a typical modulation 
accuracy is +5% at 30% AM. This results in an uncertainty in the 


recovered audio power of: 


+1.25db 


[05] 
jo Bog | #2 al ~) =1. 60db 


This error is of considerable significance in any scheme involving the 


use of a sinewave generator to measure the noise figure of a receiver. 
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From the FM theory of Chapter VIII, we stated that the input and 
output signal-to-noise ratios were related to the deviation ratio, D, 


by the equation: 
Output SNR = Input SNR + 10 log 3p" (10B.75) 


If the deviation ratio is represented by a nominal value plus error 
term, the same technique that was used for modulation index can be 
used for deviation ratio and the uncertainty in output SNR due to the 


uncertainty in deviation ratio becomes: 


$D = Io dor J}t+2 teh (10B.76) 


Typical accuracy for the devation ratio of an FM signal generator is 
45% for a deviation ratio, D = 2. This results in an uncertainty in 


the output signal to noise ratio or output recovered audio of: 


|.05| 


JO dog [142 —S = * 0.22 db 


This magnitude of error is not as important as that for the AM case 
and is of minor importance when compared to the output level accuracy 
of +1.0 db. 

Residual AM and FM must be kept low because they represent modula- 
tion on the carrier which is not under control of the user. Their 
presence will result in low-level audio outputs which interfere with 
signal-to-noise ratio measurements. These spurious audio outputs must 


be well below the normal recovered audio for accurate measurements. 
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Spurious FM should be down at least 40 db and spurious AM down 25 
db. 

RF leakage from the high level circuits within the generator 
can couple to the receiver and make the attenuator readings very in- 
accurate. The amount of RF leakage will vary with test setup and 
with the physical condition of the generator. Most signal generators 
designed for general laboratory use have enough RF leakage that they 
cannot be used for sensitivity measurements below 1 saV. Generators 
specifically designed for measuring sensitivities can be used down to 
levels of 0.1 mV. If levels lower than this are required, a special 
abe Gens using shield rooms and careful layout is usually required. 

In some special cases, the generator may contribute noise to the 
system which is above the thermal noise of the source impedance. 
When this occurs, this excess noise will add to the peeeiyer noise 
temperature so that it will appear to have a higher noise figure. 
Although this is a rare problem, the noastbi tity of generator excess 
noise should by examined when making sensitivity measurements. 

A very common error which is usually committed by the newcomer 
to sensitivity measurements is that of misinterpreting the output dial 
reading. The RF output of most signal generators is not calibrated in 
open circuit voltage (hard microvolts) but in output voltage across a 
matched load (soft microvolts). If the open circuit voltage is measured 
it will be 6 db higher than the output dial reading. Sensitivity 
measurements are usually stated in open circuit or "hard microvolts" 
so a measurement using soft microvolts will be 6 db too optimistic. 


To eliminate this conversion problem, a 6 db pad can be connected at 
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the generator output and then the output dial will read the open circuit 
output of the pad. A further discussion of hard and soft microvolts is 
given in Part Q of the Appendix. A common method of avoiding this 
problem is to state all sensitivities in available power (usually in 


DBM). 
C. Detectors and Output Indicators 


The sensitivity measurement errors which are caused by the detector 
or output indicator are attributed to: 
| 1. Detector power gain nonlinearity 
2. Detector threshold effects 
3. Fundamental detection limits 
4. Flicker noise in the low-frequency amplifiers. 
Quite often the measurement of noise involves the use of two detectors, 
the detector in the receiver and the detector in the AC voltmeter used 
to measure the audio noise. When considering the sensitivity measure- 
ment problem it is important to account for both detectors. This situa- 
tion will not receive special treatment because it can be accounted for 
by the detector theory that is presented in Chapter VI and this chapter. 
A nonlinearity exists between the power input and the indicated 
power output for all detectors. This power gain nonlinearity introduces 
an error into any ratio measurements. 
The effects of power gain nonlinearity are difficult to determine 
and about the only thing that can be done is to calibrate the detector. 
Figure 10C-1 shows qualitative data on the linearity of a typical 


detector. 
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Scale change 


Indicated Output - db 


O 10 20 30 


Relative Input - db 


Figure 10C-1. Power-Gain Linearity for a Typical Power 
Detector 

The discontinuities at each 10 db increment are caused by scale 
changes on the instrument which introduce different components into 
the signal path. It can be seen from this curve that a given output 
change in db does not generally correspond to an equal change at the 
input. 

Detector errors due to threshold effects are more obvious and 
often more detrimental than nonlinearity errors. Threshold effects can 


occur because of a very nonlinear characteristic such as the diode 
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detector at low levels or from statistical effects when a sinewave and 
noise are both present at the diode input. The threshold effect in a 
diode detector is discussed by Golding (1968) and the reduction in output 
SNR for low input-SNR is presented by Fubini and Johnson (1948), Middleton 
(1960) and Davenport and Root (1958, p. 266). The threshold effect 

for a noise signal is illustrated by Figure 10C-2. The output noise 
power v.s. input noise power is very nonlinear until a threshold is 
reached. In the vernacular language of the communications engineer, 

the detector is said to be "saturated" when the threshold is exceeded. 
When a diode detector is operated above the threshold it can be char- 
actesized by a linear detector. For very small signals, the diode 
detector behaves like a square-law detector. 

The region of linear operation, between threshold and limiting, is 
not very wide and illustrates that the use of a diode detector should 
be limited to the known region of linear operation. In many situations 
the gain of the IF section of a receiver can be adjusted to bring the 
detector into the linear region. Usually the gain of the receiver is 
high enough to bring the detector into "saturation" aa just the thermal 
noise of receiver and source. 

The reduction of the signal-to-noise ratio for low inputs is 
illustrated with the help of Figure 10C-3. These are curves for 
theoretical and experimental data on a square-law detector (Fubini 


and Johnson, 1948). The carrier-to-noise ratio is defined as: 


2 
EK, 
Available Carrier Power 2 ahs 


Predetection Noise Power k CT, ra ) B 
° e h 
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Figure 10C-2. Threshold Effect in a Diode Detector 


where E. = Input sinewave signal in hard volts 
R, = Source resistance 
T, = Effective noise temperature of the receiver 
Bh = Predetection noise bandwidth 


The output signal-to-noise ratio depends on the modulation index, m, 


and the postdetection noise bandwidth, Bs The output SNR has been 


451 


10 


Theoretical 


Experimental 


Normalized Output Signal-to-Noise Ratio in db 


-10 oO 10 20 
Carrier-to-Noise Ratio in db 


Figure 10C-3. Theoretical and Experimental Curves for 
Determining Output Signal-to-Noise Ratio 
of a Square-Law Detector 


normalized to account for variations in predetection and postdetection 


noise bandwidths. To get the true output SNR a factor 


B 
10 Lory oar (B, > B, ) 
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must be added to the normalized value given by Figure 10C-3. For the 
data given in the figure, the carrier was 50% modulated and the IF and 
AF noise bandwidths were 1.7 MHz and 1.06 KHz respectively. The reader 
is reminded that all of this discussion is valid only when the post- 
detection noise bandwidth is much smaller than the predetection noise 
bandwidth. For an AC voltmeter this criterionis almost always satisfied 
because the response time is usually larger than 1/10 sec. 

A single reading of the output detector will always have an error 
caused by noise on the DC level ohne measured. This noise comes from 
two sources, the low-frequency noise output of the detector and the 
flicker noise in the audio or DC amplifiers. The RMS deviation due to 
detector noise can be calculated from the noise bandwidths but the 
flicker noise cannot. Flicker noise cannot be filtered because it has 
a spectrum which goes to DC. The simplest method to use in reducing 
flicker noise effects is to average out the flicker noise contribution. 
This can be done by numerical signal averaging. 

The actual measurement situation is best illustrated with the 
help of Figure 10C-4. The detector output to a sensory transducer will 
consist of the following: 

1. A nominal de output voltage level, Vo° determined by the 
total power input to the detector 

2. A change in de output level, AV,» caused by a change 
in the input signal 

3. <A superimposed noise voltage due to flicker noise 

4. A superimposed noise voltage due to the low-frequency 


noise output of the detector. 
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Figure 10C-4. Output Voltage of a Detector Showing DC 
Levels and Superimposed AC Noise Voltage 


The information really needed is the nominal output Vo? the change AV, 
and the error caused by the noise. In most situations, the nominal 
value of DC output is known and can be subtracted from any measurement 
data. In some detector applications, the nominal DC output is subtracted 
from the total by a DC level shifter so that the recorded output is 
Av, plus the noise. For these reasons we will not include Vo as part of 
the explicit output data. The schemes that will be used to determine 
measurement errors will be concerned with Av, and noise. 

The simplest method of determining the average output and probable 
error is to determine the mean and standard deviation of several data 
points taken from the output. A commonly adopted technique of reporting 


error limits is to report the standard deviation. The numerical 


454 


techniques for analyzing data can be found in any text on data analysis 
or statistics. The basic equations for computing the mean and standard 
deviation will now be given. The following terms are defined where X 
will represent the measured quantity (in this case AV): 
N = number of data etnies or voltage measurements taken 
at equal time intervals 


mean value of the voltage change 


>| 
It 


eal 
i] 


data point voltage. 


Mean Value 


xX = N (10C.1) 
Variance 
N 2 < 
Z(xX;-X) 2 X; = 
2 a es SO ee a (10¢.2) 


The standard deviation is the square root of the variance or simply o. 
This method of reporting the error in a voltage measurement is by no 
means complete but it does serve as a basis for comparing the relative 


accuracy of a variety of measurements. 


To be more specific on reporting this error, it is convenient to 


define a quantity called the relative error of a single measurement. 


This quantity is the ratio of the standard deviation of the noise 


divided by the mean value: 
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(10C.3) 


The notation Va’ is used by van der Ziel (1954, p. 338). This relative 
error is not an absolute one and thus any particular measurement may 
be in error by more than this amount. The relative error of a single 
measurement fo", gives the expected RMS deviation between a single 
reading and the average reading. The concept of relative error and 
RMS deviation is used in radio astronomy and noise measurement theory 
to specify the accuracy of a noise temperature measurement. 

It is common practice to report the lowest measurable value of a 
voltage or current as that which gives a voltage signal-to-noise ratio 
of unity. This gives a value of unity for the relative error,Va, and 
means that the RMS deviation of the noise is equal to the voltage level 
being measured. This idea was used to determine the minimum detectable 
noise temperature discussed in Chapter VI-C. 

The RMS deviation caused by flicker noise cannot be calculated on 
a theoretical basis but that caused by low-frequency detector noise can 
be calculated. The equation for the output VSNR of the square-law 
detector (6.47) has more general validity than was indicated in Chapter 
VI. It can be used to calculate the relative error because the VSNR 


defined in this way is a relative error. Using the reciprocal of (6.47) 


we get the relative error for a single measurement as: 
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Vo =k 28 (10C.4a) 
F By 


shape correction factor defined in Chapter VI 


where K, = 
By = predetection noise bandwidth 
By = postdetection noise bandwidth. 


Since the low-pass filter actually performs an integration on the output 
signal, it is conceptually easier to define an equivalent integration 


time, tT , as 
re) 


T = 2B (10¢.5) 


which is substituted into (10C.4a) to give: 


Va = ae ae (10¢.4b) 
8.7, 

To obtain the relative error for any particular detector is now a 
matter of finding the predetection and postdetection equivalent noise 
bandwidths and the shape correction factor, Ke Kraus (1966, p. 246) 
has given a table of equivalent integration times for simple low-pass 
filters and van der Ziel (1954, Ch. 13) has derived expressions for ¥ a) 
for various detector types. For a square-law detector, Table 10-1 
gives the equivalent integration times for several filter types. 

The relative error computed with (10C.4b) is only that error due 
to detector noise output and not that due to flicker noise. In a well 


designed system, the error limit should only depend on detector noise 
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Table 10-1. Equivalent integration times of several low-pass filters 


Type of Filter Equivalent Integration Time, T, 
Ideal integrator T 
Ideal low-pass filter 1 
(low-pass zonal filter) 2B 
Single RC filter 2RC 
Two RC filters in cascade 4RC 
46 
Second-order filter i 
fo) 
Critically damped galvanometer with 
time constant Ty AT) 


and not on flicker noise but, on the other hand, flicker noise always 
determines the ultimate limit. 
The minimum detectable change in detector output voltage based on 


the unity VSNR assumption and the RMS deviation is: 


(AV,) = \V.Val (10¢.6) 


. 4 


As an example, consider a noise power detector with a single tuned 
circuit for a predetection filter and a single RC filter for a post- 


detection filter. The relative error is: 


0.707 


1S -/8,(2Rc) * 
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If the relative error is to be less than 1%, Vo‘ must be less than 0.01 


or by manipulation of the above equation: 


By (2Rc) > 5x Iot 


For a predetection noise bandwidth of 10 Khz, the RC filter time constant 


must be greater than 2.5 seconds. 
D. Attenuators 


Variable and fixed attenuators are used in the Y-factor and noise 
diode methods of measuring noise figure. When an attenuator is inserted 
into the signal path, the resulting attenuation is generally not equal 
to the attenuation determined by the flat loss or matched attenuation. 
This error or uncertainty in insertion loss has a large effect on noise 
figure measurement accuracy. The uncertainty in insertion loss can be 
determined with the use of the equations developed in Section B of this 
chapter. The equivalent circuits for determining insertion loss are 
shown in Figure 10D-1. 

The power delivered to the load when the attenuator is inserted 


is obtained by combining Equations 10B.3 and 10B.13 to get: 


_ fs Sal O-FeU-Ief) 
su ARe(z) K -§,T) (-5,.T)-5,25..7 T! 


2 (10D.1) 


When the attenuator is removed and the source and load are connected, 


the power delivered to the load is computed from (10D.1) by substituting 
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Attenuator 


N = Flat Loss 


[S| 


(a) 


(b) 


Figure 10D-1. Equivalent Circuits for Computing Insertion 
Loss and Insertion Loss Error 


the scattering matrix for a direct connection (S31 = Soo =0Q, 
cs aly ie 
2 2 2 
Ee -1R 0-1 ty) 
p. aaa | ri A [Tl (100.2) 


= 4 Re(Zs) [i- ER) 


The insertion loss of the attenuator, L, is determined by the ratio 


of the power delivered to the load with the attenuator to that without: 
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2 8 
pe. leat ie eas 
2 (10D .3) 


The flat-loss of the attenuator is the loss measured when the source 


and load reflection coefficients are zero: 


{ 
odie Nee =~ 'Ts_ |? O£€ Sl 
[S.,| 


€ 


The insertion loss, L, in terms of the transmission efficiency, ¢€, is 


[i- TEI 
= €E = 
\(-5.0) 0 5,.7)-5, 5,7. T, 


12 “al 


(10D .4) 


L 


where both L and e are less than unity. 
The terms containing the scattering and reflection coefficients 
can be grouped together into a single term which will be called the 


insertion loss error factor, yy? 


| -7R/ 
K- 5,13) (-s,.T) Sealers : 


¥, = (10D. 5a) 
The insertion loss error factor is a positive real number which is close 
to unity but can be either larger or smaller. If all the parameters of 
(10D.5) are known then the error factor can be computed directly but 
usually only the magnitudes of the errors are known. Before attempting 
to derive the uncertainty in insertion loss it will be necessary to 


make some simplifying assumptions: 
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1. The VSWR of the attenuator is low so that’ Sj, = 
Soo * Q. 
2. The attenuator is symmetric and the transmission 


coefficient is: 


— 
Iz 


Then (10D.5a) becomes: 


W- RT 


v, = T er 3 (10D. 5b) 
2 -2aic‘r 's 


The range of values of Yz, can be obtained by using some complex 


algebra on Equation 10D.5b. First let 


RY =[Ryn] em 


where ©, is the sum of the phase angles of t and Da Substituting 


this expression into (10D.5b) gives 


~ __1-2[TyT loosen + RETR 
+ 4 =-2€| RIT] cos@, +e) +E | T/T 


(10D.5c) 


which is in terms of the magnitudes of the parameters and the phase 
angles of Soy? T5 and qT. The phase angles are generally unknown so 


i] 
the limits on Y, are determined by worst case values of the @ °. The 
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maximum, minimum and impedance matched values of Y¥,, are determined 


from (10D.5c) as follows: 


i.Cos@, = -] Cos (0, + 6,)=+1 


2 2 
2 (TT) + Itt LT 
ae [eel + TL TI 


b-2e(niim+e (RP |tr 
2.CogO@, =H+1 Cos(O, +0,) = -1 
2 
3. Cos On =O = T* 
XY (match) = 1+ ni rel (100.8) 


[-2€[R|falcose, +e [RF TEL 


If the reflection coefficients are small, the factors containing 
squared terms can be neglected. Applying a binomial expansion to the 


denominators of (10D.6) and (10D.7) and neglecting higher order terms 


gives the approximate solutions: 
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BL (max) = 142 Ci+e) [TY [7] iii 
Ee (min) = 1-2 (1 +6) IT IT (10b.10) 


The total uncertainty in insertion loss can be computed by adding 
the uncertainty due to the accuracy of the specified flat loss with 


that due to mismatch. The result, in db, is given in the following 


equation: 
SL =2SE + lotey [1t2Cire) TIT] (10.11) 


The $-notation is used to denote uncertainty in db (see Appendix, Part 
S). As an example, consider a typical fixed coaxial attenuator with a 
flat loss of 3 + .3 db inserted into a circuit where the SWR of both 


source and load is 1.5. The following values are computed: 
sé =to3db |[T=|RJ=o2 Ee=% 


‘The uncertainty in the insertion loss is: 


SL= 50.3 db +lotey E 2(1+4%2)[.2]]-2l] 


+ 0.80db 
sl = — 0.85db 


Finally, the insertion loss or change in receiver gain by the insertion 


of the 3 db attenuator is 
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T = 3.0db 70-80 
db - 0.85 


so that the actual insertion loss or change in gain can range from 
2.15 to 3.8 db. This error is very significant when measuring noise 
figure by the 3 db method. 

In many circumstances the VSWR of a source or load can be improved 
by adding a calibrated attenuation without introducing other deleterious 
effects. The improvement in VSWR obtained by this method depends upon 
the flat loss of the attenuator and attenuator VSWR. The attenuator 
parameters are accounted for by its scattering parameters. The reflec- 
tion coefficient at the attenuator output, Ty» is related to the reflec- 


tion coefficient of the generator by Equation 10B.1 


2 Sa2 + TT CSiz Say az Su Se2 
. CI = i 0) 


(10D.12) 


where Tl = reflection coefficient of the source 
T, = reflection coefficient of the attenuator output or 
"improved" coefficient 


[S] = scattering parameters of the attenuator. 


If we are concerned with just the magnitudes of the reflection coeffi~ 


cients and if S 1 and Soo are sufficiently small then (10D.12) reduces 


1 
to: 


7, | =|S.. S21 [T (10D .13) 
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For a symmetrical attenuator, |S, 853| = ¢ (the attenuator flat loss), 
and after substituting Equation 10B.32 into (10D.13) and solving for 
the output VSWR we get: 
(Vswre,+l) +6 (VSWR, -1) 
VOWR, Se (10D.14) 
(VswR, +1) - €(vswr, -|) 
Equation 10D.14 is not valid for low values of VSWR because the output 
scattering coefficient of the attenuator was neglected in deriving 


(10D.14) from (10D.12). Practical limits on the output VSWR are: 


1+ |S,2| 


£ VSWR, & VSWR, (10D .15) 
| - |S,,] 


where the lower limit is the output VSWR of the attenuator when the 
source VSWR is unity. For a typical fixed coaxial attenuator the 
VSWR is less than 1.25. 

A useful upper limit on output VSWR for large input VSWR is 


obtained from (10D.14) by using the approximation VSWR, >>1 to give: 


VSWR, < es oes (10D.16) 
a I-€ 


This also is an upper bound for (10D.14) as can be proved by a ratio 
test. As an example; if a 3 db attenuator (ce = 1/2) is used to improve 
the source VSWR, the upper bound on the output VSWR is 3 regardless of 


the value of VSWR, - 
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The effects of attenuator errors on insertion loss uncertainty can 
be quickly estimated using typical attenuator characteristics. The 
following typical specifications are included for convenience: 


a. Variable attenuator - Flat loss accurate to +2% of 


reading in db or +0.1 db, whichever is greater. The 
VSWR is less than 1.2 at both ports. 
2. Fixed attenuator - Flat loss accuracies, 
3 db + 0.3 db 
10 db + 0.5 db 
30 db + 1.0 db 


The VSWR is less than 1.2 at both ports. 
E. Measurement Methods 


A groundwork of theory and techniques has been laid in this chapter 
and many other chapters to be used in this section. The concepts in- 
volved in describing errors in sensitivity measurements are difficult 
because of the large number of variables needed in each equation. The 
ideas and equations developed in previous chapters will be used exten- 
sively in this section. It will be necessary to use many approximations 
to arrive at reasonable uncertainty equations. The most eaneipta. 
approach to error analysis will be to develop uncertainty equations 
with respect to a single variable. 

The distinction needs to be made between the effects of circuit 
losses and errors on the measured sensitivity and the actual sensitivity. 
For example, a lossy coax cable will degrade the noise temperature of a 


receiver and will also introduce errors into any attempt to measure the 
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noise temperature. The equations which describe these two effects are 
quite different. To distinguish these cases, the following notation 
will be used: 
a. The use of a tilde, for example T., will denote a 
measured value. 
b. A primed quantity, for example a » will denote a 
quantity modified by losses or VSWR. 
c. The unprimed variable is used to denote a true value 


or a value that is known, without error. 


1. Y-factor 
The equivalent noise factor or noise temperature of a two-port 
network can be written as (Equation 4F.57 or LRE Subcommittee on Noise, 


1960b) 


no B 2 
Ea ee | Gy) *(8,- Boop) sae 


it 


B 2 
Te = Te +7, Gs cs Gigi), +(B, - Beaps) (10E.2) 


where Fain and qT, correspond to two-port noise when the input is both 
noise matched and noise tuned e.g., Ys = Yeopt’ Definitions for the 
terms in these equations are found in Chapter IV. The double-primed 


notation will be used to indicate the two-port noise is increased by 


not being noise matched and noise tuned. 


468 


When a lossy transmission line (or any lossy two-port) is used to 
connect the receiver and antenna, a degradation of sensitivity or in- 
crease in receiver noise temperature will result. A block diagram 
illustrating the measurement system is shown in Figure 10E-1. The 


total receiver noise temperature, Ty» is obtained from Equation 4C.60c 


where the line loss factor is now replaced by the available loss, (10B.4): 
= “ 
Te = Dh +(E-)K (10E.3) 


The total receiver noise temperature is expressed in terms of the avail- 
able loss, & (which accounts for flat loss and source mismatch), the 
transmission line noise temperature Ty and the effective receiver 
noise temperature ie - The effect of source impedance on receiver 
noise temperature is accounted for in st by Equation 10E.2. 

When the scattering parameters of the lossy two-port and source 
VSWR are known, the total receiver noise temperature can be calculated 
by using Equation 10E.3 but any attempt to measure the noise temperature 
is hindered by measurement errors. Suppose the Y-factor of the receiver 
in Figure 10E-1 is measured according to the scheme of Figure 9A-2. The 


ratio of output powers would be: 


¥ _ Ma k ae = (Te), | By, G, aici 
SO O8T E. 
No k [T, + (T.),| B, G, 


If we assume the gain and bandwidth of the system do not change during 


the measurement, the Y-factor is simplified to: 


469 


Noise i Noisy 


Y-Factor 


Source , 
Receiver Indicator 


Figure 10E~1. Block Diagram of a Measurement System for 
Measuring Total Receiver Noise Temperature 


CF Tz + (Tye)e 
T, _ (Tee); 


The total receiver noise actually changes from source #2 to source #1 


(10E.5) 


because of the difference in source impedances. For this reason, a 
unique value of noise temperature cannot be determined by simply measur- 
ing the Y-factor. The noise temperature of the receiver can only be 
specified by specifying a unique value of source reflection coefficient. 
The situation is not as dismal as it appears because in many 
practical situations the total receiver noise temperature does not 
change significantly for small changes in source impedance. Using 


Equations 10E.3 and 10E.2, the Y-factor can be expressed as 


Y = qT, +2, & +(AT), +(£2-)T (10E.6) 


Tm [ Te 7 aT), | +(£,-1)T 


where 


he Me =o, [Te + te), | + (£,-T (10E. 7a) 
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(7.4), = A, [Te + @Te),] + (£,-)T. (10OE.7b) 


B 
(Te), = 7, 0G Caopa)” + (B.-Beops) | (10E.8a) 
B 2 2 
(AT), = T, GS ieee.) +(B,- Beops) ] (10E.8b) 
( 


The admittances Y, = G, +4 By and Yo = G6, +43 B, are the output 


1 
admittances of the transmission line for sources 1 and 2 respectively. 

The fundamental quantity in Equation 10E.6 is the minimum effective 
noise temperature of the receiver, T.: If this is known, any total 
noise temperature can be calculated using (10E.3) and (10E.2) but it 
is difficult to measure qT, accurately. 

Before proceeding with Equation 10E.6 it will be comforting to 
verify that the complicated expression can be reduced to the more 
familiar form. If the noise source provides the optimum admittance 
to the receiver so that noise matching and noise tuning is achieved, 

Yy = Yo = yeopt and (AT) 5 = (AT), = Q. Also if the transmission line 
is lossless, ty = x, = 1 and (10E.6) is reduced to the familiar form 

of (9A.2): 

~ & +Te 

bs iT, +Te 


The minimum effective receiver noise temperature, To may be 
obtained by solving Equation 10E.6 and factoring in the following 


form: 
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(10E.9) 


_@G-YT) oa) (Y-1) ]_ ¥£@R),-F,T), 
Aes, yeh (£,Y- azal (£,¥ -&.) 


This equation completely describes the functional dependence of qT. 

on all of the parameters of the circuit but is not very suitable for 
making error calculations. Generally, one or more approximations can 
be made which will yield simpler forms of (10E.9). 

The most useful approximation is to assume that the reflection 
coefficients of the hot and cold noise sources are equal i.e. V5 = qT). 
Then from (10B.4) we can conclude that x, = x, = & and from (10B.2), 
(10B.1) and (10E.8) that (AT.)5 ™ (AT .)4 = AT, These equalities can 


be substituted into (10E.9) to give: 


T-YT, f-1 
- —s- —S — ——— — AT, (10E.10) 
Te £ (¥-1) qr ma ° 


From this equation it is possible to get the receiver noise temperature 
ad » which includes the effect of a nonoptimum source admittance, by 
simply adding T. and AT,- 

Applying the error and uncertainty criteria discussed in Part S$ 
of the Appendix, the following uncertainty components, of the total 


uncertainty of T.> are obtained: 


a. Uncertainty due to Ty» 


AT, | (LOE. 11) 


| 
£(¥-1) 
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b. Uncertainty due to Ty 


“eal |AT,| (10E.12) 
£CY-1) 
c. Uncertainty due to ey 


y [laa +/T Perea) lAL| (10E.13) 


yee s° 


d. Uncertainty due to ¥, 


i= aaah 


AY (10E.14) 
fer ear! ¥| 


A different approach has been used by Pastori (1968b) and by 
Harris (1966) which evaluates the uncertainty, in measured noise factor 
or noise temperature, caused by mismatch errors. Harris has derived 
an equation for measured Y-factor in terms of reflection coefficients 
and total receiver noise temperature. The effective temperature that 
is used by Harris is different than that used here. Harris works with 
the effective noise temperature defined when the source reflection 
coefficient is zero and the receiver is presented with the optimum 


noise admittance. Using (10E.3) and (10B.29) with 7 = 0 gives: 


T, = NTe + (N-1DT (10E.15) 


ad 


where Ty = Tee when the source VSWR is zero and the receiver 


is noise matched and noise tuned 


N = flat-loss of the transmission line 
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qT, = effective noise temperature of the receiver when 
it is noise matched and noise tuned 
qT, = physical temperature of the transmission line. 


~~ 


For small N, so that the approximation ce Ty 


Y-factor is given by Harris (1966) to be 


AT, + CT, 
BT, + OT, 


Y 
where 


_ G-irp 
ne Tae 


(i-| nf) 
P-T Ty. 


= reflection coefficient 
reflection coefficient 
= reflection coefficient 
reflection coefficient 


correlation admittance 


of the hot source. 
of the cold source 
of the receiver input 
of the receiver input 


(see Chapter IV-E). 


is valid, the measured 
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Equation 10E.16 can be solved for the input noise temperature, Ty? 


AT, -Y BT, 
Ty, = “pDY-c 6 (10E.17) 
If q = qT, = 0, Equation 10E.17 reduces to Equation 9A.3. The effect 
of a nonoptimum source admittance on receiver noise temperature is 
accounted for by YN: 
For small qT and ie Harris gives the following approximate 


~~ 
expression for Ty 


— Ce-YT)t2lni(a[hl+¥ T/T 
M (Y-) F211 (|G) +¥{TI) 


oa 


(10E.18) 


which will not be verified here. The reader is referred to the 
original paper by Harris. Equations 10E.16 and 10E.17 are exact 
when the transmission line is omitted and Ty is replaced by T.- 
Equations 10E.17 and 10E.3 can be contrasted to illustrate a very 
important concept. This concept is that the total receiver noise tempera- 
ture does not depend upon receiver input impedance (10E.3) but that the 
accuracy of the measured value does depend on it. Conceptually this is 
very important to an understanding of sensitivity measurements. In the 
analysis of two-port noise theory, the two-port input impedance does 
not appear in the noise factor equations. Now we find that receiver 
input impedance does affect the measurement accuracy. It can be seen 


from (10E.17) that if the receiver input reflection coefficient is zero, 
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errors due to source mismatch are eliminated. This condition is rarely 
achieved in practice. 

Pastori (1968b) has derived a noise-figure uncertainty equation 
based upon Harris' work which gives the uncertainty in measured noise 
figure due to mismatch errors. Pastori's equation can be derived from 


(10E.16) by using the approximation, 


1+Q (Ph =] 


which is usually valid for small source VSWR's. 
Using this approximation in (10E.16) and writing the equation 


in terms of the reflection coefficients gives: 


y = li-n7] | Bitehe (10E.19) 
Pea LCs es 


Solving (10E.19) for Ty and using the substitution 


— ji-nnf’ 


= Trt nF | (10E.20) 
2 
gives: 
r (i-[Rf)- M¥TC-1R*) 
7.2 2 2 = . : (10E.21) 
MY -| 
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The Y-factor in db is obtained from (10E.19) as: 


(10K, 22) 


y T(1-|RI)+ 7, 
Yab = 10.2eq M +10 tog] Fe Te] 


The uncertainty in ae caused by source mismatch is computed from 


1S Yap = | [Am| 


which is sepiied to (10E.22) to give: 
|S Yy| = + 4.34 |-44] (10E.23) 


The term era is the mismatch uncertainty assuming the nominal value 


of Mis unity. This term is given by the following equation 


eral = Mier) 1 (10E.24) 


where M(max) is the maximum value of M determined from the magnitudes 
of the reflection coefficients. The method for determining M(max) is 


analogous to that used in Equations 10D.5. This technique gives: 


, tee mT) + mee 
ree 2 2 
1-2 [MIR] + [TTY 


(10E.25) 


Substituting (10E.25) into (10E.24) gives the mismatch uncertainty: 
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2 
An | —_ (+ HTD) = 1 (10E.26) 
(| -|T [T.]) 


This mismatch uncertainty is then used in (10E.23) to compute the error 


=~ 


nY,,. 
in Yap 

In many cases, the error in an is used to compute the error in 
measured noise figure due to mismatch error. The noise factor in terms 


of Y-factor can usually be written in the form of Equation 9A.7 which 


gives the following noise figure equation: 


Yabo 


NF = lO Loy R,, - 10 tery (10 1? - 1) (10E.27) 


The uncertainty in NF is computed by: 


INE 
Fl= ols Y. 
IS NF| Sal ab 


Performing the differentiation 


Y, 
NE _ ‘ali tte aa ce -| 
oe = - 10 = erg (10 1) Tn 


[SNF = (10E.28) 
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This equation gives the mismatch uncertainty in measured noise figure. 


2. Noise diode 

The error analysis of the noise diode method of measuring noise 
factor or equivalent noise temperature is very similar to that for Y- 
factor because the noise diode method is a special case of the hot-cold 
Y-factor method. In fact the Y-factor and equivalent noise temperature 
of Equations 10E.6 and 10E.9 can be simplified by applying the special 
conditions associated with the noise diode method. First of all, the 
source impedance is not switched so it stays constant and in almost all 
cases the diode's internal shunt conductance can be ignored. These con- 
ditions mean that the available loss remains a constant during the 
measurement i.e., q, = t, 24. Secondly, since the source reflection 
coefficient is a constant, the additive noise temperature caused by a 
non-optimum source impedance, (10E.8), is constant i.e., (ol) = 
(OTs = ora: Finally, the hot and cold temperatures are related by 
the excess noise temperature of the diode i.e., T, =T + T\- If 
these conditions are applied to Equations 10E.6 and 10E.9, the following 


equations, valid for noise diode measurements, are 


Tex 


vem (10E.29) 
Pt ae Gewanae=0T 
T= Ta -YT —~ T (£-)) -—~ak (10E.30) 


£WY-1N) ae 
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where T = the excess noise temperature of the diode given in 
Figure 4F-2 
Y = measured Y-factor 
X= available loss of the two-port between the receiver 


and the noise diode 


T, = physical temperature of the two-port characterized 
by loss x 

Ty = Teg + qT) 

tT. = minimum receiver noise temperature 


a = increase in receiver noise temperature due to a 


nonoptimum source. 


The actual equivalent noise temperature of the two-port, which includes 
nonoptimum source effects, is the sum of T. and AT. as represented by 
(10E.2) and (10E.8). This value can be measured directly using a noise 
diode but cannot be measured directly using a hot-cold noise source. 

In this section we will work with the actual value, Toots The actual 
effective noise temperature for the receiver is measured by the noise 


diode to be: 


(10E.31) 


Teh EN 


The corresponding noise factor is obtained from (10E.31) by apply- 


ing the definition, Te = (F" - 1) T° to get: 
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an ro 
-¥+ 
F'= |] + Sea i - = eg (LOE. 32) 


For convenience of error analysis it will be necessary to obtain an 
alternate form of Equation 10E.32. First, the cold temperature is 
the sum of a error temperature and standard temperature i.e., qT, = 


see + AT Second, the hot temperature is the sum of the diode excess 


1° 
noise temperature and the cold temperature i.e., Ty = : oan + To + AT,. 


Using these relations in (10E.32) gives the more useful form: 


" Te AT, Te ‘f-1 
ee Ps a ee. ee WS S aclhbads 
= ei i AE )(EF) ames 


This equation is more complicated than (9A.7) because it takes into 
account the two-port loss between source and receiver, the reference 
temperature error, and the two-port temperature. 

Applying the error and uncertainty criteria to Equation 10E.33 as 
was done previously in Equations 10E.11 through (10E£.14) we get: 


a. Uncertainty due to To? 


ew =| [Tes] (LOE. 34) 


b. Uncertainty due to T) # Ty» 


lat] Gr, =, +47) (10E.35) 
£7. 
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c. Uncertainty due to Ss 


at +(E -1) E22) fis 


- it lAg| (10.36) 


eee 
£°(¥-1) T, 


d. Uncertainty due to Y, 


Veg Y 
oes ee 4 
£T.(Y-1)° | 


(10E.37) 


The most important sources of error for noise diode measurements 
are nase due to errors in excess noise, reference temperature Ty: and 
measured Y-factor. To simplify the error equations we will assume that 
the noise source is connected directly to the receiver so that the 
available loss, 2, is unity. For this case, the noise factor in Equa- 
tion 10E.32 can be reduced by letting f= 1 to give 


so eas Se 


(¥-1) 


which is the most convenient form to use to find the error caused by 


(10E . 38) 


F"(Lel) 


qT) # To: This error is computed by assuming that the measured noise 


factor is determined from Y¥ by assuming Tt, = To: When this happens 


the measured value becomes: 
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G- 
fa = @a) 


The resulting error can be evaluated by taking the ratio of the true 


(10E.39) 


value to the measured value which is the ratio of Equations 10E.38 and 


10E.39: 


(10E.40) 


The ratio is taken instead of the difference because it is more con- 
venient to convert into noise-figure error. The true value of noise 


figure is determined from (10E.40) as: 


~ L-T. 
NF“ = NF, + lode | 1- ¥ a (10E.41) 
Th - Te 
The second term is the db error in measured noise figure caused by 


T) # T,? 
db error = SNF. = 10 toy { | - Y= a ae (10E .42a) 


The uncertainty in measured noise figure is simply the maximum error 
determined by (10E.42). The error equation above has the measured 
Y-factor as a parameter but the equation can just as well be written 


in terms of measured noise factor by using (10E.39) to give: 
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Al, At, ] (10E.42b) 


SNF = 10 Lrg [ ae a = ea 


From these error equations we can see that the error in measured noise 
figure depends upon the value of the hot temperature To» the error in 
T)> and either the measured noise factor Fa or the measured Y-factor Y¥. 
This error can be plotted as a function of Y or Fa for any specific 
noise source with Ty as a parameter. A curve of error due to termina- 
tion temperature has been given by Pastori (1967) for a noise source 
where T, = 10,000° K. Figure 10E-2 is a similar curve for a noise diode 
with an excess noise ratio of 5.2 db (T, = 1250° K). It is particularly 
interesting to note that for a typical laboratory ambient of 294-300° K 
(Appendix, Part 0) the error in measured noise figure is -0.05 to -0.12 
db for low noise figures. This means that, if this source of error is 
not accounted for, the resulting reported noise figures will be pessi- 
mistic. Figure 10E-2 also conveniently gives the uncertainty in 
measured noise figure for a given uncertainty in T,- 

The error in measured noise figure due to an error in Y-factor can 
be analyzed by starting with Equation 9A.7. The actual noise factor 


and measured noise factor are respectively 


Foes (10E.43) 


and 


Rex Rex 


Fm= (Ga) = Gane ay 


(10E .44) 
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Figure 10E-2. Error in Measured Noise Figure Due to a Termination 
Temperature which is not Equal to Ty 


where, Y = Y + AY, is the measured Y-factor, Y is the true value and 
AY is the error. 


These equations can be combined to give 


fa wu AY 
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which is then solved for F” and (10E.44) is substituted for Ea in the 


denominator to finally give: 


rT F 
F = l _ <a 
(Y-) 


(10E.45) 


This ratio form of expressing the error is convenient for getting the 


error in db. Using (10E.45), the error equation becomes; 


NF = NF, - |Oaq| | - F- ant (LOE .46) 


where the error in measured noise figure is 


SNF, = -—10 Leng ie Enh (10E.47a) 


or by using (10E.44) to replace ® - 1) we can get the error in terms 


of the excess noise ratio and the measured noise figure: 


SNF, = 10 tag | 1 - AY | (10E.47b) 
ex 


A plot of Equation 10E.47a is shown in Figure 1OE-3. Note how the 
error in measured noise factor is drastically increased if the measured 
Y-factor is less than 2 db. The error line for the 3 db method is 
shown for use with manually operated noise diodes. The error 9Y ap is 


determined in the manner discussed in Part S of the Appendix. 
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Figure 10E-3. Error in Measured Noise Figure Due to an Error in the 
measured Y-Factor 


The error in measured noise figure caused by an error in excess 
noise is easily evaluated by using Equations 9A.7 and 9A.11. The 


measured noise factor is 


R 
m (¥-1) 


F= rae. + Ey 


0,2 
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and the true noise factor is 


. Rex 
F = em 
(¥ -1) 


where Rox is the actual value of the numerical excess noise ratio. Both 


equations in terms of noise figure are: 


NF. = ENR a 10 Low (Y-1) (10E.48) 


m 


NE“ = ENR — 10 Lore (¥-1) (10E.49) 


If the difference between the measured and true noise figures is taken 
where, ENR = ENR + 6ENR (in db), the noise figure error may be computed 


from 


NF! = NF, + SENR (10.50) 


where SENR is the error, in db, of the excess noise. 
The uncertainty in the measured noise figure due to the uncertainty 


in the excess noise ratio is: 


+ | SENR| (10E.51) 


A low value of ENR will result in a measured noise figure which is 
pessimistic while a high value gives an optimistic one. For example, 
a noise diode with a nominal ENR of 5.2 db actually has an ENR of 

5.6 db. When this diode is used to measure the noise figure of a 3.4 
db receiver, the measured noise figure will be 3.0 db which is 0.4 db 


below the actual value. 
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It should be pointed out that the errors given in Figures 10E-2 
and 10E-3 are expressed as corrections to the measured value and not 
as errors on the nominal or true value. Both of the conventions will 
be used when convenient. Also, the measured value could be plotted 
against the true value to give the same information as the measured 
value plotted against the error. The latter scheme was chosen as being 


a form which allowed a simpler uncertainty estimate. 


3. Gas-discharge noise source 


The errors involved in using a gas~discharge noise source to measure 
receiver noise temperature or noise factor have essentially been given 
in the last two sections. The important sources of error and the appli- 
cable equations are now summarized: 
a. Transmission-line loss error, Equation 10E.9 
b. Mismatch error, Equations 10E.16, 10E.26, and 10E.28 
c. Error caused by T, # T,» Equation 10E.42 
d. Error in measured Y-factor, Equation 10E.47 
e. Error in excess noise ratio, Equation 10E.50. 
For a discussion on the magnitude of the mismatch errors to be expected, 


refer to the article by Pastori (1968b). 


4. AM sensitivity 


The errors in the measurement of noise factor using the AM sensi- 
tivity method are caused by: 
a. Errors in the index of modulation, m 
b. Errors in the open circuit generator voltage, a 


c. Errors due to transmission line loss, £ 
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d. Errors in the measured output signal-to-noise ratio 
(analogous to Y-factor errors) 
e. Errors caused by an incorrect source resistance 
f. Errors in the effective noise bandwidth, Bo: 
The measured noise factor when the transmission line loss is unity is 
given by Equation 8D.18. To obtain an equation for the measured noise 
factor when the loss is not unity, we combine (8D.18) and (10E.3) with 


the definition of noise factor to obtain: 


We m* oe -(£1\(E- ; 
: £(S2™ -|)[4esR8) > * 8" ae 


For the purposes of error analysis we will assume that the generator 
is connected directly to the receiver so that {£=1. The noise factor 
of (10E.52) can then be written as 


za 
m2 E 


uo 9 
i g(Set¥e -1)[4kT. Rs B| 


(10E.53) 


where the Xin the first term has been retained for purposes of showing 


the effect of very small losses. The noise figure from (10E.53) is: 
Uo 2 2 
NF'= 10 togm® + 10 don Es 10 Log £ 
Lia 4kTo Rs Be] 
—10 Lero, =eet - |) — 10 Lea: o Ks Uc (10E.54) 
° 
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This equation can be used to illustrate the effect of the various errors. 
The error in the measured receiver noise figure is directly related, db 
for db, with each of the arguments of the log functions in (10E.54). The 


error caused by errors in modulation index is: 
SNF,, = 20 |+ 4m iA 7 
m = 20 Loa ai (FR =m-+am) (10E.55) 


A plot of this equation for typical values of m and 4m is shown in 
Figure 10E-4. 
The error in generator voltage is analogous to the error in excess 


noise ratio (Equation 10E.50) and this error can be computed from: 
ul 
= 10E.56 
NF“ = NF, + S(Es)) ( ) 


A low value of generator output will result in a measured noise figure 
which is pessimistic while a high value gives an optimistic one. For 
more information on generator errors refer to Section C of Chapter IX. 
The effects of all the other parameters of Equation 10E.54 on 
measured noise figure can be evaluated in a similar manner. A few 
specific comments should be made on receiver noise bandwidth error 
effects. The error in measured noise figure due to errors in receiver 
noise bandwidth @, = B. + AB.) is obtained from (10E.54) by separating 


out the term containing BA: 


SwF = — [10g B. — 10tog Be] 


== 10 Log [1 + = | (10E.57) 
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Figure 10E-4. Error in Measured Noise Figure Due to an Error 
in the Modulation Percentage 


When the error is expressed as the number which should be added to the 
measured value, as in (10E.50) or (10E.56), the sign on oNF must be 
negative for positive errors in noise bandwidth. This reflects the 


fact that bandwidths too large give pessimistic values for the measured 
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noise figure. Figure 10E-5 is a plot of the error in measured noise 
figure as a function of the percentage error in receiver noise band- 
width. 

A comparison of Figures 10E-4 and 10E-5 shows that, for a compari- 
tive percentage error, the effect on measured noise figure is much 
more pronounced for modulation percentage. When trying to improve 
measurement accuracy, it is much more profitable to expend effort on 
improving modulation accuracy than on improving noise bandwidth 
accuracy. Errors due to source mismatch and transmission-line loss 


can be accounted for by applying the analysis of the previous section. 


5. FM sensitivity 


The errors involved in making FM sensitivity measurements are 
difficult to analyze because of their extreme dependence on detector 
characteristics. It is not practical to measure noise figure with an 
FM system. The error from sources other than the detector can be 
analyzed by techniques given previously by applying Equation 8A.1. 
Deviation ratio errors are discussed in Section B of this chapter. 

A few comments can be made about FM sensitivity errors in general. 
First of all, the sensitivity of an FM receiver will always improve 
with improvements in receiver noise figure. The receiver predetection 
SNR improves db for db with decreases in RF noise figure. Using this 
fact and a curve such as given in Figures 8A-2, 8B-l, or 8B-2, it is 
possible to predict the improvement in output SNR. Likewise, one can 
predict the effect of a lossy transmission line or noise bandwidth 


error using these curves and Equation 8A.1. The systems which employ 


493 


1,0 
0.8 
0,6 
0.4 

oa} 0,2 

a 

‘i 

121 c@) 

Zz, 

aq 

om 

Bee 

ie) 

MH 

fea} 

I -0,4 

raf 

a 

oO 


NF'' = NF_ + 6NF 
m mn 


+++ 
“25 -20 -15 -10 -5 O§ 5 10 15 20. 25 


AB. ~ Percentage Error in Receiver Noise Bandwidth 


Figure 10E-5. Error in Measured Noise Figure Due to an Error in 
the Receiver Noise Bandwidth 


FM do not usually require accurately known sensitivities thus, for most 


situations, error analysis becomes a secondary consideration. 


6. Tangential noise 


The essential theory of tangential noise sensitivity measurements 


was presented in Chapter VIII. Since Equation 8A.1 is used to determine 
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noise factor from tangential sensitivity it is used as a basis for error 
analysis. The principal errors in the measurement of tangential noise 
are caused by: 

a. Errors in the generator voltage, a 

b. Errors due to transmission line loss 

c. Errors caused by incorrect source resistance 

d. Errors in the effective noise bandwidths, Bh and By 

e. Observer error. 
Observer errors are large in this method, typically ranging from 1-2 db 
so that errors due to other factors play a minor role in the total 
error picture. Errors due to the other effects listed above have been 


discussed in previous sections in this chapter. 


7. Antenna noise temperature 


The errors involved in measuring antenna noise temperature are 
directly analogous to those involved in measuring receiver noise 
temperature by the hot-cold noise-source Y-factor method. Starting 
with Equation 9D.1 and considering mismatch effects, the change in 


output power levels is: 


ces oR Tes Rg 
Ts Rs + Tes Rs 


(10E.58) 


u u 
The noise temperatures Toa and Fass are the effective receiver noise 
temperatures when the receiver is connected to the antenna and to the 
source. They are different because of mismatch effects caused by the 


transmission line connecting the receiver to the antenna and to the 
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“ 
eA 


10B.37. The difficulty involved in accounting for changes in receiver 


7] 
source. The equations for T and Tos are analogous to Equations 
noise temperature caused by source mismatch has been amply discussed 
in the first part of this section. To simplify the equations we will 
assume that the antenna impedance and the reference source impedance 


are equal so that Equation 10E.58 can be solved to give 
h=Mi& + hy, CM-) (10E.59a) 


where a is the total receiver noise temperature given by Equation 
10E.3. Tht accounts for the receiver noise temperature modified by 
the effect of transmission line loss. Substituting (10E.3) into 


(10E.59a) gives the final result: 
“ 
Ta = MT + (M-1) Eve +-T) (10E.59b) 


As was done in previous sections, the error involved in the measure- 
ment of each quantity in Equation 10E.59 will be expressed as a correc- 


tion factor to be applied to the measured value i.e.: 


Ty = Ty + ATL (10E. 60a) 
M=M+AM (10E.60b) 
I, 


a AT, (10E.60c) 
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tA | (10E. 60d) 


a 
a“ " 
Te = Te" + ATe (108. 60e) 


The error in T, due to an error in M is computed from (10E.59) by 


substituting M to give: 


“~ “~ 


Th = MT, + (F-1) [RT + (2-0T] 


Solving for nominal values using the correction factor equations 


above gives: 


Ty - AT, = (M- OM) T, + -am-)[£T + G-DT] 


MT, + (m-1) [£Te" +@-1) TF] 


-am {T, + [eT +(£-) TJ} 


From this equation, the error in measured antenna noise temperature is 


identified as: 


AT, = AM {7, + [x Te +-0 TJ} (10E.61) 
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From this equation and (10E.60a) we see that when AM is positive, mean- 
ing the measured value of M is smaller than the true value, the measured 
antenna noise temperature is smaller than the true value. In a similar 
manner we can calculate the errors due to the other parameters. 

The following error equations can be computed using (10E.59) and 


(10E.60) : 


~~ 


a. Error due to Ts? 


AT, = MAT, (108.62) 


b. Error due to Z, 


AT, = (M-1) [Te'+T.] O& (108.63) 


ot 
c. Error due to qT. 


OT, = £(M-1) ATe. (10E.64) 


The maximum uncertainty in i, is obtained by adding the absolute 


magnitudes of the errors: 
otal = laml (7, + [£12 + e-nt]} 
+ || [ors] + [Te + Te] [mf fas 


+ £ [m-i| [ate"| (10B.65), 
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The accuracy of the measured value of antenna noise temperature then 


becomes: 


Ty = ap = [at | (10E.66) 


The following numerical example is included to help clarify the error 


equations. The system data obtained are 


M = 1.26 + 0.03 (1 + 0.1 db) 
T = 295+5°K 
s 
{ = 1.023 + 0.023 (0.1 + 0.1 db) 
oi re) 


T '' = 220+ 20° K 
T = 295° K 


T. and the total uncertainty in on are computed from (10E.59) and 


(10E.65) as: 
T, = 1.26 (295) + (1.26 - 1) [(1.023) (220) - (1.023 ~ 1) (295)] 
= 429° K 
[Ar, | = (0.03) {295 + [(1.023) (220) - (1.023 - 1) (295)}} 


+ (1.26) (5) + [220 + 295] (.26) (0.023) 
+ (1.023) (.26) (20) 


15.4 + 6.3 + 3.1 + 5.3 = 30.1° K 
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The value of antenna noise temperature must then be reported as: 


oO 
z + 
qT, 429 + 30.1 K 


Notice that the largest error term is due to the error in M. It is most 
often true that the largest error is caused by the uncertainty in M. 

It should be remembered that the largest possible error does not nec-— 
essarily reflect system capability i.e., self-compensation of the var- 
ious errors tends to reduce the total error. Also the maximum error 
bounds are seldom acheived simultaneously. 

When using a comparison technique where the reference temperature 
is adjusted to equal the antenna temperature, measurement errors are 
caused by reference Peusatetwes errors and mismatch errors. 

The antenna noise measurement technique shown in Figure 9D-3 has 
additional errors associated with the coupler and excess noise tempera— 
ture. Equation 9D.5 is used to analyze measurement errors. The 
measured antenna noise temperature is: 


ol (1s + Tex ) a a 


—— = Te (10E.67) 
ui (M-1) 


Using the same techniques applied to the other antenna noise measure- 
ment system, the errors due to the parameters of Equation 10E.67 are: 


~ 
a. Error due to qT, 


Aig = = A (10E . 68) 
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b. Error due to T 
ex 


Akl, = o& AT, (10E .69) 


c. Error due to o& 


_ T, + Tex 


AT, = == Ack (10E.70) 
A (M-1) 
d. Error due to M 
AT, = — aA (Te + Tex) AM (10E.71) 


2 
CM-1) 
F. Gain Variations 


If the total gain of the receiver changes during a sensitivity 
measurement, errors are introduced into the ratio measurement. The 
effect of gain changes can be analyzed by considering Equation 10E.4. 
Since Gy and G) can be factored out as a ratio, it is possible to 
define a modified Y-factor such that 


(10F.1) 


Say 
CAN 


and the error due to gain instability can be treated as an error in 


the measured Y-factor or: 


G 
Y - factor error in db = 10 log ae) (10F.2) 
2 


Output fluctuations due to gain changes are interpreted as additional 


input noise fluctuations by the measurement device and degrade the 
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minimum receiver sensitivity. For a radiometer as used in radio 
astronomy, the minimum detectable noise temperature of the system 
is given by Equation 6.50c. 

To account for gain fluctuations, this equation is modified to 


(Kraus, 1966, p. 248) 


ATrin = Ke Ke Tas ost + GE) (10r.3) 
sys Bi 
where G is the average power gain and AG is the RMS value of the gain 
variation during the measurement. 
For most sensitivity measurements, gain variations are rarely a 
problem because the measurements are taken over a time interval too 


short for significant gain fluctuations. 


G. Image Response 


When measuring the noise figure of a superhetrodyne receiver or 
any receiver with more than one RF input frequency, care must be taken 
as to how to report the noise figure. Generally the safest technique 
is to report the measurement conditions in detail and let the reader 
interpret the result. For a mixer stage there are two distinct 
responses, the signal response and the image response. If a noise 
source is used, noise power can come in on both channels and cause 
the measured noise figure to be as much as 3 db lower than the actual 
single-channel noise figure. 

The measured noise figure which results from a multiple-input 


receiver has been variously termed the "two-channel" noise figure, 
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the "radio astronomy" noise figure or the "radar" noise figure. The 
reason for this is that these systems usually employ both responses to 
get the best possible SNR. 

The "radio astronomy" noise factor can be computed from the single- 
channel noise factor by the following formula (Mumford and Scheibe, 


1968, p. 53 or Kraus, 1966, p. 266) 


-1 
= Te G2 B, \ Ga Ba 
fen = ( : 7) [ "GB *"" G, a | oe 


where G and BA are the gain and bandwidth respectively of the ach 


image channel and G, and By are the respective gain and bandwidth of 
the primary channel. 

For example,a noise figure measurement of a wideband mixer will 
indicate a value 3 db lower than the single-channel value. A wideband 
mixer with an effective noise temperature of 290° K at both channels 
will indicate a 0 db noise figure instead of 3 db. More complicated 
schemes can be analyzed using Equation 10G.1. 


A detailed discussion of the noise in a multiple-response receiver 


is given by the IRE Subcommittee 7.9 on Noise (1963b). 


H. Two-Port Devices 


The noise factor of a two-port device depends upon the operating 
temperature because of the internal thermal sources. If the Friis 
equation (Appendix, Part J) is applied to a passive two-port, the 


result is 
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(F. -1) 
get re 


(10H.1) 


where Ft is the total receiver noise factor, F. is the receiver noise 
factor without the two-port, F. is the noise factor of the two-port, and 
G = 1/f is the available gain of the two-port. The total receiver noise 
factor is determined from (10E.3) as 


a“ 


Te T 
= + = + -|) = 10H.2 
| it (£-1) = (108.2) 
and the receiver noise factor is: 
(10H.3) 


Substituting (10H.2) and (10H.3) into (10H.1) and solving for the noise 


factor of the passive two-port gives 
LA 


which clearly indicates the dependence of passive two-port noise factor 
on operating temperature. 

The effect of ambient temperature on active two-port noise tempera- 
ture is much more complicated because the thermal noise sources inter- 
act with shot noise sources to give a net effective noise temperature. 


The noise factor of Equation 4F.57 should be written as: 


_ B(T 
FOI Se Cr) Ge [(G,- Giope) +(B, Boage)*| (108.5) 


to illustrate the temperature dependence. By applying the Nyquist 

Theorem to the internal thermal noise sources, it is discovered that 

the temperature effects can be accounted for by simple temperature 

scaling. In other words, the equivalent noise resistances in the 

model can be scaled as: 

Ta 
Tq, 


(10H. 6) 


where r is the equivalent noise resistance at qT, and Ty is the operating 
noise temperature of the device. This scaling technique is not to be 
applied to any noise resistance representing shot noise. As an example, 
consider the noise factor of a junction transistor as represented by 
Equation 4F.67. The temperature dependance can be accounted for by 
scaling the base spreading resistance Toy? 


Oe Ty 


r Ke! oe 


This is substituted into the noise factor Equation 4F.67 to give: 
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| T 
F(n)= (+96 (ha st +4) 


Ty a 
Rothe + hw =P ) l £ 2 
5 ee a ae Ae + |[— (10H.8) 
2 Rs Ye Po (= 


The resistance te is not scaled because it represents shot noise. A 
similar procedure can be applied to all the noise factor equations in 


Chapter IV. 
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XI. INTERRELATIONSHIPS OF MEASUREMENT METHODS 


This chapter is a summary of the important equations relating the 
various measures of receiver sensitivity. To keep the summary brief, 
the important equations will be listed but the detailed algebraic 
manipulations will not be shown. Several graphs will also be included 
to illustrate more clearly the features of some of the more useful 
equations. 

The important relationships are now summarized (definitions follow 
the equations): 

a. Relationship between noise factor and effective noise 


temperature (Appendix, Part E): 


T 
= —_— = = 
Felt 7 | or tT, (F 1) Ty (11.1) 


b. Relationship between noise factor and AM sensitivity 


(Equation 8D.7h): 


22 
m EAM 
ae a Cs as a ee 
Pp o sc 


c. Relationship between noise factor and tangential noise 


sensitivity (Chapter VIII-C): 


2 
EIN 


‘ex (11.3) 
4k TR, CK) V2 8, By] 
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d. Relationship between receiving system power sensitivity 


and effective noise temperature (Equation 4D.9): 


Ps =k (T, + TA] B. Sain (11.4) 


The following quantities are defined: 
B. ss The effective noise bandwidth of the receiving system, Hz 


(see Equation 8D.18). 


ip 


Predetection noise bandwidth, Hz. 


les 


Postdetection noise bandwidth, Hz. 


ic 


AM sensitivity in hard volts RMS. Value depends upon 
receiver noise bandwidth and desired predetection signal- 


to-noise ratio. 


ic 


Tangential noise sensitivity in hard volts RMS. Value 
depends upon K)> By, and BL (see Equation 8C.1). 


= The noise factor of the total receiving system. 


ty 
I 


Boltzmann's constant, 1.38 x 10723 watt~sec 


re) 
K 
Sensitivity constant for tangential sensitivity. 


a oS 
i> ite 


it 


Modulation index for amplitude modulation (0 < m< 1). 


LF 


ee Receiving system power sensitivity, watts. 


im 


Source or antenna resistance for which the sensitivity is 


measured, ohms. 


ip 


Predetection signal-to-noise power ratio. 


im 


ar The minimum acceptable predetection signal-to-noise power 


ratio. Quite often arbitrarily chosen as unity. 
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T, = Effective noise temperature of the receiving antenna, °K 
(see Equation 4C.68). 

ae = The effective noise temperature of the total receiving 
system, °K, 

T 2 Standard temperature, 290 Oe 


The notation for the equations above has been made as simple as possible 
and may not agree with various equations listed elsewhere. This compro- 
mise was considered necessary to achieve definitional simplicity. For 
more exact notation refer to the appropriate section elsewhere in the 


text. 
A. Noise Factor (Noise Figure) 


The following equations relate noise factor to the various other 
sensitivity parameters: 


a. Effective noise temperature, Te 


T 


b. AM sensitivity, EAM 


2 


m ES 
AM (114.2) 


Fe= 
s, [4 k Ty R. Bd 


c. Receiving system power sensitivity, Pes 


Pe d+ | (11.3) 
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d. Tangential noise sensitivity, EON 


E 2 


* IN 
4k qo R, [Ky1/2 BL B,J 


A plot of noise factor and noise figure as a function of effective 


F (114.4) 


noise temperature is shown in Figure 11A-1. The graph is accurate 
enough to be used for most noise calculations. 

Equation 11A.2, which describes the relationship between noise 
figure and AM sensitivity, can be specialized to a more convenient 
form by specifying some of the receiver parameters. It is common 
practice to fix the values of antenna impedance, signal-to-noise ratio, 
and modulation index when specifying the AM sensitivity of a variety 
of receivers. Nominally, the predetection SNR is related to the audio 
output signal-plus-noise-to-noise ratio as (see Equation 8D.18): 


5, tN, 
= ol one an 1 


re] 


The following values are commonly used standards for AM sensitivity 


measurements: 


S +N 
7 2 = 10 (Corresponding to a 10 db ratio) 
re) 
R_ = 50 ohms 
s 
m = 0.30 (corresponding to 30% modulation) 


In the normal AM system, the predetection noise bandwidth is twice the 


audio bandwidth. If BA is the audio bandwidth, then B. = 2 By and if 


F or NF 
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10 


8 NF = 10 log F 


NF 
Noise Figure 


3 F Noise Factor 


5 10° 2 5 10 2 


Effective Noise Temperature, tT, in °K 


Figure 11A-1. Noise Factor and Noise Figure as a Function of 
Effective Noise Temperature 
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this and the constants above are substituted into Equation 11A.2 the 


result is* 


2 
Fam 
F = 6250 —— (114.5) 
B 
A 
where EM = the receiver AM sensitivity in hard microvolts 


RMS (see Appendix, Part Q) 


By = receiver audio noise bandwidth in Hz. 


A very useful plot of Equation 11A.5 is given in Figure 11A-2. This 
graph can be used to compare receiver AM sensitivity specifications 
against equivalent noise figure. For example, a receiver with an audio 
bandwidth of 3 KHz is measured with a 1 KHz tone modulated 50-ohm signal 
generator. The required input in available signal power is, -111.4 DBM 
or 1.2 uV hard, for an audio output signal-plus-noise-to-noise ratio of 
10 db. The corresponding noise figure, from Figure 11A-2, is 4.4 db. 
For any receiver with these characteristics it would be meaningless to 
report a sensitivity of less than 0.7 pV hard as this would require a 
noise figure less than 0 db. A scale of available signal power in DBM 
with a 50 ohm reference is given at the top of the figure while that 
for signal level in hard microvolts is given at the bottom. 

One must be careful to specify whether the sensitivity is in hard 
microvolts or soft because of the 6 db difference. For example, an AM 


sensitivity of -113 DBM corresponds to 1.0 KV hard and 0.5 uV soft. 


*The convenience and simplicity of this equation was first brought 
to the author's attention in a private communication from D. B. Hallock 
of Collins Radio Company, Cedar Rapids, Iowa. 
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Typically a signal generator will be calibrated in DBM and soft micro- 
volts. If the sensitivity is read directly off the dial of such an 
instrument, the reading must be doubled before it is reported as a hard 


microvolt sensitivity. 


B. Effective Noise Temperature 


The following equations relate effective noise temperature to the 
various other sensitivity parameters: 


a. Noise factor, F 


i (F - 1) T, (11B.1) 
b. AM sensitivity, EM 
a i 
C= 1 (11B.2) 


e ra) [4k qT R Bo 


c. Receiving system power sensitivity, Fig 


P 
T «a — 8. _ 7 (118.3) 


e kB Ss A 
ec min 


d. Tangential noise sensitivity, Eon 


2 
Eon 
4k Ty R, [K, 2 BL B,J 
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C. AM Sensitivity 


The following equations relate AM sensitivity to the various 


other sensitivity parameters: 


a. 


Noise factor, F 


“ay \ 
Ea “mF Sp (4 7 RB BQ] 


Effective noise temperature, qT, 


tH 
ae 


R 


min 


Vs, [4 k (T, +T ) R, B oa 


Receiving system power sensitivity, Ee 


2 Ee 
E. = +,{R | S-__e (tT -T)B 
pil s oO c 


Tangential noise sensitivity, Eon 


Be 


ones 


z “1 


D. Receiving System Power Sensitivity 


(11C.1) 


(11¢.2) 


(11C.3) 


(11¢.4) 


The following equations relate receiving system power sensitivity 


to the various other sensitivity parameters: 


a. 


Noise factor, F 


Peet k(t + (F-D 7,| 8 


c Sain 


(11D.1) 
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b. Effective noise temperature, qT, 


Es =k (T, + TA] B. are (11D.2) 


c. AM sensitivity, Eau 


yey 


mE 
Rage he ada it +TL\s [4k TR BI 1p} (11D.3) 
P o s c 


d. Tangential noise sensitivity, EON 


2 
Eon 
er ae Be Sain B * 7 f . q 
4k Ts R. [K, 2 By B,J 


(11D.4) 


A special form of Equation 11D.2 is used to describe the power 
sensitivity of a receiving system. First it is necessary to introduce 
the concept of absolute sensitivity (Saad, 1966). Take the log of both 


sides of Equation 11D.2 and write in terms of db: 


p_,(db) = 10 log P_. = 10 log| k (I, + ) + 10 log B, + 10 log S.. 
(11D.5) 
The factor, 


S = 10 log [k (I, + T.)| (11D. 6) 


is referred to as the absolute sensitivity. It is the power sensitivity 


of a receiver which has a 1 Hz bandwidth and a minimum acceptable 


S ~ Absolute Sensitivity in dbm/Hz 


Figure 11D-1. 
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Antenna Noise Temperature in °K 


NF - Noise Figure in db 


Absolute Sensitivity as a Function of Noise Factor 
for Various Antenna Noise Temperatures 
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predetection SNR of unity. For any B. and Sin? the receiving system 


power sensitivity can be written as: 


P ig (9) = S + 10 log B. + 10 log Sin (11D.7) 


A plot of absolute sensitivity as a function of receiver noise figure 
for various values of antenna noise temperature is shown in Figure 11D-1. 
This figure illustrates several of the interesting features involved in 
the trade-offs between receiver noise figure and antenna noise tempera- 
ture. As an example, consider a receiver with a noise bandwidth of 1 
KHz, a noise figure of 2 db, and a required minimum SNR of 10 db. When 
the antenna noise temperature is 100° K, the available signal power at 
the antenna must be greater than Pe Using Equation 11D.7 and Figure 


11D-1 we calculate: 
P ., (dbm) = - 174.2 + 10 log 1000 + 10 = - 134.2 dbm 


An increase in the antenna noise temperature from 100° K to 1000° K 
results ina Pg (abm) of -127.8 dbm. Calculations of this type can be 
used to determine where improvements in sensitivity can be most econom- 


ically made. 
E. Tangential Noise Sensitivity (Pulse Code Systems) 


The following equations relate tangential noise sensitivity to the 
various other sensitivity parameters: 


a. Noise factor, F 


Eny 7 4|F [4 kT R, K,7/2 8, B|\ (11E.1) 
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b. Effective noise temperature, T, 


EDN 25/4 k (T, + T,) R, K/2 BL BF (11E.2) 


c. AM sensitivity, EaM 


ok 
2 (11E.3) 


SB 
m7 Egy | = 
Ky? Ba BL 


d. Receiving system power sensitivity, P 


Eo =2-—/k R, Ky V2 BBL opie B = = Ty + r, (11E.4) 


ec min 


For a 50-ohm system, the constants k and qT, can be substituted into 


Equation 11A.4 to give 


2 , 
EON 
F = 1.25 ——L— (11E.5) 


oo aes ae 
where EON is in hard microvolts RMS and the bandwidths are in MHz. An- 
other convenient representation is to express the tangential sensitivity 
in available power at the input. The power sensitivity of the receiver 


is (from Equation 8C.2) 
S, (dbm) = - 114 + 10 log F + 10 log Ky + 10 log+/2 Bh Bo 


= - 114 + NF + 10 log K, + 10 log,/2 Bh Be (11E.6) 


where values of K) are given in Table 8C-l1. The quantity +/2 By By is 


sometimes defined as an effective receiver bandwidth (Klipper, 1965): 
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B =4/2 B, B (11E.7) 


For a square-law detector (K) = 7), Equation 11E.6 can be simplified 


to: 
S,(dbm) = - 105.5 + NF + 10 log Be (11E.8) 


Equation 11E.8 is used to generate the graph of Figure 11E-1. Since 
the value of the sensitivity constant, K)> depends on an observer evalua- 
tion which is no better than 1-2 db, the accuracy of the graph is limited 
to the same error. 

As an example, consider a pulse receiver with predetection band- 
width of 20 Mhz, a postdetection bandwidth of 0.1 Mhz, a noise figure 
of 8 db, and a square-law detector. From Equation 11E.7, the effective 
receiver bandwidth is 2.0 Mhz. From Figure 11E-l, the tangential 
sensitivity is -94.5 DBM. This is a voltage sensitivity (in a 50-ohm 


system) of 8.3 WV hard or 4.15 HV soft. 
F. Noise Quieting (FM Sensitivity) 


A relationship between FM sensitivity and the other sensitivity 
parameters given in this chapter was not established in Chapters VIII 
or IX. The reason for this is that the comparisons are too dependent 
on detector and signal properties. It is because of this that comparisons 
among the various FM sensitivities were not made. No literature refer- 
ence that treats these problems was found. Further investigations are 


needed to provide information about these comparisons. 
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XI. SUMMARY 


Noise theory and sensitivity-measurement theory have been discussed for receiving 
systems and circuits. The topics were presented from the viewpoint of a design engineer 
working with high-frequency systems and circuits. Emphasis has been given to the circuit 
analysis of noise problems in each basic block of a complete receiving system. The main goal 
of this work has been to provide a self-study guide in these areas for engineers and scientists 
with very little background on noise theory. 

The basic questions: 1) what is receiving system sensitivity, 2) how does it relate to 
signal-to-noise ratio, and 3) how is it measured, were answered. The functional blocks of a 
receiving system were described in detail as to their operation and effect on sensitivity. The 
physics of noise generation, how it is characterized and the physical sources of noise were 
presented in great detail. The fundamentals of two-port noise theory were emphasized 
throughout the text. 

The overall picture of a communication system was discussed in Chapter II. Each 
component of the system was described and the reasons for studying the noise in receivers 
and antennas were stated. In Chapter III, the receiving system was presented and each 
component of the system was related to the overall performance. A detailed block diagram of 
the receiver was presented. 

A large part of the writing and research was concentrated in Chapter IV on noise in electronic 
circuits. The physical properties and physical sources of noise were discussed in detail to 


provide the user with as much background information as possible. This background 
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was then used to discuss the topics of system and circuit noise and noise theory for two-port 
networks. Many of the more important equations were derived in this chapter. The last part of 
the chapter dealt with noise in electron devices. The most important device noise information 
was condensed so it could be used for self-study. 

The discussion on RF translator noise in Chapter V was a summary of information 
scattered throughout the text. Translator noise was discussed separately because the RF 
translator is the most important sensitivity determining component in a receiver. The chapter 
was con—cluded with an interesting graph showing state-of-the-art noise figures for 
commercially available broadband RF amplifiers. 

The most technically demanding topic was the discussion of noise power detectors in 
Chapter VI. Detector theory was heavily involved in determining the resolution accuracy of a 
noise measurement. The different types of detectors were analyzed and the relationship 
between predetection signal-to-noise ratio and output measurement was presented. 

Chapters VII through X dealt with the theory of sensitivity measurements. The 
common measuring methods and the errors associated with those methods were given in 
detail. 

The relationships among the various sensitivity specifications were presented in Chapter XI. 
Of special importance were the graphs comparing; noise figure and noise factor with effective 
temperature, noise figure with AM sensitivity, noise figure with absolute sensitivity, and noise 
figure with tangential sensitivity. 

An extensive appendix was given to provide the fundamental definitions of many of 


the quantities used in the study of noise theory in electronic circuits. 
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XIV. APPENDIX 
A. Power Spectral-Density Function, (w) 


The power per-unit-bandwidth (watts-per-hz) of the frequency dis- 
tribution of a random signal, X(t), is called the spectral power because 
its variation with frequency produces a power spectrum. The concept of 
a spectral density is particularly useful for noise studies because it 
provides a means of describing the noise behavior of a network using 
linear system theory. This function is discussed in textbooks on 
communication theory (Beckmann, 1967) and linear circuit theory (Brown 
and Nilsson, 1962). 

Before defining spectral density it is necessary to define the 


‘Fourier Transform Pair to be used in this report: 


+60 : 
g(w) = i £(T) edt =e as ete 
pe +00 ; (A.1) 
| +ywet -l 
# (vt) = 37 | IME dwe= F [se 
—co 
Other equally valid definitions are sometimes used which distribute the 
2m factor in a different manner but the above seems to be the most 
common. 
The definition for the power spectral-density function of a random 
signal X(t) is that it is the Fourier transform of the autocorrelation 
function of X(t): re 


“jw 
Gd (w) = |}R(rNYe : dv Pw) is real. (A.2) 


-—o 
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The autocorrelation function of X(t) is a measure of how well the 
function X(t) is correlated with itself after an elapsed time, t. 
This function is obtained by the average of the product, X(t)X(t-1), 


over a time period, T, as T goes to infinity; 


we 
Rov) = Bim 2 | XX (4-1) dt. (A.3) 
Tro 
~% 


If Fourier analysis is to be used, the random signal X(t) must be time 
stationary, i.e. its statistical properties must not vary with time. 
This requirement is satisfied by the Gaussian white noise produced in 

a linear resistor (thermal noise) but not by a noise source with a time 
varying mean-square value. This is the usual assumption made in 
receiver noise studies and when Fourier techniques are applied to 

noise problems. 

For the thermal noise produced by a resistor, the power spectral- 
density function is obtained from the quantum view of radiation. Nyquist 
(1928) produced a theoretical basis for resistive noise power using 
thermodynamic and statistical mechanics. He assumed thermal equilibrium 
and applied the equipartition theorem to obtain the available power- 


per-unit-bandwidth as: 


(+) - kT watts/hz. 
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When Planck derived the black-body-radiation law he found that the kT 
product in the equipartition law must be replaced by the Planck factor 
(van der Ziel, 1954) defined by Equation A.4 which is also the power 


spectral-density for a resistor 


R Pt) = hf watts/hz. (A.4) 


YH) ita = 


Planck's Constant, 6.63 x 10°77 joule-sec. 


where h = 
1! -23 ° 
k = Boltzmann's Constant, 1.38 x 10 joule/ kK. 
TR = Thermal temperature of the resistor, ok 
£ = Frequency, Hz. 
X(t) = Thermal noise voltage, Volts. 


Equation A.4 is valid over all frequencies and temperatures but is 
seldom used in that form at radio frequencies. The Rayleigh-Jeans 
approximation to Planck's radiation law is used at radio frequencies. 
This approximation can be obtained by expanding the denominator of 


(A.4) in a power series to obtain: 


h h¢ F 0 
R ~ »£ — 400 h ‘ 25 
fee ip fee ge — a 


The power spectral-density function for a noisy resistor can now be 
written in its simplest and most commonly used form by substitution 


of (A.5) into (A.4) to get: 
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G4 1 Te. -waktey he (A.6) 


It is interesting to compute the total power available (Appendix, Part 


C) from a noisy resistor by integrating Equation A.4 over all frequencies: 


foe) 
Total noise power = Bit) df watts. (A.7) 
fo) 
B ; hf _ Bb ? 
y using the substitutions, z = kT. and dz = kr. dt; equation A.4 be- 
R R 
comes: 
foo) 
(kta) | ede _ (kta) (1? 
Total Power = & psig ac. os ay ae 
h er-| h 6 
° 
Ke ap ey Soke = 
= he a ae Tr — 4.72 X 10 a i watts. (A.8) 


In the real physical sense, this power is not available to the user be- 
cause one never has an infinite bandwidth. At standard temperature, 

Ts = 290°K, Equation A.8 tells us that the total noise power available 
from any resistor is about 4 microwatts. With this equation we can set 
the upper bound on available power for a noisy resistor. 


For a finite bandwidth, and using the Rayleigh-Jeans approximation, 


(hf <<kT), the available power for a noisy resistor can be computed by 
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of 
R ve f+ 
mE aR = df) df = kT Af watts (A.9) 
' _of 


3) 


where Af is a small bandwidth about the frequency f. From this repre- 
sentation the mean-square noise voltage for the bandwidth, Af, and the 


Nyquist equation are: 


Vo eS op FR A = (woits)?. — (a.10) 


The ideas of power spectral density and Nyquist's equation are useful 


for many of the derivations that will be presented in this appendix. 
B. Noise Bandwidth 


The noise bandwidth of a linear, noiseless two-port network is 
defined in terms of the noise power available (see Appendix, Part C) at 
the two-port output due to a noise source of constant spectral intensity 
at the input. The concept of an equivalent noise bandwidth is a con- 
venient one for noise studies because it eliminates the integral equa- 
tions that result from applying Fourier techniques. The circuit of 
Figure B-l1 illustrates the basic elements needed to derive an expression 
for equivalent noise bandwidth. 

For a time-stationary input such as white Gaussian-noise, we can 
apply steady-state Fourier analysis which relates the input and output 


spectral functions: 
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Noiseless, Linear, 
Time-Invariant 
two-port, Network 


io) = Fhe] 
Vag = 4k Ty Rg AF Vna = 4k Ty Ro Go Br 


9, (w) = Power-spectral-density function of the noise 
input to the filter <= Ce 

9 (u) = Power-spectral-density function of the noise 
output from the filter. 

g(w) = Steady-state transfer function (complex). 


Z, = Two-port output impedance, R, = Re(Z,). 


Figure B-1. Noise Bandwidth Determination 


Pow) oe Pr lu | gw |* watts/hz, (B.1) 


The available power in an incremental bandwidth df at both input and 


output is obtained from the power spectral densities: 


——_ 


a 
d a =dN, = P.(#) df watts, (B.2) 


547 


d(z&)=dn. = C-AG3) gen] "dF. (B.3) 


Integration of (B.3) gives the total output power 
wi for) 
- ae 2 
Net $e | g)| df= ac Ie) dt; (B.4) 
° ° 


where g Noise temperature of R, 


Lar 
i 


g(f) = Steady-state transfer function. 


From Equation B.4, the effective noise bandwidth for a two-port 


network can be determined by examining the integral: 


foo) 


a 
gf) [ df. (B.5) 
° 
If we let the amplifier response le(£) |? be normalized to unity, ata 
convenient reference frequency f,, by dividing by the amplitude Bo at 


£4 the integral of (B.5) becomes 
[ew] 
3 @ 
J lswofes = go Ba (B.6) 
ro) 


where the effective noise bandwidth or normalized noise bandwidth is 


ao 
B, = 3 { Igc#y| d¥. (B.7) 
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Effective noise bandwidth can also be written in terms of transducer 


gain, G(f) = lee) |7, as (IRE Subcommittee on Noise, 1960a): 


eo 


G (+) df | (B.8) 


° 


Part (a) of Figure B-2 illustrates the concept of effective noise 
bandwidth for a smooth passband. Notice that the 3db bandwidth is 


not the same as the noise bandwidth. 


GCF) Gt) 


Figure B~2. Effective Noise Bandwidth, BL 


Part (b) of Figure B-2 illustrates a passband shape which is not smooth. 
For a smooth passband, the peak amplitude is usually chosen for normal- 
ization but for passbands with ripple, it may be convenient to choose 


some other reference. BL could just as well be normalized around the 
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average gain while still keeping the total output power constant. Com- 


paring the two methods we get: 


Max, G =G 
n max 


No =a a? G2 Bi ao fow df .  (B.9) 
Goma 


Ave, G. = Cage 


oo 
( 


\ 
No =k T, GB. ad ee {ow as .  (B.10) 


° 


The factor of normalization does not alter the fundamental meaning or 
the value of the integral of Equation B.5; however, most authors use 
the definition of Equation B.9. 

Whenever any difficulty arises due to the definition of effective 
noise bandwidth, the user should resort to the fundamental definition 


of output power: 


No = k T f gia dF (B.11) 


It is convenient for purposes of calculation to normalize the 
effective noise bandwidth with respect to the 3db bandwidth. Numerical 


integration can be used to compile tables of the ratio K: 


K zs (B.12) 
= patna ener B.1 
BWsab 
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Tables for passband responses that have well defined maxima, such as a 
Butterworth response, can be found in Kraus (1966, p. 265) and Lawson 
and Uhlenbeck (1950, p. 177). For more discussion on the computation 
of integrals such as Equation B.5 refer to Bennett (1960, p. 18). 

A simple noise bandwidth calculation will now be made to illustrate 
the technique. Figure B-3 shows an RC filter for which the noise 


bandwidth will be calculated. 


Figure B-3. RC Filter 


The transfer function is: 


Ae 
Ej(w) = Ro 
E(w) a Gy = es : (B.13) 
9 i? ‘ 
( FR) + joe 


The maximum value of g(w) occurs at w = Q, so 


Smeg = 


and normalizing g(w) we get 
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9 (w) | 
———_ = Gg, (w) = pee (B.14) 
R+ Ry 
RR 
Substitute, T = C a » and obtain the effective noise bandwidth by 
& 
the integral: 
Ww 
‘ a 
By = tim f Ign(w)] dw. (B.15) 
W —» 09 
° 
Squaring 64)» integrating over zero to W 
fo] 
| -! 
—, 90 = — Ban (wr) 
[+ wT TO 


B, = dim —- fam (wt) = + (2) (3.16) 


The 3db bandwidth is evaluated from the condition 


lg wy sede © ce J (B.17) 
a | + w+? 
and we conclude that: 

BW455, = = rad/sec (B.18) 
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Finally, the ratio of effective noise bandwidth to 3db bandwidth is 


taken: 


ar 
=— = 1.57 B.19 
a] ( ) 


From modern filter theory (Karni, 1966, p. 345) the rational function 


approximation for a transfer function is of the form 


| wf = gs tte ee 
2 | & Q (wa) 


where Q(w?) may be any of a whole class of orthogonal polynomials 
(Karni, 1966, p. 360). 

To the best of this author's knowledge, no tables comparing 
normalized noise bandwidths with the 3db bandwidths exists for the 
common functions of modern network theory. 

It is suggested that further investigations into the topic of 


effective noise bandwidth be made. 
C. Available Power 


The concept of the power available from a Thevenin's voltage 
source or Norton's current source is useful for communication engineer- 
ing, especially noise factor studies. This idea is used in many papers 
on noise theory and is presented here to familiarize the reader with 
this concept. By definition, the available power is independent of the 
load and is the maximum power that ean he drawn from the source by 


arbitrary variation of the load, 
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Actual Power Delivered < Available Power. 


The definition of available power is a direct result of the maximum 
power transfer theorem and is illustrated with the help of Figure C-l. 


E, and I, are RMS generators with internal impedance Z5° 


+ Zz 2 
E Available Power EI (c.1) 
aiia e Ow S57 pf oN ° 
: "9 4 Re(Z) 
Thevenin 


II)" 
4. Re (Ye) 


Available Power = (C.2) 


Norton 


Figure C-1. Available Power Network Theorems 


Since Z and Y,. are functions of frequency, it is necessary to 
include frequency variation effects if the source, E or Io contains 


more than a single frequency. 
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For noisy resistors, the available power is defined with the help 


of Figure C-2, where Pe and i, are mean square noise voltages and 


currents. 
R, @ o°k —~ f+AF 
a Available Power _ —— 
Ver (in bandwidth 4R, kT, dt (c.3) 
Af 
f 
Ve 
V, = 4 kK Te Rs AF 
kTp = Power Spectral density 
7 $+ OF 
Available 7 
Power 2 
e G,@ °K (in band- ~ 4G, kK Te df cc.) 
width Af) A 
O 


( =4k TR. AF 


Figure C-2. Available Power Theorem for Noisy Resistors 


The bandwidth Af is an incremental bandwidth which actually repre- 


sents the noise bandwidth over which the available noise power is being 


measured. When the noisy resistor is connected to a noiseless two-port 


network, the available noise power at the output can be obtained by 


combining Equations B.4 and B.6 
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Ey ae B, Foren (c.5) 


where TR = Temperature of the noisy resistor, ox. 
Soa. Peak amplitude of the steady-state transfer function. 
Bo = The effective noise bandwidth defined as; 
eo 
_ | 2 
B, = a4 1 Gn (ws) | dw (C.6) 
° 

B64) = Steady-state transfer function normalized to its 


maximum value, Snax’ 


The power delivered to a complex (RLC) load should also be defined. The 
real power delivered is determined by taking the magnitude of the 
current, squaring, and multiplying by the real part of the load imped- 


ance. Figure C-3 illustrates the derivation of the power equations. 


= |I, \" Re (2%) = Es et, Re(Z.)  «.7) 


=|E.\* Re(Y%.) = a Re (Xi) (.8) 


Figure C-3. Power Delivered to a Complex Load 
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D. Insertion Gain (or Loss) 


I, I, 
— | a 
+ =s Two-Port 


Network 


Figure D-l. Insertion Gain - Defining Quantities 


When a two-port network is inserted between a source and a load, 
the degree of impedance match between them may or may not improve. Also, 
if the two-port is active it may eee eee power gain or if it is 
passive, a power loss due to resistive dissipation in the network. 
Finally, the two-port may modify the bandwidth of power transfer be- 
tween the source and load. This could result in a reduction in the 
total power available at the source due to an attenuation of some parts 
of the spectrum. This is particularly true if the input is noise be- 
cause the output power would then be directly proportional to bandwidth. 
In any case, the net effect of the insertion will be to increase or 
decrease the power delivered to the load. 

If the power delivered is larger after insertion, we call it an 
insertion gain. If the power decreases, it is an insertion loss. Taking 


the ratio of power output after insertion to that before insertion, a 
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ratio greater than unity denotes a gain while one less than unity 
denotes a loss. The effect of inserting the two-port can be described 
in terms of the network's voltage or current gains as will now be shown. 


The voltage across Z, when the two-port is removed and terminals 


L 


2-2 are connected to terminals 1-1 is 


o Zi 
E. _ E, 7+ Zu (D.1) 


and when the two-port is inserted it becomes 


Z, 
Z, +22 


E,= Ay E, (D.2) 


where A, is the terminated voltage gain (E,/E,) of the network. The 
terminated gain of a two-port is the gain which actually exists between 
terminals 1-1 and 2-2 when the two-port is terminated with the desired 
source and load. AY can be written in terms of the two-port parameters 
as will be shown later. 

The insertion gain is now computed by taking the ratio of powers 


delivered to the load under these two conditions as 


[E,\" Re (4) 
jeeurion caw lZ.1* _ 121° 
= Pp’ JE \* Re ( #) lELI* 
ah vel? 
and from (D.1) and (D.2) - 2 
BAe) 8 pgm 
= lAvI} =| (Z, +z, 12 (D.3) 
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Insertion gain can also be described by taking the current ratios before 


and after insertion. The corresponding equations are 


Bos 7 E, = E, Ie (D.4) 
I, Zt+Z ? =A Z,+Z, Ate 
R _ Int : 
INSERTION GAIN = —> = ITal_ Re(#.)_ ae | Ta 
B IT]? Re (2) ieee 
a 
and from (D.4) = IAr}" js + 21 (D.5) 


lz; + z,)* 


For a value of insertion gain less than unity, we say the insertion of 
the two-port has caused a power loss while values greater than unity 
mean a net power gain. We conclude that gain or loss is only differ- 
entiated by the magnitude of the ratio Piles being greater or less than 
unity. 


Insertion gain is often expressed in db as determined by (D.6): 


(INSERTION GAIN), = 10 Soy (4). (D.6) 


a 
Insertion gain is closely related to another measure of two~port 
gain called transducer gain defined as: 
Transducer Gain = The ratio of the actual power 


delivered at the output of a two-port to the available 
power at the source. 
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Using Figure D-1 and output power in terms of the current gain A; 


Actual power at a 


TRANSDUCER GAIN = 
- Available power from the source 


2 2 
= IT, | Re (2,) =4 ITal Re (Z.) Re (2s) 


me 1E,)* IE5I 
4 Re (2s) 


and substituting for I, from (D.4) 


lant ts! 2 
l2s+2,1* t 
= 4 aa ae Re (21) Re (Zs) = SIAL Rel 2) Re(Zs) . (D.7) 


In terms of voltage gain A? 


2 Re(%) 
IE. \Z.)* 


\E,1* 
4 Re(Zs) 


TRANSDUCER GAIN = 


z, [° 4 Re (2) Re (Zs) 


2 
== Ay) Fx 1Z,+2,]* . (D.8) 


It is worthwhile to compare transducer and insertion gains. 
Seldom is the input circuit of a low-noise amplifier power matched 
to the source impedance so that transducer gain has less practical 
meaning than insertion gain. Also, insertion gain is easier to measure 


but the fundamental definition of noise factor as first presented by 
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Friis (1944) requires the use of transducer gain (see part H of this 


section). The equivalence between these two gains can be obtained by 


taking the ratio of (D.8) to (D.3) 


TRANSDUCER GAIN 
= Re (zs) Re (2s) < 4Rs Ri < 1 (D.9) 
INSERTION GAIN lZ5+ Z| (Rs +Ri)* 


and it can be concluded that the transducer gain is always less than 


the insertion gain. 


Other gain specifications are often used in two-port discussions 


and these will now be briefly mentioned. The Available Gain of the 


two-port is the ratio of power available from the two-port output to 


the power available from the source: 


[EI 
2 
AVAILABLE GAIN pees) oe = wee Re (és) 
1Es] IES} Re (Ze) 
4 Re (2s) 
a 
ee eS )z,) Re (Zs) (D.10) 


IZ, +Zil® Re (Ze) 


The Maximum Available Gain (MAG) is determined by conjugate impedance 
matching the two-port after it has been unilateralized. 
From network theory (ITT, 1956, p. 504) the gains and impedances 


needed to compute insertion gain can be described in terms of the chain 
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matrix (ABCD matrix) and the admittance matrix elements. The following 


equations are included for convenience: 
E, a (* B ( E. I, | a Xi Yin E, 
ve Cc OD ae I. Yeu Vee Ee 


Chain or ABCD Admittance 


Ng = Vu You = Yar Yu 


Input impedance, 243 


reek ease Bik Nee Ne, 
: CZ7.+D vs At + Yu 


Output impedance, 253 


z, 2 AZt+B 
anor ae a 


Voltage gain, ADS 


= Zu 
Av B+AZi 


Current gain, Aj3 


ae See 
~ C#,_.+D 


2 


_ Yun +%s 
AY +e Y, 


Av — Yay 
Yee + Vu 


— Yar Vi 
"L At + ‘ii Yi 
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” E. Equivalent Noise Temperature 


Nyquists Theorem states that the noise power available at two 
nodes of an RLC network at uniform temperature, TL» is simply the noise 
power available from the real part of the driving point impedance Pas 
This theorem defines the equivalent noise temperature of a one-port 
network. Any impedance, Zig can be represented by a Nyquist equiva- 


lent noise source as shown in Figure E-1l. 


R(#) 


——-_ (m) VY = 4k F RMAF 


Z,,= R(t) +5 X(#) 


Figure E-l1. Nyquist Equivalent Circuit for an RLC 
Network 

Since the real part of the driving point impedance will generally be a 
function of frequency, it will be necessary to represent the noise 
quantities by their Fourier coefficients (Smullin and Haus, 1959, 

p. 190). For this representation, the thermal noise generated by the 
network can be represented by a mean-square noise voltage generator 
we, and we consider R(f) to be constant over a narrow frequency range 


f to f£+4f and at a temperature TL: For these conditions, the tempera- 


ture T. properly depicts the available noise-power-per-unit-bandwidth, 
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kT, from the network and is therefore called the Equivalent Noise 
Temperature or sometimes the one-port noise temperature. 

In some applications it is necessary to consider the output 
terminals of a two-port network as a one-port; however, for a two-port 
network, the equivalent noise temperature is a more difficult concept. 
For this case, all of the noise at the output due to the internal 
noise of the two-port is accounted for by adding an additional noise 
generator to the input resistive termination. Figure E-2 shows the 
terminated two-port with all the two-port noise referred to the input 


and represented by the noise voltage generator ae 


Noiseless two-port with 


all internal noise 


Re 


accounted for by the 


noise generator Woe 


] 
| 
Source #——————— Noisy two-port ———~—————| Load 


Figure E-2. Two-port Equivalent Noise Temperature 


The definition for equivalent noise temperature can be derived in 
terms of noise factor by applying the basic definition obtained in 
section IV-E on two-port noise theory. It must be kept in mind that 
noise factor (and hence effective noise temperature) is a function of 
the source resistance Ri: For this reason, the equivalent noise voltage 


2 
source Vis is over simplified and cannot be used indiscriminately for 
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noise calculations. For a complete discussion, refer to the two-port 
noise theory section. 


The noise factor for the system of Figure D-2 becomes 


Vii + Vie vi 
= =i+ -3 E.1 
F aVig Ve ( ) 


and if we let these mean-square noise voltage generators be represented 


by their Nyquist equivalent sources (Section IV-B) we have 


oS 
i 


4kT. Ra AF 


(E.2) 


Ve = 4k Th Ra Af 


which upon substitution into the noise factor equation gives the final 


expression relating two-port effective noise temperature and noise 


factor: 


Pelee s Stren 8.3) 


The single noise generator, ae and equivalent noise temperature, 
Ty account for all the noise generated in the two-port without regard 
for the generating mechanism(s). The deceiving aspect of simply stating 
an equivalent noise temperature is that TL is actually a function of all 


four noise parameters of the two-port as well as R, 8° that; 


——< 


A = Funetion of (Ra, Ve, te V, (* ) 
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When specifying the equivalent noise temperature (or noise factor) of a 
two-port network it is always necessary to also specify the source 


resistance. 
F. Equivalent Noise Resistance 


The equivalent noise resistance is another means of specifying 
the noise performance of a two-port. The idea of an equivalent noise 
resistance is used because of its notational convenience and conceptual 
simplicity. Actually, the equivalent noise resistance is obtained in 
the same manner as equivalent noise temperature. Referring to Part E 


of this section we have the noise factor of the two-port as: 


| 


Vor 
Ve 


(F.1) 


Fo=]+t 


Now instead of defining the Nyquist equivalent sources in terms of an 
effective noise temperature we can consider the referred amplifier 


noise source, ae as being represented by a resistance Rea at 


standard temperature To: Doing this gives 


Ve = 4kT. Ra Af 
Ve = +kTe Rey AF 


which upon substitution into F.1 yields 


F= |) + a (F.2) 
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Any Nyquist generator can be represented by an equivalent noise 
resistance at standard temperature. This concept is used extensively 
in analyzing vacuum tube circuits (Pappenfus, Bruene, and Schoenike, 
1964, p. 251) and for specifying two-port noise parameters (van der 


Ziel, 1970, p. 32). 
G. Excess Noise Ratio (Excess Noise) 


The excess noise ratio of a noise source is a measure of the amount 
of additional noise a source contributes in excess of what it would if 
the source resistance were at standard temperature. The increase in 
available noise-power—per-unit—bandwidth that is caused by thermal heat- 
ing or by the addition of a shot noise can be accounted for by an in- 
crease in the effective noise temperature. When the source is at 
standard temperature, the power spectral density is kT): When the 
effective power is increased, the spectral power becomes kK(T, + Toy 
Tox is the increase in effective temperature above standard temperature 
and is called the excess noise temperature. 

The excess noise ratio is the ratio of excess noise temperature to 


standard temperature: 


R => (G.1) 


or expressed in decibels, 


ENR(db) = 10 log (R,.). (G.2) 
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The excess noise temperature for a resistor heated above standard 


temperature is illustrated in Figure G-l. The rise might also be 


caused by the addition of shot noise by a noise diode. The effective 


noise temperature of the source, Ty is composed of two parts, the 


standard temperature, qT: and the excess noise temperature, Tox! 


Rs 


Ve = 4k Tex Rs AF 


Figure G-1. Excess Noise Ratio Conversion 


The idea of excess noise is also used in discussing the noise out- 


put of a two-port network. The noise output above that which is due 


only to the source resistance is called excess noise. All the noise 


output caused by the noisy two-port is accounted for by an equivalent 
noise temperature T. or by the excess noise factor (FL-D. Figure 
G-2 will help illustrate the concept. 


The noise power output is: 


N_ = F_kT GB, (G.3) 
(e) r (¢] 
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Figure G-2. Two-port Excess Noise Factor 


which is the sum of the noise of the source multiplied by the gain and 


the internal noise of the two-port referred to the input 


mz 
i] 


kT GB + kT GB (G.4) 
fe} r 


k (T) + T.) GB, (G.5) 


and we see that T.. is the excess noise contributed by the source. 
Equation G.4 can also be written in terms of noise factor using the 


substitution (F. - 1) T =T3 
r o r 


N_ = kT GB + (F_ - 1) kT GB. (G.6) 
ro) ° r fo) 
The factor ce - 1) is called the excess noise factor. 


H. Noise Factor (Noise Figure) 


D. O. North wrote his famous paper on the Absolute Sensitivity of 
Radio Receivers in January, 1942, fourteen years after Johnson (1928) 


and Nyquist (1928) had first experimentally and theoretically verified 
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noise voltage fluxuations in conductors. It was fourteen years after 
Johnson had reported a "disturbance which is called 'tube noise' in 
vacuum tube amplifiers" before a quantitative and absolute method of 
comparing receiver sensitivities was developed. Many qualitative 
descriptions of amplifier noise had been given in those intervening 
years but the definitions depended on various circuit variables and this 
made it difficult to directly compare receivers. North's proposed 
method of specifying the internal noise of a receiver was attractive 
because it depended only upon the antenna or source resistance to 

which the receiver was connected. 

Two years after North had defined the fundamental noise properties 
of an amplifier with a measure called "noise factor", H. T. Friis (1944) 
published his classical paper on the Noise Figures of Radio Receivers 
in which he derived a rigorous definition for noise factor in terms of 
a terminated two-port network and developed the famous Friis Equation 
(see Part J of this section) which determines the total noise factor of 
a cascade of noisy two-port networks. 

These two papers formed the foundation for the study of noise in 
two-port networks and the concepts they developed are still important 
and very useful in receiver noise studies. To fully appreciate the 
simplicity of the idea of an absolute sensitivity and to illustrate its 
utility for amplifiers we will present the noise factor definition much 
the same as did North and Friis. 

Before showing the basic derivation of noise factor, it is appropri- 
ate to discuss a disagreement in terminology. The problem is that the 


quantity which North called noise factor, Friis called noise figure. 


570 


Quite often the two terms are used interchangeably as they were in the 
beginning but it is now common practice in industry to distinguish 
between the two and we shall do so in the following way: 
1. The numerical factor, F, which North called noise 
factor and Friis called noise figure we shall call 
Noise factor. 
2. The noise factor in db as is commonly specified 
in the literature we shall call noise figure (NF) 
thus; NF(db) = 10 log F. 
The reader should be cautioned that these definitions are not universally 
accepted and therefore one must determine a particular author's usage 
when reading in the literature. As a general rule most formulas and 
calculations use the numerical noise factor, F. The following derivation 
of noise factor is based on the simple presentations of North and Friis. 
Modern definitions and terms are used but we will avoid a rigorous pre- 
sentation in the hope that a better intuitive idea of the concept of 
absolute sensitivity may be developed. 

Suppose it were possible to build two receivers identical in every 
respect except that one contained internal noise sources and the other 
was noiseless. Furthermore we must stipulate that the receivers are 
linear and that we can describe them with two-port circuit theory. 

Since they are identical, they will exhibit identical gain and port 
impedances under identical terminating conditions. Figure H-1 will 
illustrate the following definition of noise factor. 

First, the noiseless receiver is inserted between the source and 


the load and the output noise due only to the source noise amplified 
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Noiseless 
Receiver’ tied 
| Meter 
Gain = G OD 
Source | | Load 
{ | 
| 
i { 
Rs | 
O 
Power 
Meter 


Source ) | Load 


Figure H-1. Noise Figure Definition 


by the transducer gain, G, is measured to be Noi watts. Then the noise- 


less receiver is replaced by the noisy one and the noise power output 


the sum of the noise due to the source and the noise generated 


internally in the receiver, is measured. North (1942) defined noise 


factor as the ratio of the noise power output of a noisy receiver to 


that of a noiseless receiver when the terminating conditions are 


identical; 


No2 
Noise Factor, F= >. (H.1) 
Noi 
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We know that the output power for the noisy receiver is the sum of 


receiver noise and source noise which may be separated to obtain 


N., = N., +N (H.2) 


Felt+s. (H. 3) 
O1 


Equation H.3 for noise factor illustrates the important ideas that a 


noiseless receiver (N, = 0) has a noise factor of unity and a noise 


R 
figure of Odb. 

Friis presented noise factor by a different method which helped 
workers already familiar with AM sensitivity measurements of signal-to- 
noise ratio to better understand the new concept. We recognize the 
need for the highest possible signal-to-noise ratio at the output of a 
receiver from considerations of communication theory. By intuition, 
it seems that the ideal noiseless receiver will preserve the signal- 
to-noise ratio from input to output and the noisy receiver would 
degrade it. Also we realize that any definition of noise factor must 
account for the fact that receiver terminations will affect the re- 


ceiver noise performance. Friis accounted for both of these by defining 


noise factor as: 


Available signal-to-noise ratio at the source 


b= — 


Available signal-to-noise ratio at the output 
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(S,/N,) 


—_—_————— ,. (H.4) 
(S/N) 


The available ratio accounts for variations in terminations by defining 
the maximum signal-to-noise ratio under any terminating conditions. 
Friis' definition can be compared to North's by simply adding a signal 


2 
voltage generator in series with the noise generator . of the source. 


Then we can define the signal and noise terms as: 


S, = Signal Power available from the source. 
Ny = Noise power available from the source. 

Sy = G S, (G is the receiver transducer gain). 
Ny =G Ny + N. = Noi + No: 


Taking the ratio defined in Equation H.4 we get by substitution of the 


noise and signal terms 


Ss, N N N +N 
R 
fe) i i 01 
and finally: 
N 
F=1+ a : (H.6) 
01 


This is a form identical to that which was developed in Equation H.3, 
thus we see that the definitions are consistent. 


The actual computation and measurement of noise factor is difficult 
without developing the concept with more mathematical rigor. In doing 


this we will look at the meanings of average and spot noise factor and 
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develop two useful noise relationships. The concept of a Nyquist equiva- 
lent for the noise power of the source will be used. The incremental 
noise power output in a differential bandwidth, df, at a frequency f in 


the passband of a noiseless receiver, would be 


d No, = G(£)kT df watts, (H.7) 


01 


which is simply the product of the transducer gain, G(f), at frequency 

f and the noise power available from the source in bandwidth df and at 
standard temperature. If the noiseless receiver is replaced by a noisy 
one, that has the same two~port characteristics, the internal noise will 
be added to that produced by the source to increase the output noise. 
The multiplication factor used to account for this increase is the spot 
noise factor, F(f). The total incremental noise output due to both 


receiver and source becomes: 


dN = F(£) G(£) kT df. (H.8) 


The incremental noise power at the output due only to receiver internal 


noise is obtained by subtracting (H.7) from (H.8) 
dN, = (F(f) - 1] G(£)kT df (H.9) 


and is often referred to as excess noise. 
The spot noise factor, F(f), at a frequency f£, will be defined as 
the ratio of total incremental power output to that due only to the 


source: 
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dN, dN, 
Spot Noise Factor, F(f) = aN: 1 +a : (H.10) 
01 01 


The relationships of (H.8) and (H.9) are useful in device noise calcula- 
tions and will be used in deriving noise factor formulas. 

Another definition of noise output leads to the concept of average 
noise factor, F. It is defined as the ratio of total noise power output 
to that due only to the source. Average noise factor is obtained by 
integration of (H.7) and (H.8) over all frequencies. Because of this, 


the average noise factor, F, can be thought of as an average over the 


the entire amplifier bandwidth as 
kT. | Fe) G(4) df 
= = Me = 2. 11 
~ Ne pee 
kT.) G4) df 
° 


which leads to the definition for average noise factor as given by the 


IRE Subcommittee 7.9 on Noise (1963b): 
0 


F(4) G (4) dF¥ 
-F = Sa —_— (H.12) 


j Gt) df 


It will now be shown that (H.12) is consistent with the concept of 
effective noise bandwidth and that the noise factor definitions of 
North and Friis are valid for average noise factor, F. 

Integration of Equation H.8 gives a relationship between noise 


output and noise factor that is widely used (Friis, 1944) and 
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(Pappenfus, Bruene, Schoenike, 1964, p. 343). It is necessary, however, 


to know the conditions for which it can be applied. The total noise 


output is 
00 
No = kT, | F(e)G(£)ae | (H.13) 
fo] 
which leads to, 
N, = F kT BL (H.14) 
where F Average Noise Factor 
G_ = Value of lete)|* with which B, is normalized. 
Also G. is the transducer gain at the frequency 
of normalization (see Appendix, Part B). 
Bo = Effective noise bandwidth. 


To show the validity of Equation H.14 we remember that noise bandwidth 
is defined from the equation (see Equation B.8): 

00 

G(f)df = GB. (H.15) 

° 

On brief examination, Equation H.12 appears to be just a convenient 
way of defining a product which will lead to Equation H.14. A more 
satisfying way to define "average" noise factor, and at the same time 
time verify (H.12), is to obtain the mean (or expected) value of the 


function F(f) as in the probabilistic sense. Because average noise 


977 


factor is obtained by integration over the total amplifier bandwidth, 
this author chose a probability density function, P(f), which is defined 


using the equivalent noise bandwidth in the following way; 


fee) t 


P(if)df = G (A) df =1 (H.16) 


nn 


The mean value of the spot noise factor, F(f), is found by integrating 
the product of F(f) and the probability density function of (H.16), 


(Beckmann, 1967, p. 80) 


oo co 


F(4) Pf) df = | FLA) GCs) as df (4.17) 


TN 
\ 


and upon factoring out 63n and substituting (H.15) we get: 


{ F(t) G(4) df 
FO = 2 . (H.18) 
rf G(f) df 


It is important to note that the average value of F(f) was determined 
for the entire receiver bandwidth by averaging with a probability 
density determined by the transfer function, G(f) = late). 

In certain applications, such as in the Friis equation, it is 
necessary to use still another concept for average noise factor--the 
average over a small bandwidth Af. This average is used in the computa- 


tion of noise factor for a superheterodyne receiver. By direct 
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application of the Law of the Mean for Integrals we obtain the average 


a 


noise factor F over a small bandwidth Af. 


g+ 
= ] 
F= F (4) df (H.19) 
a | 


The difference in F and F is that the former is a weighted average 
using the bandpass characteristic BL while the latter is an average 
over a small bandwidth. 

Each of the three types of noise factor have a definite role 
in noise calculations and they have been presented in this section to 
aquaint the reader with their differences. In closing, we note that 
the average noise factor, F, and spot noise factor are related by the 


following limiting process: 


Jin E = F (+f) (H.20) 


Af +0 


I. Spot and Average Noise Factor 


.Y 


A distinction needs to be made between two different types of 
noise factor measurement and specification. When the noise factor of 
a complete receiver or a narrowband RF amplifier is measured, the noise 
contribution over the entire bandwidth is averaged to give a net noise 
power output which, when used in the noise factor definition, will give 
a value referred to as the average noise factor. On the other hand, 


for a wideband amplifier the noise factor is usually measured over a 
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narrow portion of the total bandwidth and if we consider the bandwidth 
infinitesimally small at a specific frequency we have the spot noise 


factor. The term spot noise factor will be represented by the symbol 
Spot Noise Factor = F(£) 


and is used in emphasizing that the noise factor is a point function of 
frequency. Usually the distinction is not made when the context of the 
application makes it clear which noise factor is being used. 


The quantitative relation between average and spot noise factor is 


F(¢) GCF) dt 


Average Noise Factor, F= — (1.1) 


G (4) df 


(] 


where f is the receiver input frequency and G(f) is the receiver trans- 
ducer gain. Refer to the Noise Figure section of this appendix for 
detailed derivations of the concepts. 


Noise factor and noise temperature are related by the equation 
T = (F - 1) Ty (1.2) 


and it follows that noise temperatures must also have spot and average 
values. This distinction is not made in many papers on noise but it 
is important to realize that spot and average noise temperatures have 


the same application as their noise factor counterparts. 
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J. Friis Equation 


The Friis equation (Friis, 1944) relates the noise factor at the 
input of a cascade of two-port networks to the noise factors and gains 
of each individual stage. Figure J-l illustrates the connection for a 


series of n cascaded stages. 


Figure J-l1. Cascade of n two~port networks with noise factor, 
EF transducer gain, G and equivalent noise 


temperature, Th 


To derive the Friis equation one needs to determine the available 
noise power output for each two-port and solve for the total input noise 


factor, F The available output noise power for the first two-port, 


T 


assuming an optimum source resistance at standard temperature, is 


Ny = FLKT)G,B (J.1la) 


or in terms of noise temperature, 
= k(Ty + T,)G,3, (J.1b) 


a 


where F, = Noise factor of the first two-port 
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@Q 
i] 


Transducer gain 


1 
Bo = Effective noise bandwidth normalized at G& 
Ty = Noise temperature of the first two-port. 


To be able to derive the Friis equation in its original form, it is 
necessary to assume that all two-ports in the cascade have the same 
equivalent noise bandwidth. We now let this common bandwidth be denoted 
by B and continue the derivation. Also, to be completely correct, the 
noise factors and noise temperatures in Equations J.1 through J.5 must 
be average values. The super-bar denoting average has been left out 
to make the equations look like those commonly seen in the literature 
and because, for some special circumstances (Equation J.8), the equations 
are valid for both spot and average values. 

The noise power output from the second two-port can be obtained by 
multiplying the noise output of the first by Gy and adding the excess 
noise (Appendix, Part G and Equation H.9) power output of the second two- 


port. Doing this we get 


N,= GaN, + (Fe-l)k EG B 


ae ee ae G:G, B +(F-I) kT GB (J.2a) 


or, 


N,=k(%+T) GG B+khG& Ba (3.2b) 


582 


To obtain the total noise factor of the cascade, the noise factor 
definition as: the ratio of total noise power output to that due only 


to the source, is applied to give 


= _ Ne tt (F.-1) 
= eg Se os 


where N, is obtained from (J.2a) and the output power when the two- 
ports are noiseless is found from (J.2a) by letting Fi and Fy be unity 
or from (J.2b) by letting qT, and T, be zero. 


Continuing this procedure leads to the generalized Friis equation 


which applies to a cascade of n two-ports: 


FS a oa ee (5.4) 


For additional information on the Friis equation refer to Kraus (1966, 
p. 262) and for a discussion on the applicability of the Friis equation 
and its analog for noise measure, refer to van der Ziel (1970, p. 33). 

The Friis equation in terms of the noise temperatures in the 
cascade can be obtained by substitution of the relationship between 
noise temperature and noise factor (Equation E.3), Th = (F - 1)To» 
into Equation J.4: 


es Tie oe es de ag, pee ee 
LF + G. “GG Ge, (3.5) 
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The Friis equation in the form of (J.4) is useful for computing the 
total effective noise temperature of a cascade of linear two-port 
networks when they have nearly identical passband characteristics. 
It may also be applied to an RF mixer if the mixer model can be 
represented by an ideal unity-gain frequency translator followed by 
a noisy amplifier of similar gain, bandpass, and distortion character- 
istics. 

When the two-ports have dissimilar passband characteristics the 
actual integrations over gain and noise factor must be carried out. 
In an incremental bandwidth, df, at frequency f, the incremental 


power output of the first two-port is 
dN, = kT UF, (£6, (£) df (J.6) 


where F, (£) = Spot noise factor at frequency f 


Transducer gain or the absolute value of the 


G, (f) 


transfer function squared, |g, (£)| 7. 


The incremental noise power output from the second stage would become; 


dN, = G(H)dN, +kh (RW -l) GH df (3.7) 


The ratio of, 
1) the incremental noise power output due to amplifiers and 
source to, 
2) that noise due only to the source, will give the Friis equation 


for the spot noise factor at frequency, f 
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Af) = Ff) + Sean ae (5.8) 


which is of the same form as Equation J.3. From this we conclude that, 
for spot noise factor, the Friis equation in the form of (J.4) is 
valid even if the bandpasses are not identical. 

When the average noise factor is measured, the error caused by 
dissimiliar bandwidths may be considerable and the only way to compen- 
sate for it is by direct integration. The average noise factor is 
obtained by taking the ratios of the total powers--not the incremental 
powers. The total noise power output from the second stage is found 


by integrating Equation J.7 after substitution of (J.6): 


N, =k | FAOGHEHIE +kt [(Rw@-)aw dF 
; ° (5.9) 


The total noise power output due only to the source is: 


k Te fa G.(4) df (3.10) 


The ratio of Equations J.9 and J.10 defines the average noise factor 


for the two two-ports in cascade: 


_ if F, (4) G (4) G44) dF + f [F (+) - 1] G, C4) dt 
P= 2 
a 


© (J.11) 
f Gils) G (#) dF 
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This equation can be extended to more two-ports in cascade but 
performing the integrations would not be practical. There are two 
simplifications that can be made to Equation J.11 which will simplify 
it to make calculations easier. First, assume that the bandwidth of 
the first two-port is much wider than the second and that the equivalent 
noise bandwidth of the second is completely contained in the bandwidth 


of the first. The integrations will simplify as 


F(A GE) Gdf = K(R)G(K) | G4) dF 
G(s)G, (4) df = Gh) | G(s) df 


(Fa (4)-1) G(#) dF 
= = (A =1) (i129 


[aide 


where it has been assumed that the noise factor and gain of the first 


stage is essentially constant over the noise bandwidth of the second 
and that fo is the center frequency. 


Substitution of these simplifications into (J.11) yields 


(A -1) 
Gi) 


F, = F,(f) + 


(J.13) 


where Fi (£) and G, (£,) represent the spot noise factor and gain of the 


first stage at frequency fo? and Fo is the average noise factor of the 


second stage. 
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Now we assume that the bandwidth of the second stage is much 
larger than that of the first. For this case the integrations will 
simplify to: 


c=) a 


F(f) G4) G,.(4) df = G (4) free Gt) df 


° ° 


Q 


(3.14) 


feo) 


Gt) G4) df = G4) | ele df = G.(K)G, (h) B, 


Substitution into (J.11) gives 


2 


cxf £0 GF) dF (com) G. (4) d¥ 


- ° 


Tr os 0 


cut] G.(4) df Suto G(h daft 


fo) 


[(co-p G, (4) dé fou df 


fs) co 


| G. (4) dF Gus) G4) dF 
G.(f.) Be 


aa 
R + (A-l) Sco, 


Ch)... "Be. 
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where By and Bo are the effective noise bandwidths of the first and 
second stages. The results of Equation J.15 illustrate the increase 
in noise factor caused by the wide noise bandwidth of the second 
stage. 

Equation J.13 is representative of the results obtained with a 
superhetrodyne receiver where the IF bandwidth is much smaller than 
the RF bandwidth. Equation J.15 illustrates the error in noise figure 


that can be caused by using a postamplifier with a noise bandwidth 


larger than the preamplifier noise bandwidth. 
K. Noise Measure 


Although the specification of noise factor has remained adequate 
as a criterion for specifying the low-noise performance of a complete 
receiver as originally envisioned by North and Friis (see part H of 
this section), it has limited usefulness for individual amplifier 
stages. The principle difficulty is that, in trying to eliminate gain 
as a variable, North eliminated an important functional property of 
the amplifier--to provide gain. Intuition tells us that a low-noise 
amplifier with low gain is not as useful as one with a slightly higher 
noise factor but a much larger gain. This intuitive feeling can be 
quantitatively verified by using the Friis equation to evaluate the 
noise performance of an amplifier stage. Haus and Adler (1958a) were 
the first to formulate a measure of noise performance which accounted 
for both noise figure and gain. The theory of noise measure as 


developed by Haus and Adler will be presented here to illustrate the 
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concept and to demonstrate a useful application of the Friis equa- 
tion. 

Suppose that two amplifiers are to be used in cascade and that 
a choice has to be made, on the basis of lowest noise factor, as to 
which will come first. Figure K-l1 shows the two different ways of 


connecting the amplifiers. 


(b) Amplifier No. 2 is First 


Figure K-1l. Noise Measure Definition 


Writing the Friis equation for both connections: 


= B- 
F, _ F + Art + cP lod (K.1) 


G4 sel. (K.2) 
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To compare the two connections and determine the best amplifier 
to be inserted as the first stage we can specify a criterion such as 


Foi >Fio and obtain: 


le ee ee (K.3) 


Rearranging to get amplifier 1 and amplifier 2 terms separated gives 


aE g acl, ae 
alae" ~ “Se 


and we conclude that the amplifier that should be inserted as the first 
stage is not the one with the lowest noise factor but the one with 


the lowest Noise Measure as defined by: 


F-! 
} 


— aes 


G 


In summary, the specification of noise measure is best applied to the 


Noise Measure, M = (K.5) 


situation where two amplifiers are to be connected in cascade and the 
choice as to which connection will be made is one of choosing the 


amplifier with the lowest noise measure to be first. 
L. Noise Merit 


After a careful analysis of the problem of choosing between two 
amplifiers for a particular low-noise application it is the conclusion 


of this author that there is no single factor of noise merit which can 
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be specified in advance that will indicate the best choice. Noise 
factor as a single specification is inadequate because it does not 
account for the gain which may be needed to overcome the noise of 
succeeding stages. Noise measure is adequate for specifying which of 
two amplifiers, that are to be connected in cascade, should come first 
but it will not indicate the best single amplifier for an application. 
The only way to make the proper choice is by a direct application of 
the Friis equation. To compare two amplifiers for a specific applica- 
tion it is necessary to solve the Friis equation for each one and then 
select the one that yields the lowest total noise factor. Figure L-1 


is used to demonstrate how to compare two amplifiers. 


Amplifier #1 


Figure L-l. Total Noise Comparison 
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The respective total noise factor equations are: 


Pied 
ae a ea 


(L.1) 


E-! 
fe eee 


These equations have been manipulated to try and develop a single factor 
of noise merit but all attempts were fruitless. Any expression compar- 
ing the amplifiers always contains the noise factor, Fy, of the succeed- 
ing stage which makes any choice depend on three variables; amplifier 
gain, amplifier noise factor, and the noise factor of the succeeding 
stage. 

It was discovered in the investigation of this problem that it is 
possible to set reasonable criteria on the selection of system variables 
to produce the best possible noise factor. The following scheme was 
developed which can graphically illustrate the trade-offs that exist 
in amplifier selection. Figure L-2 shows the system to be analyzed and 


defines the system variables. 


* 
Post amplifier 


P 


Figure L-2. Circuit Connection for Amplifier Selection 


*In a superhetrodyne receiver, the post amplifier is called the Intermediate 
Frequency (IF) amplifier, or simply the "IF." 
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The approach used is to select the values of preamplifier gain, 
Gas and postamplifier noise factor, ne which will degrade the pre- 


amplifier noise factor, by a fixed amount. Setting fixed percent- 


Le 
age increases in noise factor or fixed db increases in noise figure 
were not reasonable because they tend to degrade the lower noise pre- 
amplifiers more than practically necessary. To set a reasonable level 
of degradation it was discovered that a fixed precentage of noise 
temperature gave the best results. 

With this scheme, amplifiers of all levels of noise Sieput receive 
the same degradation. A ten percent noise temperature degrading scale 
was devised. The derivation of the applicable equations will now be 
given. 

If the noise temperature of the amplifier is to be degraded by 


ten percent, the Friis equation written in terms of noise temperature 


must be determined 


T, = T, + T,/G, (L.2) 


T /G, = 0.1 Ty (L.3) 


and 


ee rae | (L.4) 


Substituting the relationships between noise factor and noise tempera- 


ture, T, = Ty (Fp - 1) and T 


es T, (Fy - 1) yields: 


T 
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Fy =1.1 FA - 0.1. (is3) 


Using the Friis equation in terms of noise factor and equating with 


(L.5) gives: 


Ga (L.6) 


Solving for Fy and Fo we get 


and 


(L.7) 


7 Fe ~| 
F, } +1) G, 


For less than ten percent degrading of noise temperature, Equations L.7 


can be solved to give the following conditions; 


specify F, and G,, then: < G, eee (L.8) 
pecify F, a a> then: FE =] +a TO : 


or 


F- _ 
specify Fy and Fp» then; Ga = /O mE ; (L.9) 
A= 


A plot of equation L.8 for the condition of equality is given in the graph 


of Figure L-3. Noise figure in db is given for convenience. The 
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selection of either NF, and Gy or NF, and NM will specify a point 
from which the necessary condition on either NE, or Gy may be read 
directly. As an example suppose a preamplifier has a noise figure of 
6db and a gain of 6 db. Then a postamplifier noise figure of less 

than 3.4 db will degrade NF, by less than 0.3 db (the noise temperature 


is degraded by less than ten percent) and the total noise figure will 


be less than 6.3 db. 
M. Noise Matching 


From two-port noise theory (Chapter IV-E) we know that noise 
factor depends upon the source resistance, Rs? for the two-port input. 
Also it is known that there exists some optimum wane of source 
resistance, Reopt? which will give a minimum noise factor. We also 
discovered the condition for maximum power transfer, R, = Rin? was 
not generally the condition for minimum noise factor, i.e. the optimum 


source resistance, R , is not equal to the two-port input resistance, 


sopt 


R,_. 
in 


In high-frequency amplifier circuits that are used for low-noise 
applications, an adjustable matching network is usually provided as a 
means of adjusting for Reopt’ When this network has been adjusted so 
that R, = Reopt the noise factor is a minimum and the amplifier is said 
to be noise matched. To illustrate the importance of noise matching, 
refer to Figure M-l which is a plot of noise figure as a function of 
normalized source resistance. It should be emphasized that minimum 
noise factor does not occur at maximum power transfer, R opt # Ri at 


For the example in the figure, Ria = 2.8 Roopt’ 


Noise Figure - db 


Figure M-1. 


Normalized Source Resistance, 


Frequency: 
Bandwidth: 

Input Tuning: 
Configuration: 
Bias Conditions: 


Reopt: 


Rin: 


5 


120 Mhz. 
50 Khz. 


Tuned for max gain. 


Common Source. 
*4 
las = 3 ma. 


700 ohms. 


= 20 v. 
s 


2000 ohms. 


1.0 2 


sopt 


Noise Figure as a Function of Normalized Source 
Resistance for a VHF FET Amplifier 


10 
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N. Noise Tuning 


It was shown in the section on two-port noise theory that, in 
general, the characteristic noise generators are partially correlated 
(Section IV-E). Because of this correlation it is possible to provide 
a reactive termination at the input and actually effect a reduction in 
noise factor. In high-frequency amplifiers this is accomplished by 
tuning the input tank circuit off resonance. When using an automatic 
noise figure meter it is possible to tune for a noise factor minimum. 
This process is referred to as noise tuning. This author's experience 
has shown that, for low-noise transistor amplifiers, the tank should be 
tuned below resonance so that the input is presented with a capacitive 
reactance. 

Figure N-1 shows typical NF contours for an amplifier which first, 
has the input tuned for maximum gain and then, capacitively noise 
tuned for minimum noise figure. These numbers are typical and illustrate 
the improvement which can be obtained by noise tuning. 

The improvement in noise figure of 1/2 db represents a decrease in 
the effective noise temperature from 148°K to 101°K. In low-noise 
applications, the improvement in noise temperature is worth the effort 
of noise tuning. For both noise matching and noise tuning, an automatic 
noise figure meter greatly reduces the labor by allowing direct observa- 


tion of noise figure when adjustments are being made. 
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Figure N-l. Effect of Noise Tuning for a Two~Port 
Network 


Q. Reference Temperature, T, 


A standard reference temperature needs to be defined when discuaging 
noise theory in communication circuits. Concepts such as Noise Factor 
and Equivalent Noise Resistance are formulated on the basis of a 
specific reference temperature. T, = 290°K is the reference temperature 
which will be used in this report because it is the one most commonly 


used today. 
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Table O-1. "Standard" Temperatures 


Source °K (Approx) °F (Approx) 


IRE Subcommittee 7.9 on Noise (1963b), the most 


accepted standard for noise studies 290 62.6 
Earths average surface temperature, (Kraus, 

1966, p. 342). 290 62.6 
Healthful room temperature 293-295 68-72 
Typical laboratory ambient 294-300 70-80 
Smullin and Haus (1959, p. 189) 293 68 
Lawson and Uhlenbeck (1950, p. 99) 292 66 
Phillips* (1962, p. 68) 300 80 
Alley and Atwood® (1971, p. 19) 300 80 


a : 
Transistor theory texts. 


When reading literature on noise theory it is important that the 
reader know what the author means when he says "standard temperature". 
Table 0-1 lists some commonly used "standard" temperatures for the 
reader to compare. An arguement for retaining 290°K as a standard 
could be based on the fact that the earth's average temperature is 
about 290°K, (Kraus, 1966, p. 342). It is difficult to maintain a 
constant temperature in the laborabory where sensitivity measurements 
are being conducted. When necessary, the few percent error introduced 
by making measurements at temperatures other than 290°K can be compen- 


sated. Experience by this author has shown that the error involved is 


600 


usually within measurement accuracy and therefore is not accounted for 
in most practical situations. 
re) 
To this author's knowledge, the first author to adopt a 290 K 


standard was Friis (1944). 
P. Sky Temperature 


The solar system and the galaxy are filled with radio noise sources 
much the same as they are filled with optical sources. It is possible, 
at times, to have a receiving antenna oriented such that it will receive 
enough energy from these noise sources to cause an important increase in 
effective antenna noise temperature. These sources of noise can cause 
a reduction in signal-to-noise ratio and should be considered in a low- 
noise receiver installation. 

All the noise that is induced in an antenna and caused by extra- 
terrestrial noise sources will be termed sky noise and its contribution 
to the effective antenna noise temperature will be called sky temperature. 
This definition is not universally agreed upon and when reading any 
article on antenna noise it is advisable that the reader determine the 
author's usage of the term. The major sources of sky noise are the 
sun and the galaxy (notably from Cassiopeia A). Other sources which 
are weaker but may cause interference under certain circumstances of 
antenna orientation and gain are Jupiter bursts and extragalactic noise 
from Cygnus A. 

The discovery of galactic noise by Jansky in 1932 was the birth of 
radio astronomy and also signaled the beginning of an awareness that 


this noise could ultimately limit the sensitivity of a receiving system. 
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Sky noise contributions from solar radiation are most noticeable during 
high sunspot activity because solar flares can cause high intensity 
radio noise (Kraus, 1966, p. 8). 

The calculation of sky temperature for a particular antenna 
installation would be very difficult. One would have to specify the 
antenna orientation and directive gain D(8,¢), (see Section III-A). 

The calculation would also depend on time of day and year. Even after 
all of these are specified, the noise power at the antenna can only be 
obtained by integration, over the entire visible sky, of the antenna 
beam power pattern and the flux density of all the sky noise sources. 
For these reasons it appears that one must measure, not calculate, this 


contribution for each individual antenna installation. 
Q. "“Hard" and "Soft" Microvolts 


When measuring the AM sensitivity of a receiving system, the 
magnitude of the voltage from the sinewave generator must be determined. 
Since there are several ways that the voltage level may be reported it 
is necessary that a standard be adopted. This will help avoid any con- 
fusion as to how to report the generator level. There are three meaning- 
ful voltages which may be used: 

1. The open-circuit or Thevenin voltage of the generator. 
This is the so-called "hard" microvolts output. 

2. The output voltage when the generator is power matched 
by the load. This is the actual receiver input terminal 
voltage under power matched conditions and is the so- 


called "soft" microvolts output. 
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3. The actual terminal voltage at the input to the 
receiver under test conditions. This voltage may 
differ considerably among different receivers of 
the same sensitivity and also from either the "hard" 
or "soft" voltage. 
Figure Q-l is used to illustrate these three different specifica- 


tions. 


(c) Variable Rw variable e, 


Figure Q-l1. Microvolt Specification in Receiver 
Sensitivity Measurements 
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For most cases, the hard-microvolt specification is the one that 
should be used. It's advantages are that: 
1. It is equivalent to the Thevenin voltage. 
2. It is a measure of the available power and hence 
closely related to the noise voltage generator of 
the Nyquist equivalent. 
3. It is the open circuit voltage of a receiving 
antenna. 
4, It remains constant for variations in the receiver 
input impedance. 
Comparing receivers with different input impedances may seen incon- 
sistent but, as shown by two-port noise theory in Part E of Chapter IV, 
each receiver should be optimized to provide minimum sensitivity from 


the same specified source impedance. 
R. Single and Double-Sided Power Spectra 


The use of Fourier transform theory in the study of noise in 
communication systems is a very valuable technique but to properly 
apply this theory one must be careful to distinguish the mathematical 
tools from the physical concepts. For the most general Sumeecleds 
we know that the double-sided power spectral density function and the 


autocorrelation function are a Fourier transform pair: 


L~) 


v 


~ jus 
(x) = AAD dT (R.1a) 


—c 
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3 


R.(w) = ~, Z (we dw (R.1b) 


-co 
For general transform theory it is necessary to work with the complex 
transform but when dealing with random processes that are real, both 
the autocorrelation function and power spectral density function are 
real and even (Papoulis, 1965, p. 388). Since the random processes 
for noise in communication systems are real, we can take advantage of 


the properties of even functions to reduce the integrals to the form 


P.) =] Re(T) coswr dt (R.2a) 
Ry (w) = on Jw) coswr dT (R.2b) 


where the exponential is reduced using Eulers relation and the jsinwt 
part of the integral is zero because the sin function is odd. The 


double-sided power spectral density function is even so 


P.(w) = F, (-w) 


and it has amplitude for both positive and negative frequencies. Of 
course the spectra that we deal with in the real world are only defined 
for positive frequencies so how are the real spectra and the double- 


sided spectra related? To represent a real spectrum we will define a 
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"real" or single-sided spectrum to be that either measured or defined 
for positive frequencies only. The symbol, S(w), will be used to 
represent the power spectral density function of a single-sided 
spectrum. 

The double-sided or "mathematical" power spectral density function 
is obtained from the single-sided or "real" one by the amplitude- 


scaling and even-function transformations of: 


4 Sw) for W200 


Cw) = (R.3a) 
4 Sx (-w) for Wwito 


S, (w) = ; (R.3b) 
Oo for w 20 


-Wo ° + Woe 


(a) Single-sided spectrum (b) Double-sided spectrum 


Figure R-l. Spectrum plots for both single and double-sided 
power spectral density functions 
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This transformation is obtained from the requirements that the function 
be even and that the mean-square value computed using either > Cw) or 
S64) be the same. Figure R-l represents the spectrum plots for both 
the single and double-sided spectra of a real process. Note from the 
figure that the double-sided power spectral density function is even 
and that the spectral amplitudes are scaled so both spectra yield the 
same mean-square value (equal areas) for the variable they represent. 
Because the transforms are even functions, the transform pair of 
Equations R.2 can be reduced to just positive frequencies to give: 


co 


, &) = | 2 R(X) coswt dt (R.4a) 


Ry (w) = if $, (ws) cosw tT dw (R.4b) 


Now that we are exclusively in the positive frequency domain it follows 
that the single-sided power spectral density function can now be sub- 
stituted for the double-sided one to give the single-sided or "real" 


transform pair: 


S.(w) = 4] Ra(t) Coswr dT (R.5a) 
Rx CLy = a Sx (w) Cos wt dw (R.5b) 
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Equation R.5a is the common form of the famous Wiener-Khintchine 
theorem (van der Ziel, 1954, p. 316) which relates the real power 
spectral density function to the corresponding autocorrelation function. 

We now see that there is a choice, when one works with power 
spectra and transform theory, of dealing with only positive fre- 
quencies or extending the analysis technique to negative frequencies. 
The choice of which transform pair to use is strictly up to the user. 
As a general rule it seems more appropriate to work with the single- 
sided spectra since then we only deal with real frequencies but some- 
times it is easier to do the integration of the complex form. The 
user should decide which equations are the most appropriate, in terms 
of simplicity, for his particular application. 

Both single and double-sided power spectral density functions 
must give the same mean-square value of the time function they repre- 
sent. Knowing this, we can obtain the following formulas for the 


mean~square value: 


Double-sided Single-sided 
xt) = Rx (0) —  X#) = Rx (0) 
| = 7 
= se [s. (w) dw = 7 Sx(w) dw 
~oao re) 
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where a particular value of X, is used to determine the slope at that 


i 
point. 
The total error in the function due to incremental errors in the 


measured variables is the sum of the products of the slopes and the 


incremental errors (by the chain rule of partial differentiation): 


Y = 20 ox, + ST axe oY AX, (S.5) 
2 


The total uncertainty of the measured variable Y is the absolute 
magnitude of Equation S.5. From the triangle inequality, we know that 
the absolute value of the sum of n variables is less than or equal to 


the sum of their absolute values 
n n 
2 Zyl & > |e! 
k=l k=] 
which is applied to Equation S.5 to give: 


lAY| 4 fea [Ax,| +E -| [axe] po Sy | [ax, | ($.6) 


Larger upper bounds may be found for | AY | by applying algebraic methods 
to (S.1) but G.6) is the smallest of the upper bounds so it is referred 
to as a least upper bound. The slopes in (S.6) are evaluated at the 
nominal value of each of the variables while the error values are the 
maximum possible error. In this respect, the uncertainty is defined as 


the maximum possible error. 
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In actual circumstances, the measurement error is seldom as large 
as the uncertainty so reporting the uncertainty of a measurement gives 


; ; F 2 ¢ 
the most pessimistic estimate. When the variance, q » is known for 
i 


each of the variables Xi> the variance for Y of Equation S.1 becomes 
(Young, 1962): 


2 fxr \ee, (3Y¥ v2. fay ¥ 
= (Se), a Ty) + (BE oad to (8.7) 


Reporting both the uncertainty and the variance for Y is better than 
reporting either alone. The variance gives information about the most 
common magnitude of error and the uncertainty gives the maximum possible 
error. More sophisticated techniques of error reporting such as deter- 


mining confidence levels will not be discussed. 


Consider as a simple example, the two variable function of Equation 


Y¥ (x3) = 1 +3 (lex) + x® (S.7) 


The slope of Y for each corresponding variable is: 


aY¥ = cise 
ar 3 +2x 357 | +X 


The error in Y¥(x,z) at the nominal values of Xx, and Ze becomes 
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AY (%,3.) = (30 +2X0)AX + Ci+%.) A3 (S.8) 
and the corresponding uncertainty is: 


[AY] = |Zo+exol lax] + [14x] [03] (3.9) 


These results could also have been obtained from (S.7) by letting 
x =X + AX, Zy = Z+A4Z, ignoring higher order terms and solving 
algebraically. This method may be preferred when higher order effects 
must be accounted for but care must be taken to avoid obtaining too 
large an upper bound. 

Sometimes it is necessary or more desirable to express the error 
or uncertainty in decibels rather than numerically. This is accomplished 
by taking the difference of the logarithms of the measured and true 
values. For the measured variable X = X + OX, the true value is X and 


the numerical error is AX. The error in decibels is determined as: 


3X 


10 Loy (X+ Ax) — 10 Leg X 
= 10 Leg (| + x) (S.10) 


In terms of the uncertainty in X this becomes: 


§x = 10 Log (i + mm) (S.11) 
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The §—notation will be used to denote error and uncertainty values in 


decibels. 
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PREFACE 


The subject of noise theory for electronic circuits and systems is 
one of those specialized areas which normally cannot receive adequate 
coverage at the undergraduate level. This is not because the subject 
level is too advanced but is the natural consequence of the time limita- 
tions of such a program. These circumstances make it necessary for the 
engineer who eventually works in this area to learn the subject on a 
"do-it-yourself" basis. This approach is time consuming under the best 
of conditions and frustratingly difficult under the worst. This author 
has experienced the good fortune of having both the time and the neces- 
sary help to accomplish such a task. This work is an attempt at sharing 
this experience and learning. 

As with any text which is basically tutorial, most of the concepts 
are not original. There are a variety of books and papers that deal with 
the various aspects of receiver noise theory. Unfortunately, when try- 
ing to study these references, the variety of technical levels and 
notation are difficult to overcome. In addition, the information is 
scattered throughout many technical publications and study can only 
be accomplished by access to a large library. 

The technical level is suitable for self-study by the new graduate 
or practicing engineer who finds he must work in this area. The prac- 
tical aspects of the subject are emphasized and many examples, deriva- 
tions, tables and graphs are presented. Terminology and definitions 
are clarified and emphasized so the user may read as much available 


literature as necessary. It is this author's firm belief that every 


villi 


article on a subject contributes toward better understanding and it is 
because of this that a large bibliography is included. An equivalent 
circuit interpretation is used on most of the problems because it was 
felt that this would give the best practical insight. It is assumed 
that the user is fluent in circuit theory, especially two-port theory, 
and the needed aspects of communication theory. Several other aspects 
of noise theory such as information theory and propagation have not 
been included either because of time limitations or because they are 
adequately treated elsewhere. 

For any work of a review nature, the author is greatly indebted to 
the authors of works already published. To the fullest possible extent, 
these authors are gratefully acknowledged by the many references. In 
particular, this author obtained much help from the papers and books 
published by Bechmann, Bennett, Bracewell, Brown and Nilsson, Davenport 
and Root, Friis, Haus and Adler, Kraus, Middleton, North, Pappenfus 
and.Bruene and Schoenike, Pastori, Rothe and Dalke, van der Ziel and 
the many IRE (or IEEE) Standards pertaining to noise. 

The author's committee chairman, John Basart, has helped immensely 
with guidance and suggestions concerning technical content and has 
cheerfully endured the time consuming task of proofreading. He intro- 
duced the author to concepts in Radio Astronomy which were used to 
solve many noise problems. This work could not have been completed 
without his continuous encouragement and firm belief in the stated 
goals. 

Sincere thanks are given to the Engineering Division of Collins 


Radio Company and, in particular, Dave Hallock for the initial 


1X 


motivation and encouragement in this area. Dave's practical approach 
and insights into noise measurement problems have greatly influenced 
the approach taken. 

The author's very special thanks go to his wife, Kathy, whose 
constant encouragement, patience, and understanding made this writing 
task much easier and to his daughters, Carla and Tracy, who spent 
many evenings without their father. 

The author is indebted to Janice Hufferd for her helpful sugges- 
tions concerning text organization and for typing the manuscript. 

Although every effort has been made to eliminate errors in the 
text, tables and figures, some will inevitably occur. The author 
strongly encourages anyone finding errors to write him so corrections 
can be made. Also, any suggestions on how to improve the text, 
tables or figures by any additions, deletions or modifications, will 


be greatly appreciated. 


Ames, Iowa Steve F. Russell 


May, 1973 


I. iNTRODUCTION 


The history of noise theory for electronic circuits and receiving 
systems should properly begin in 1827 with the discovery of what is now 
called Brownian Motion. The discovery of random thermal motion by 
Robert Brown eventually led to the kinetic theory of matter and to 
Boltzmann statistics. This idea of thermal motion of elementary particles 
was eventually applied to the motion of free electrons in a conductor 
(Free Electron Gas Theory). In 1928, J. B. Johnson published a paper 
on the experimental investigation of thermal noise currents in a conduc- 
tor. In the same publication, a companion paper by H. Nyquist discussed 
the results given by Johnson on a theoretical basis. Using arguments 
from thermodynamics and statistical mechanics, Nyquist derived expres- 
sions for the mean-square noise currents and voltages in a conductor. 
This formulation, which became known as the Nyquist theorem, is used as 
a basis for deriving many noise equations. Shot noise caused by the 
flow of electrons under the influence of an electric field was already 
known at the time and the addition of what we now call thermal or 
Johnson noise completed the explanation of the physical sources of 
circuit noise. Much of this text will deal with the phemonena which 
Johnson referred to as, "that disturbance which is called ‘tube noise' 
in vacuum tube amplifiers". 

Many papers concerned with the theoretical and measured properties 
of noise came after those by Johnson and Nyquist. By 1930, shot noise 
and thermal noise had been lumped together into a phenomenon called 


fluctuation noise. Papers by Llewellyn (1930, 1931) and Ballantine (1930) 


discussed noise in receiver circuits and a paper by Case (1931) discussed 
receiver design to minimize'fluctuation noise’. Landon (1936 and 1941) 
presented the fundamental ideas on how to describe the statistics of 
noise. It was during this time that radio static experiments by Karl 
Jansky (1932) led to the digcovery of "a steady hiss type static of un- 
known origin". What Jansky had discovered was radio noise emission from 
the galactic plane. This discovery marked the birth of radio astronomy. 
As late as 1941 there was still no commonly used technique for 
specifying the noise characteristics of a radio receiver. Receiver 
sensitivity specifications depended upon a variety of variables including 
antenna resistance, bandwidth, modulation and detection characteristic, 
and measurement method. Two-port noise theory was still in the distant 
future and there was a pressing need to have a single figure of merit 
for specifying the absolute sensitivity of a receiving system. The 
problem of receiver sensitivity comparison was solved in 1942 when D. O. 
North proposed a figure of merit he called "Noise Factor". The noise 
factor of a receiver depended upon only the antenna resistance; thus, 
if two receivers were compared with the same antenna, the one with the 
lower noise factor would have the better sensitivity. H. T. Friis 
(1944) used North's idea and expanded on it by rigorously defining 
"noise factor" in terms of signal-to-noise ratios and applying it to 
two-port networks in general. Friis defined available signal power, 
available noise power and effective noise bandwidth. He also suggested 
that a standard noise temperature of 290 oK be adopted. It was also in 
this paper that Friis derived the equation for the total noise factor 


of networks in cascade. It is unfortunate, however, that Friis used 


the term noise figure instead of noise factor for the same entity 
described by North. These two competing terms are still used inter- 
changeably in the literature. In an attempt to distinguish between noise 
factor given as a number and noise factor given in db we will use the 
following notational convention. When referring to numerical noise 
factor as defined by North, the symbol, F, will be used. The term 

noise figure will be used to denote the noise factor in db and the 
symbol, NF, will be used. This distinction is especially helpful to 
newcomers to the field because it helps distinguish the numeric and 
decibel designations for noise factor. Noise figure should always be 
clearly labeled in db. The numerical values of F and NF are sometimes nearly 
equal as can be seen from Figure ILA-l in Chapter XI. 

The concept of noise factor (or noise figure) as a means of 
specifying the absolute sensitivity of a two-port network has increased 
in popularity until today virtually all specifications and manufacturers 
literature employ this concept. Around 1950, the idea of an equivalent 
noise temperature was being used for antennas and diode mixers. The 
idea of an equivalent or effective noise temperature for specifying 
absolute sensitivity has had particular appeal to those working in the 
fields of communication theory and radio astronomy. The effective 
noise temperature specifies exactly the same information as noise factor 


and, in fact, they are related by the definition 


asi) 


e 


where Ty = 290 OK is the defined standard temperature of receiver noise 


theory. 


Now that absolute sensitivities were specified, interest turned to 
the investigation of the effect of detector characteristics on signal- 
to-noise ratio. Papers by Fubini and Johnson- (1948), Middleton (1948) 
and DeLano (1949) presented theories on the effect of linear detectors 
on signal-to-noise ratios. The first book devoted entirely to the problem 
of receiver noise and the detection of low-level signals in noise was 
written by Lawson and Uhlenbeck in 1950. This work was a summary of 
noise theory in receiver circuits and detection theory for weak radar 
signals. The next complete treatment of noise in electronic circuits 
was written by van der Ziel in 1954. This work covered the entire scope 
of circuit noise including thermal noise, device noise, statistical 
methods and the Fourier Analysis method of characterizing fluctuating 
quantities. 

It was during the period following 1954 that solid-state devices 
began to show serious promise for future electronic applications and 
interest in two-port noise theory soared. Many papers were written 
in the latter fifties on noise theory for junction diodes and transistors. 
The most prominent author in this area was A. van'der Ziel who, with dif- 
ferent colleagues, published papers on shot noise in junction diodes and 
transistors (1955, 1957 and 1958), noise theory for junction diodes and 
transistors (van der Ziel and Becking, 1958) and others (Hanson and van 
der Ziel, 1957). Uhlir contributed papers on shot noise in junction 
diodes (1956) and shot noise in junction-diode mixers (1958). This inter- 
est in solid-state noise would continue through the sixties. 


The Theory of Noisy Fourpoles written by H. Rothe and W. Dahlke 


(1956) is the classic reference on noise theory for two-port networks. 


Their paper showed how to derive the four noise parameters of a two-port 
network. They also showed, in a rigorous way, how noise factor was 
related to the noise parameters of a two-port and how the effects of 
noise matching and noise tuning were explained by the model. This 
spurred an interest in noise factor theory and several authors started 
investigating rigorous circuit theory definitions and optimization. Most 
notable of these were papers by Haus and Adler (1957, 1958a, 1958b, 1959) 
Adler and Adler and Haus (1958). 

The statistical theories of noise were not being ignored during the 
fifties. In 1954 a collection of papers were published (Wax, 1954) 
which dealt with noise theory and stochastic processes. The concepts 
of using statistics, Fourier transforms, and autocorrelation functions 
to solve noise problems were becoming popular. The classic textbook, 
which treated the topics of probability and random variables, power 


spectral density, transform methods, noise processes and statistical 


detection, was Random Signals and Noise by Davenport and Root (1958). 
This book introduced the engineer of that period to new techniques which 
he could use to solve a wide variety of noise problems. It also 
emphasized the need for knowledge about the theory of random variables 
and transform methods. 

Continued interest in solid-state noise in the sixties was encour- 
aged by the variety of new devices being invented. The field-effect 
transistor, in particular, seemed to promise newer and better low-noise 
amplifiers. Noise theory for field-effect transistors was discussed in 
papers by van der Ziel (1962a), Bruncke (1963 and 1966), Klaassen (1967 


and 1969), and Robinson (1969). An engineering text devoted entirely 


to the field-effect transistor was published in 1965 (Sevin, 1965). 
Junction-transistor noise theory was being refined. A letter by Cooke 
(1961) discussed the phenomenon of an upper-noise-corner frequency and 
gave a noise factor equation showing frequency dependence. The noise 
behavior of high-frequency transistors was becoming increasingly impor- 
tant because device technology was on the verge of producing high 
quality UHF and microwave transistors. An excellent treatment of the 
noise performance of microwave transistors was given by Fukui in 1966a. 
He combined two-port noise theory and solid-state device theory with the 
parasitic effects of transistor packaging. This treatment thoroughly 
discussed noise factor dependence on source impedance, operating fre- 
quency, and device parameters. Other treatments of high-frequency 
noise in transistors were given by Agouridis and van der Ziel (1967) 

and by Baechtold and Strutt (1968). The noise generation in transistors 
used as mixers was given a thorough treatment by Webster (1961). 

Interest in the theoretical aspects of noise factor and absolute 
sensitivity was increased in the early sixties by advances in low-noise 
device technology and the advent of Masers and Lasers. "Quantum 
Electronics" was a term being applied to the union of quantum theory 
and electronics which produced these devices. Fantastically low noise 
temperatures (only a few degrees Kelvin) made people wonder what 
theoretical limit of sensitivity existed. Various papers addressing such 
topics as zero-point energy, thermal and quantum noise and the fundamental 
noise limit of amplifiers were presented by Siegman (1961), Gordon (1962), 
Heffner (1962), Buckmaster (1965) and Oliver (1965). To take advantage 


of the lowest possible noise factor, one must be aware of two-port noise 


theory and circuits that will achieve the minimum. A variety of papers 
and books on how to design low-noise amplifiers have been written. A 
sample of the available literature includes books by Rheinfelder (1964) 
and by Jolly (1967) and papers on low-noise amplifier design by Johnson 
(1966) and Antman (1967). Noise-factor theory was also being updated 
to include the possibility of negative-conductance amplifiers and to 
give more explicit definitions (Fisher, 1962; Haus, 1962 and van der 
Ziel, 1962b). Workers in the area of noise theory were becoming in- 
creasingly aware of two-port noise theory (Cooke, 1962) and noise factor 
problems (Ekiss and Halligan, 1961). 

Several excellent books on noise and related theory were written 
in the sixties. To mention just a few, the most readable book for the 


self-study beginner was Electrical Noise by William R. Bennett (1960). 


This book discussed many of the aspects of noise theory encountered in 
receiving systems. Another book, by D. Middleton (1960), was a very 
rigorous and thorough treatment of statistical communication theory. 
Middleton's book discussed detector theory in more detail than any 
reference known to this author. The important applications of Fourier 
Transform Theory to noise problems as well as a wide variety of other 
scientific problems prompted Ron Bracewell (1965) to write an entire 
text devoted to the Fourier Pransform and its applications. Bracewell's 
book is still the most complete engineering reference on the subject. 


It may surprise the reader to learn that a book, Radio Astronomy by 


J. D. Kraus (1966), is an excellent text on receiving system fundamentals. 


Such topics as radiation laws, wave polarization and propagation 


fundamentals, antennas, receivers and noise theory are presented along 
with radio astronomy fundamentals. 

With a proliferation of new theories and new terminology it is 
necessary to have standards on terms and methods so that newcomers to 
the field can understand the literature. To keep up with the rapid 
pace of noise theory the Institute of Radio Engineers (later the IEEE) 
published several standards on noise theory. These standards covered 
the topics of noise in electron devices, noise measurements, two-port 
noise, and noise performance of amplifiers and receiving systems. 

Sensitivity measurement theory, noise measurement theory and 
especially the topic of measurement errors have not received the com- 
prehensive type of treatment that other subjects have received. This 
can probably be attributed, in part, to the lack of academic interest 
in the subject as well as the broad spectrum of applications to be 
encompassed. Although several references dealt with a very specific 
measurement problem, none were found that covered a broad spectrum. 
There are three basic categories under which papers concerned with noise 
measurement may be placed: noise factor measurements, mismatch errors 
in noise measurements and noise temperature standards. Noise factor 
measurements were discussed by Hudson (1955), Anouchi (1958), Matthews 
(1967), and Golding (1968). The problems associated with impedance 
mismatches in receiving circuits, and how the noise temperature of 
a source or noise factor of a receiver are affected are treated by, 
Brady (1964), Harris (1966), Livingston and Bechtold (1968) and Pastori 
(1968b). Papers on the various types of noise sources and how the 


equivalent noise temperature is determined are given by, Hart (1962), 


Wells et. al. (1964), Eisele (1964), Miller et al. (1967), and Stelzried 
(1968). 

The theories of sensitivity and noise in electronic circuits will 
continue to be improved and refined. Basic concepts are well established 
but work will continue in the areas of device noise, detector noise and 
noise measurement. New microwave devices and the need for better receiv- 
ing systems in astronomy and space applications will keep the field 
active. Totally new concepts of communication such as laser communica- 
tions and laser heterodyne receivers will demand much effort in the 
area of noise theory analysis and quantum effects. For persons inter- 
ested in starting major work in this field, a Recommended Reference List 
is given in Part T of the Appendix. 

As stated in the Preface, the goal of this work is to provide a 
self-study guide for engineers and scientists wanting to learn noise 
and sensitivity-measurement theory for receiving systems and circuits. 
Many topics had to be omitted to limit the work to a reasonable scope. 
Most notable of these were audio noise, flicker noise and quantum noise. 
The text was written from the viewpoint of a design engineer working 
with high-frequency receiving systems and circuits. The author used 
the text to answer many of his own questions about receiver noise. 

Many fundamental questions were formulated to serve as a basis for 
writing. Among these were the following: 
a. Why are we interested in the sensitivity of a 
receiving system? 
b. What are the important functional blocks of a communi- 


cation link and how is the receiver related to them? 
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c. What are the important functional blocks of a receiver 
and how do they affect sensitivity? 

d. What is meant by an optimum system and what trade- 
offs are involved? 

e. What is noise, what are its sources, and how is it 
generated? 

f. What is two-port noise theory? 

g. What are the various methods of specifying receiver 
sensitivity and how are they interrelated? 

h. What mathematical tools are used to solve noise 
problems? 

i. How are the various quantities used in noise theory 
rigorously defined? 

It is hoped that the answers to these questions and many others 
have been provided. 

Many of the individual chapters have been made as self-contained 
as possible so that they can be referred to without reading the entire 
work. The Appendix contains many derivations and definitions used 
throughout the field and is written in such a manner as to have reading 
continuity. It is recommended that the Appendix be read or at least 


scanned before continuing into the technical part of the text. 
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II. GENERAL ASPECTS OF A COMMUNICATION SYSTEM 


A. The Ideal System 


As far as the user is concerned, the ideal communication system is 
one which allows him to conduct a maximum amount of business at a min- 
imum of cost and maintenance while obtaining a maximum of operational 
reliability, efficiency and convenience. This ideal system must have 
a large signal-to-noise ratio with reliable, 24-hour operation. The 
system must be free from external influences such as man-made static 
and ionospheric disturbances. 

To build such a system would require efficient and reliable trans- 
mitters and receivers with large antenna arrays and most likely a 
satellite link. For all but the most sophisticated levels of communica- 
tion in government and industry, the ideal system is economically pro- 
hibitive and a practical system must be employed which utilizes many 
design compromises. This chapter is concerned with the compromises made 
in the signal-to-noise ratio of the system and how to make meaningful 
measurements of receiver sensitivity. To best analyze this problem it 
is necessary to examine the four basic system components of a practical 


communication system. 


B. The Practical System 


Each practical communications system consists of a transmitter, 
receiver, associated antennas and the propagation path between communica- 
tion points. The signal-to-noise ratio of the communication link 


depends on all four components and the performance of each is 
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interdependent on the others. For this reason, it is possible to make 
many tradeoffs among the various components and still maintain an 
acceptable link. The following discussions of each component are in- 
tended to give the reader an overview of the complete system to aid 
in the understanding of later, more detailed information. Refer to 


Figure 2-1 for a system diagram. 


1. The transmitter 

For system sensitivity studies, the transmitter may be considered 
to be a device which encodes information on an RF signal, amplifies this 
signal to an appropriately high power level and applies it to an antenna 
system. The system design engineer need only know the type and content 
of modulation, RF power level, output impedance, signal-to-noise ratio 
and harmonic-spurious content to be able to specify the other system 
components. For the purposes of this study, the transmitter will be 
represented by an equivalent Thevenin voltage generator having a 
specified available power output, impedance, modulation, and signal-to- 
noise ratio (T-SNR). The type and content of modulation is important 
in the fact that the demodulation of low-level signals is dependentupon 
the type of modulation. The transmitted signal-to-noise ratio is impor- 
tant because it determines the SNR limit that can be achieved with any 
system. It would be uneconomical, for example, to design a communication 
link to have a 50 db signal-to-noise ratio when the transmitted ratio 
was only 30 db. Likewise, the off-channel noise contributed by the 


transmitter may interfere with other channels or with the primary 


*Transmitted signal-to-noise Ratio 


Transmit Receive Feed 
Modulator Transmitter Antenna Antenna System Receiver Demodulator 
AM AM 
Space 
PCM \ pace 7 ww 1} | Pow 
sESNRE "sys | —£ se R-SNRI 
l System Sensory 
Information Noise Transducer 
Source Sources 
Figure 2-1. System block diagram of a communication system illustrating receiver and 


system noise temperatures (T > I) and transmit and receive signal-to- 
noise ratios (T-SNR, R-SNR) , where for the most economical system, T-SNR > 
R-SNR. The common technique of referring all receiving system noise to 
an equivalent input noise source is illustrated by the system noise 
sources block input to the antenna 


el 
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receive channel. The transmitter in a good system must be designed to 


minimize these undesirable effects. 


2. The propagation path 

The propagation path of a communication system is that which the 
desired signals must traverse to get from the transmitter to the re- 
ceiver. The path of these electromagnetic waves may be short and line- 
of-sight as_in a microwave link, or it may be intercontinental such as 
with international shortwave broadcasting and ham radio. The path may 
be extraterrestrial as with communication satellites, planetary probes, 
solar system radio astronomy, and moon bounce experiments, or it might 
be cosmic as in galactic and extra galactic radio astronomy. 

The physical nature and length of the path has much to do with the 
reliability and signal-to-noise ratio of the link. Such aspects as 
power decrease with distance and interspace absorption and background 
noise must be considered in any design. Because of the complexity of 
the variables involved in trying to predict space path performance, 
there is no "best" approach for every case. As a result, there is still 
a lot of design flexibility in the interface between the space path and 


the antennas. 


3. Antennas 

The antenna is the most important component in a high quality 
communication link. The quality of the transmitter and receiver may be 
excellent but if they are used with inadequate antennas the complete 
system will operate poorly. Such concepts as antenna directivity or gain, 


characteristic impedance and equivalent noise temperature must be 
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understood before attempting to select the proper antenna design. 
Especially when determining the system sensitivity, the antenna's 
equivalent noise temperature must be taken into account. Many antennas 
have such a high equivalent noise temperature that receiver noise is a 
minor consideration. This is true most often at frequencies below 30 
MHz. Specification of antenna gain alone will not provide a good sys- 
tem because, in addition, one must consider minor lobe response, 
sidelobe noise pickup, bandwidth and the susceptibility of the antenna 
to man-made noise. It is worthwhile to examine sky temperature and 
its effect on antenna noise temperature when designing a system. Once 
the antenna parameters are determined, it is possible to model the 
antenna with a Thevinin equivalent circuit using the antenna radiation 
resistance and the superposition of signal and noise generators. This 


technique is employed in Chapter III. 


4. The receiver 


In modern solid-state communication system designs,the receiver is 
second in importance, and a very close second, to the antenna. The 
receiver and antenna are intimate partners in the task of providing a 
usable sensitivity. When the antenna temperature is low (it may be in 
the 3-20°K range) the system sensitivity is determined strictly by the 
receiver noise contribution. For this reason, the receiver is a very 
important component. On the other hand, the state-of-the-art in solid 
state RF preamplifier design is such that noise figures of 2-4 db 
(noise temperatures of 170-440°K) are common. In effect, this puts a 


burden on the system designer to make a compromise between the antenna 
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and the receiver noise specifications. In spite of this, the author con- 
siders the receiver to be the most important contributor to a well de- 
signed, low noise, high quality receiving system. This viewpoint is 
useful in RF circuit designing and testing of low-noise receivers. 

The information theory requirement, that the receiver faithfully 
reproduce the information transmitted, places many restrictions on:]) 
the preservation of signal-to-noise ratio, 2) the type of demodulation 
scheme incorporated, and 3) the presentation of data at the sensory 
transducer. These requirements are often conflicting and a study of the 
noise aspects of a receiver aids in choosing among the alternatives. An 
understanding of the various schemes of measuring receiver sensitivity 
will help the user choose the appropriate method. 

The design of a receiver from antenna to demodulator requires 
basically that a specific receiver signal-to-noise ratio and bandwidth 
be provided. The selection of the minimum acceptable SNR and bandwidth 
is primarily the task of information theory and is not discussed in 
this report. The approach used here is that the designer has these 
parameters as boundary conditions and wishes to determine the system 
circuits and restraints. 

These topics and others will be discussed in the next Chapter where 


the important aspects of a complete receiving system are presented. 
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III. RECEIVING SYSTEMS FOR SENSITIVITY STUDIES 


A thesis on the sensitivity measurements for optimum receiving 
systems would not be complete without a summary of the theory of receiver 
operation. After trying to omit this section» it was the feellng of this 
author that the thesis would lack the unifying effect of a chapter on 
receiving systems. Much thought has gone into the preparation of Figure 
3-1 which contains most of the basic building blocks of a double conver- 
sion heterodyne receiver. An attempt has been made to keep it as com- 
plete as possible without excessive clutter. There are six main sections 
to the receiving system illustrated: 

1. The electromagnetic transducer 

2. The feed system 

3. The RF translator 

4. The IF amplifier 

5. The demodulator-detectors 

6. The sensory transducers. 
The sections were selected on the basis of their effect on receiver 
sensitivity measurements. 

Elementary theory of operation and functional definitions will now 
be discussed for each main section. The first section» on antenna 
theory» is presented from a system engineering standpoint. The opportun- 
ity to present the antenna topics necessary to develop equations for 
signal power did not present itself in any other chapter so they are 
presented in this one. For this reason» the antenna section will cover 


much more detail than the others. 
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Figure 3-1. Receiving System 
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A. Electromagnetic Transducer (Antenna) 


Wireless communication between two points can only be accomplished 
if the circuit voltages and currents at the transmitter are transformed 
into electromagnetic waves that will propagate through space to the 
receiver where the waves can then be transformed back to voltages and 
currents to be detected and processed. The devices which accomplish 
these transformations are electromagnetic transducers which, at radio 
frequencies, are called antennas. The RF antenna transduces between 
electromagnetic waves and voltages and currents in the same manner as 
a loudspeaker does between soundwaves and electrical current or a 
thermocouple does between heat energy and electrical current. The 
techniques of analyzing antennas are much the same as those for any 
transducer. For the antenna, energy transfer equations are used to 
develop circuital and field equations. These equations may then be 
combined to characterize the antenna as a two-port device« 

The fields produced by an antenna are not computed directly except 
in the simplest of cases. For the best accuracy, it is necessary to 
measure the fields and then characterize the antenna on the basis of 
its directivity and radiation intensity. 

The physical nature of a practical antenna is such that it will not 
radiate power evenly in all directions. In fact, for many applications 
it is desirable to radiate power in a narrow beam. The shape of the 
antenna radiation pattern affects its performance and is usually deter- 
mined empirically for applications requiring exacting performance. To 


characterize this, the power output as a function of angular direction 
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is specified by the radiation intensity U(e,¢g) in watts per steradian. 
Figure 3-2a shows the coordinate definition to be used in this report 


and Figure 3-2b shows a typical two dimensional radiation intensity 


pattern (beam power pattern). 


Zenith 


€ = Zenith Angle 


¢ = Azimuthal Angle 


P(#,9, 2) 


x (a) Coordinate definition. (b) Antenna radiation pattern- 
plane view in the $¢ = 90° 
plane. 


Figure 3-2. Antenna Radiation Pattern 


For comparison purposes and for gain reference, it iS convenient 
to define the concept of an isotropic radiator (isotropic antenna). The 
isotropic radiator acts like a point source of radiation and does not 
favor a particular direction. The result is an equal flow of radiation 


in all directions with a radiation intensity of 
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U (e,9) = 2S 
fsotoete Vows 4 el 


where Ww is the radiated power. The equivalent power density at a 


distance Ty from the isotropic radiator is: 


S= 
° 417 * 


(A.2) 


For an antenna which is not isotropic, as is the case of the typical 
beam pattern shown in Figure 3-2, the radiation intensity varies as 


a function of angular direction as specified by: 


Antenna Radiation Intensity = U (°,9¢) (A.3) 


A non-isotropic antenna is usually characterized by the directive 
gain, D(®,¢$), which is the actual radiation intensity normalized by 
the average intensity: 


U (0,9) 


Directive Gain, D(e,¢) = (A.4) 


ave 


The numerical factor of antenna directivity is the maximum value of 


directive gain: 
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Antenna directivity can also be specified in decibels: 


Directive gain and directivity will specify the performance 
factors for an antenna but there are other convenient quantities that 
are used to describe antenna performance which simplify the mathematical 
discription. These will now be presented and applied to specify the 
performance of the antennas in a communication system. 


The normalized power pattern for an antenna is obtained by 


normalizing the antenna radiation intensity to its maximum value: 


U (e, 9) 
U.c, $) 


Normalized Power Pattern, R (o,¢$) = (A. 7) 
With this definition, P_(8,9) always lies between zero and unity. 
Directive gain can now be conveniently defined in terms of the 


normalized power pattern and antenna directivity: 
D(9,9) = D P 68,9) (A.8) 


We now state the important fundamental relationship which exists between 
the normalized power pattern, the antenna beam solid angle, and the 


antenna effective aperture which, by definition, is 


Jr, 7 ee R (0,9) dt (A.9) 


4 
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where A = Wavelength, meters 
A, = Antenna effective aperture, fe 


Qe Beam solid angle, faa 


p68, P) Normalized power pattern. 


The last relationship to be developed will relate antenna directivity, 
effective aperture, and beam solid angle. 
Substitute into Equation A.9 an expression for the normalized 


power pattern obtained by combining Equations A.8 and A.4 


P ce.) = U (2,9) (A.IO) 
D Uae 


so that the beam solid angle becomes: 


‘ D Use 


(A.H) 


Using (A.I) this reduces to: 


1 
Jt, D — U (e,4) dR (A.12) 


The integral over a 4m solid angle of the radiation intensity is simply 
the total radiated power Ww. Using this in (A.12) and combining with 


(A.9) gives the desired equations: 
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D i en, 417 2.) (A.13) 


In the discussion thus far, no mention of antenna losses or 
reference to antenna geometry has been made. Both directivity and 
losses depend upon the type and size of the antenna. We will now 
briefly examine antenna efficiency and physical aperture. Suppose we 
have a receiving antenna oriented so that the direction of maximum 
gain is toward a completely polarized point source and that the polari- 
zation of the antenna is matched to that of the source. If the 
antenna were lossless, the signal power available from the antenna, 

Ww, would simply be the product of the power density incident on the 


antenna, See and the effective aperture of the antenna: 


W. = S. A, watts. (A.14) 


On the other hand, in a lossy antenna, the available power would be 
reduced by I2R losses. To account for this loss we will define an 
ohmic loss factor k as the ratio of the actual effective receiving 
aperture of the antenna, A.» and the effective aperture, A,» which was 
determined entirely by the radiation pattern as related in equation 


A.13. The ohmic loss factor becomes 


“Other antenna losses, such as scattering, will not be discussed 
in this work. For more detail refer to Kraus (1966, Ch. 6). 
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} (0% k, = 1) (A.1S) 


and the signal power available is determined from (A.14) by replacing 


A__with k A 
> 1- 


W=SA=S KA (A.16) 
r r aes i 
where W. = Signal power available from the antenna, watts 


2 
S. = Power density incident at the antenna, watts/M 


A. =Effective aperture determined entirely by the 


e 
radiation pattern, M 

re = Actual effective receiving aperture, M 

k_ =Ohmic loss factor, dimensionless. 


A measure of the increase in radiation intensity provided by a direc- 
tional antenna over that of an isotropic radiator in called the 
antenna gain. Antenna gain takes into account ohmic losses and is 


defined as (Kraus, 1966, p. 213): 
Antenna Gain, G. = k D. (A.17) 


The antenna gain is always less than antenna directivity because the 
loss factor is always less than unity. 

The physical aperture of an antenna is difficult to define when 
the antenna is small compared to the operating wavelength but when it 


is large, its value is comparable to that of the effective aperture. 
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For a comparison between size and effective area, and as a means 
of comparing antennas, the aperture efficiency, cape defined as the 
ratio of the actual effective receiving aperture to the physical aper- 


ture: 


A. A, 
=—s — A.l 
rar ko (A.18) 
P Pp 


For the interested reader, a more extensive discussion of antennas, 
particularly beam shape and efficiency, can be found in Chapter 6 of 
Kraus (1966). The essential antenna parameters that have been presented 
will now be used to demonstrate methods for calculating antenna require- 
ments in a communication system and methods of estimating signal-to- 
noise ratios. 

Consider the simple communication system of Figure 3-3. The power 
density incident at the receiving antenna, and due to the transmitter, 
is determined by the product of average power density and the directive 


gain of the transmitting antenna: 


S..= an \0, (62,42) watts (A.19) 


When the transmitter is far away from the receiver so that it looks 
like a point source, the signal power available at the receiving antenna 
is found by multiplying the received power density and the actual 


effective receiving aperture: 
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Figure 3-3. Idealized Communication System 


=- SA. = S-0.k, we = a rGy  (A.20) 


For the above equation, k is the ohmic loss factor for the receiving 


antenna and the effective area is obtained on the assumption that the 


receiving antenna is directed toward the transmitter to achieve maxi- 


mum gain. When the receiver is not directed for maximum aaah and if 


both transmitting and receiving loss factors are used, the available 


power at the receiving antenna becomes: 


ke. We 


ee & ke 


} D, (6,4) D, (-, 4+) KX (A.21) 


2B 


F 7 @..0° antenna zenith 


Comparison between Antenna Beam Pattern 


Figure 3-4. 
and Incident Flux Direction 


where Ww. and W represent actual received power and transmitted power. 


Substitution for the directive gains in (A.2l) using (A.B) yields the 


final result: 


Wi = ke Ky D, Dy We | ey ) [R (o,f F, (6, *)] 


—VW: G. G,; Ges: \ [P(e 1) P, (6, +] (A.22) 
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where, k = Transmitting Antenna ohmic loss factor 
k = Receiving Antenna ohmic loss factor 
D. = Transmitting Antenna directivity 
D. = Receiving Antenna directivity 
w = Transmitter power input to the antenna, watts 
Pe 5 @) = Transmitter normalized power pattern 


P (8.5%) = Receiver normalized power pattern. 


Equation A.22 shows that, when the transmitting and receiving antennas 
are not directed for maximum gain, the received power is reduced by the 
product of the normalized power patterns. 

For the general case of receiver operation, the power received is 
determined by the direction of incident flux and the antenna directive 
gain. In Figure 3-4, the received flux from a point source is not 
directed for maximum power. When this happens, the power received is 
determined from Equation A.22 where all the transmitter terms are re- 


placed by the substitution 


We 


5} k D. P. (8 50,) (A.23) 
ATTY. 


and the power received becomes; 


2 
= 7O¢ ft D, Pp. (er, dr) (A.24) 
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The receiver normalized power pattern is always less than or equal to 
unity and (6. ro) is the angular direction between the antenna zenith 
and the point source. 

The last aspect of antenna system operation will now be considered-- 
the propagation path loss. In any practical system the received power 
is always less than that predicted by (A.22). The reason is that the 
propagation path was assumed to be a vacuum in obtaining Equation A.2 
but actually the signal is always attenuated by traveling through a 
lossy dielectric or ionized media such as the earth's atmosphere or 
a gas cloud in space. To account for this reduction in signal a space 
loss factor, k., is introduced in Equation A.22. By introducing k. and 
examining the system requirement for antenna gain and transmitted power 
we can assume a value of unity for the normalized power patterns to 


obtain the following requirement 


2 
We Ge G Gaal Ki (A.25) 


where G, = Transmitting antenna gain 
G. Receiving antenna gain 


k. = Path loss factor (0 < k. <1) 


Equations A.22 and A.25 will be used in the antenna noise section to 


compute signal-to-noise ratio for a communication path. 
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B. Feed System 


The term feed system will be used to refer to the interconnection 
between antenna and receiver RF translator. The losses in the feed 
system add directly to the receiver noise figure and cause a reduction 
in signal-to-noise ratio. Because of this reduction in sensitivity, 
it is important to consider the noise aspects of the feed system. 

A typical feed system may contain elements such as switches, 
feedline connectors, diplexers, attenuators, filters, baluns, trans- 
formers, impedance transforming networks and assorted lengths of feed- 
line. Each of these elements have losses and produce noise which must 
be accounted for in low-noise designs. As an illustration, consider 
Figure 3-5 which shows a hypothetical communication center that incor- 
porates several feed system components. In most practical cases, the 
total insertion loss, in db, of all the feedline elements can be added 
to the receiver noise figure to obtain the total noise figure as seen 
by the antenna. To add db loss directly, it is assumed that the feed 
system components are at standard temperature and the SWR of feed 
system and antenna is 1:1. Take as an example the following typical 
feedline installation: 

1. Connector losses at 0.1 db each =0.5 db 
2. Balun loss =0.5 db 

3. Antenna switch loss = 0.1 db 

4. Feedline loss = 0.8 db 


Total feed system loss =1.9 db. 
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Figure 3-5. Communication System Illustrating Typical Feed 
System Components 


The losses in this typical feed system would add 1.9 db to the receiver 
noise figure. If the receiver noise figure were originally 3.5 db 

the total noise figure would be 5.4 db. This represents a doubling in 
effective noise temperature which is a serious degradation for low- 
noise systems. A typical feedline contribution to noise figure will 


be in the range 0.5 to 3.0 db. High-quality low-noise systems will be 
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considerably less than typical whereas commercial broadcast receivers 
may have losses of 10-20 db. To help in estimating the effect of the 
feed system on system noise figure, Table 3-1 has been prepared. This 
table summarizes the range of losses which might be expected for 
typical feed-system components. 

It is the resistive losses in the feed system that decrease 
receiver sensitivity and increase the system noise figure by causing 
signal power losses. Additional receiver sensitivity decreases may 
occur when noise is injected into the feed system from external sources. 
Care should be taken to provide adequate shielding to minimize inter- 


ference from man-made sources. 


Table 3-1. Losses for typical feed-system components 


Component Loss--db* 
Coax connectors .O1 - 0.2 
Balun 0.2 - 1.0 
Impedance transformers 05 - 0.3 (0.1) 
Antenna switch .O1 - 1.0 
Diplexer 0.5 - 3.0 (1.0) 
; b 
Feedline 


aTypical number shown in parenthesis. 


Depends on length and type of line. Data on transmission- 
line loss is available in handbooks (International Telephone and 
Telegraph Corp., 1956, p. 614). 
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As a typical example of noise being injected into the feed system, 
consider the case of full duplex operation with a diplexer. The noise 
sidebands from the transmitter may be large enough to cause an in- 
crease in noise on the receive channel. This injected noise would 
increase the system noise temperature and cause a reduction in signal- 
to-noise ratio. 

The previous discussion of feed system considerations and problems 
is by no means exhaustive. The noise aspects of the feed system vary 
so much from one to another that the best recommendation this author 
can make is that the designer carefully consider all aspects of his 
individual installation. The effects of transmission lines and 


attenuators on receiver noise are considered further in section IV-C. 


C. RF Translator 


The term RF translator has no fixed definition in radio engineering 
so it will be necessary to define its meaning in this report: 
The RF translator is that portion of a heterodyne receiver 
which selects a band-limited spectrum of high-frequency 
signals and frequency translates or heterodynes them to 
a different (usually lower) frequency. 
A typical RF translator will include: 
1. RF amplifying and filtering 
2. Amixer for heterodyning 
3. Injection signal filtering and amplifying 


4. First IF filtering and amplifying. 
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The scheme shown in Figure 3-1 is reasonably general and incorporates 
most of the features found in an RF translator. Many translators are 
much simpler than that illustrated but it was felt that the basic 
elements of all designs should be incorporated in the example. It is 
possible to develop a satisfactory translator with only the first RF 
filter, first mixer and first IF filter. 

The RF translator determines many of the important operating 
parameters of a heterodyne receiver. The ones we will be most con- 
cerned with for noise studies are noise figure and RF selectivity. 
Almost without exception, the receiver noise figure is determined by 
the RF translator. The criteria for low-noise operation are that the 
RF amplifier and first mixer have enough gain to overcome the equivalent 
noise of succeeding stages while contributing a minimum of their own 
noise. 

In most translator designs, the requirements of good distortion 
performance and low noise are conflicting. Obtaining good distortion 
performance means having very selective filtering and high dc power 
input to the active devices. Both of these conditions degrade low-noise 
performance. One of the goals of this report is to provide the reader 
with the information necessary to make good decisions concerning trade- 
offs between distortion and low noise. A brief discription of each 
element in the RF translator will now follow. Emphasis will be made 
on those aspects of operation which affect receiver noise performance. 

The tuneable RF filters are used to select the desired range of 
RF spectrum to be received. Filter tuning is made to "track" the local 


oscillator tuning which, by means of the tuning voltage generator, keeps 


36 


the desired signal bandwidth, as determined by the first IF filter, 
within the passband of the RF filters. The RF filters attenuate 
signals outside the receiving passband to reduce distortion and inter- 
ference and also reject the image-frequency response. The important 
parameters of the RF filter are its bandwidth characteristic and 
insertion loss. The more important of these two parameters, as far as 
noise performance is concerned, is the insertion loss. The insertion 
loss of the first RF filter adds directly to the spot noise figure of 
the first RF amplifier. For this reason it is desirable to keep the 
filter passband attenuation as small as possible while still obtaining 
the desired selectivity. This problem is complicated when the filter 
has ripple in the passband. Ripple causes the noise figure to be 
dependent on what portion of the filter passband is being used. 
Generally speaking, the first RF filter should be used primarily to 
protect the RF amplifier from the strong signals which cause cross- 
modulation. The second RF filter is used for cross-modulation and 
image rejection ahead of the first mixer stage. 

The RF amplifier is the first active stage in the receiver and, 
as such, determines the important operating characteristics of noise 
figure and cross-modulation. The RF amplifier has four basic functions 
and responsibilities in the heterodyne receiver: 

1. It has gain to boost the amplitude of the received 
signal 
2. It determines the cross-modulation distortion level 


for the receiver 
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3. It must have enough gain to overcome the noise 
figure of the mixer 
4. As the first active stage, it has the largest 
effect on receiver noise performance 
The basic requirements of an RF amplifier are that it have a low enough 
noise figure to meet the total system requirement and have a high 
enough gain that the noise contribution of the mixer is minimized. 
Using a device which has a gain much higher than that needed to over- 
come mixer noise should be avoided because the additional signal 
amplitude degrades the distortion performance of the mixer. It is 
the RF amplifier that is the topic of much of the noise theory of 


this report. 
D. IF Amplifier 


The IF (intermediate frequency) amplifier in a heterodyne 
receiver is needed for two primary reasons: 

1. to produce the large voltage gain required to 
amplify the RF translator signal from the low 
microvolt range to the tenths of volts needed 
to operate the detectors and demodulators 

2. to control the amplitude of the signal voltage 
input to the demodulator--detectors by means of 
feedback in an AGe (automatic gain control) 


circuit. 
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Sometimes other functions may be performed such as limiting for FM 
reception and additional bandpass filtering when the first IF filter 
is inadequate but these will not be discussed. 

The IF amplifier typically has 60-100 db of gain and an AGC 
range of 20-50 db. AGC action helps keep the signal at the demodulator- 
detector constant for large changes in antenna signal. This feature 
is needed in applications where a particular operating point must be 


maintained. The spectrally translated bandwidth of the IF amplifier must be maintained 
within the RF bandwidth that was initally determined by the RF translator, 
i.e., the bandwidth ofthe IF signal must be narrower that the RF filter bandwidth. 


This will assume that the signal spectrum at the demodulator- 
detector is fixed both in bandwidth and in amplitude. Sensitivity 
problems can occur if the IF bandwidth is much larger than the RF 
bandwidth as was shown in the derivation of the Friis Equation 
(Appendix, Part J). 

The gain of the IF amplifier is linear in AM and SSB applications 
but may be logrithmic in the case of radar or other pulse-code modu- 
lated systems. For FM, the IF amplifier operates as an amplitude 
limiter. The gain characteristic of the IF amplifier affects the 
method used for noise analysis. Because of their definition, noise 
figure and noise temperature cannot be used to characterize a non- 
linear receiver and hence can only be applied when the gain character- 


istic is linear. 
E. Demodulator-Detector 


Every receiving system needs a demodulator to recover the infor- 


mation (modulation) on the received signal. An ideal demodulator will 
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have an output which is the exact replica of the modulation signal at 
the transmitter. The varying degrees to which practical demodulators 
accomplish this goal is the predominate factor in their study. Some- 
times the output of a demodulator may consist of nearly equal portions 
of signal and noise while in radio astronomy both signal and noise 
have the same spectral characteristics. For these cases, it is 
necessary to analyze the noise performance of the demodulator. Most 
practical demodulators will fall into four classes as determined by 


their input-output characteristics: 


1. Linear I 
I=KV 
Vv 
2. Half-wave square law 
1=kV* 
V 


3. Full-wave square law 


LAY 


4¢ Exponential 1 


Vv 
Lis K 


—— YJ 
The demodulator is usually used for signals which have a good signal- 


to-noise ratio (greater than 6db). For low SNR systems, the detection 
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of the signal in noise must be accomplished by a detection scheme which 
will improve the SNR. Five such schemes are listed below: 

1. Integration and storage 

2. Autocorrelation 

3. Synchronous detection 

4. Matched filtering 

5. Statistical detection by threshold sampling. 

All of these techniques are used to improve the signal-to-noise 
ratio of the detected signal and, in theory, are capable of supplying 
an arbitrarily large signal-to-noise ratio if given enough process 
time. 

For any detection scheme, a tradeoff can be made between the 
detected SNR and process time. If one is willing to sacrifice process 
time for SNR, it is possible to detect an arbitrarily low signal level. 
For "real time" operation, where the signal is demodulated instantly 
upon reception, it usually takes a SNR of 6db or better. 

More information on demodulators and detectors can be found in 
texts on radio engineering and electronic circuit design. 

For more information on detection theory, refer to communication 
theory texts such as Beckmann (1967, Ch. 7), Papoulis (1965) and 
Middleton (1960, Ch. 13). A further discussion on demodulator-detectors 


will be made in Chapter VIII on the theory of sensitivity measurements. 
F. Sensory Transducers 


An often overlooked subject in technical reports is that of sensory 


transducers. These devices are very important and yet difficult to 
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describe. Regardless of the type of information sent over a data link, 
it must still be comprehended by a human observer. For ease of compre- 
hension, the time scale of presentation must be of the same order of 
magnitude as the biological integration time of the human observer. 
This is analogous to high speed and time-lapse photography which is 
capable of presenting to the human observer a sequence of events either 
too fast or too slow to comprehend with his biological senses. The 
task of the sensory transducer in a communication system is to present 
the demodulated data in auseful and understandable form. To 
accomplish this, devices such as loudspeakers, meters, lamps, 
oscilloscopes and stripchart recorders have been used. The type of 
sensory transducer employed has a major effect on the type of sensitivity 
measurement to be made. For example, in FM systems it is desirable to 
specify the quieting ratio as a means of evaluating the quality of a 
music or voice channel. To obtain quieting ratio, we use a meter to 
measure signal-to-noise ratio and a loudspeaker to qualitatively 
determine the minimum ratio that is still pleasing. In pulse code 
modulated systems, we are concerned with fast risetime pulses usually 
amplified by a logarithmic IF amplifier. In this case, it is not 
possible to use linear measurements such as noise figure and one has to 
utilize a means such as tangential noise sensitivity in which the 
observer uses an oscilloscope as a sensory transducer and observes the 
pulse height above the noise level or "grass". As a final example, we 
look at the strip chart recorder. The best application of this trans- 
ducer is in systems which require integration times much longer than 


human biological integration time. For example, in a very low 
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signal-to-noise ratio receiver as is used in radio astronomy. In many 
observations, data may be integrated and correlated for minutes or 
hours. In this long time span the only meaningful display is by means 
of a chart recorder which can record events occurring over several 
hours and compress them into visually comprehendible segments. 

In all of these systems the critical requirement still remains 
that the information must be as understandable and as pleasing to the 
observer as possible. Often the necessary integration time is obtained 
by the use of a meter, chart recorder, or stage scope. Methods of 
sensitivity measurement which employ these types of readout devices 


are presented in Chapter IX. 
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IV. NOISE IN ELECTRONIC CIRCUITS 


The study of noise processes in electronic circuits is a fascinating 
but almost overwhelming task. It includes determining what kinds of 
noise physically occur and their statistical properties. Then one 
must examine the physical sources of noise and determine their effect 
on both passive and active circuits. Finally the theory of noise in 
two-port devices must be studied to explain and predict the performance 
of low-noise amplifiers. 

At the outset of this work, it was thought, by the author, that 
the basic concepts of noise theory for electronic circuits could be 
concisely presented but after much detailed study it was decided that 
the subject area is much too broad, and detailed coverage would be 
beyond the scope of this text. The most difficult task was to separate, 
out of the large body of probability and random variables theory, the 
important ideas needed to present the noise theory of receivers. Then 
it was discovered that it is not practical to try to assimilate the 
vast number of papers on noise in electronic devices. To solve these 
problems it was decided that only the most fundamental concepts would 
be presented and then only those that are used in other parts of the 
thesis. With this presentation it is hoped that the casual reader will 
get the basic concepts without overwhelming detail and yet an extensive 
bibliography is supplied for the reader who wants more detail. 

To obtain the best understanding of these topics it is necessary 
that the reader obtain other viewpoints and methods of presentation. 


Therefore, for comparative purposes, the reader is encouraged to consult 


44 


such widely used texts as Davenport and Root (1958), van der Ziel 
(1954), and Bennett (1960). For a broader coverage of the topics of 
probability and noise in communication engineering refer to Beckmann 
(1967). For a rigorous presentation of the theory of probability, 


random variables and stochastic processes see Papoulis (1965). 
A. Noise as a Physical Phenomenon 


1. Brownian motion and thermal agitation 


In 1827, a Scotch botanist named Robert Brown observed the irregular 
zigzag motion of minute particles suspended in a liquid. It was found 
the smaller the particles, or the higher the temperature of the liquid, 
the more violent the motion. This phenomenon, known as Brownian Motion, 
has had a profound effect on science. The existence of Brownian,Motion 
has led to the kinetic theory of matter which states that matter is 
composed of small particles called molecules which are constantly moving. 
It is also significant that the motion becomes more violent as the 
temperature increases. It is the energy of this motion. that we use to 
define a thermal or kinetic temperature. 

The term thermal agitation is used to discribe the Brownian Motion 
of atomic particles in materials. The same thermal agitation causes the 
molecules of a gas to move about just as it does a suspended particle. 
The postulation of thermal agitation of electrons in a conductor has 
led to the theory of thermal or Johnson noise. The resulting random 
voltages and currents caused by this thermal agitation account for many 
of the noise processes found in a receiver and their study will be an 


important topic of this report. 
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2. Shot noise 


Shot noise is also caused by a flow of electrons but, in contrast 
to the lack of an external field which exists for thermal noise, it is 
caused by the flow of electrons in a dynamic system. The derivation 
for the noise current of a shot noise source cannot be conducted with 
the same thermodynamic arguments that are used for thermal noise. This 
contrast is highlighted by comparing the two types of electronic noise. 
Shot noise in a vacuum tube is caused by the undirectional flow of 
electrons from cathode to plate* while thermal noise is the random 
thermal motion of elections. Shot noise is encountered in all electronic 
devices which have current flowing in them and, in particular, the shot 
noise in diodes, transistors and vacuum tubes is important in receiver 
noise studies. The flow of electrons in semiconductor devices causes 
the shot noise which plagues all active devices and causes them to have 
a noise factor greater than unity. For this reason a noiseless solid 
state amplifier is impossible because even if the thermal noise sources 
could be reduced to zero by cryogenic techniques the device will still 
need electron flow for operation. More information on shot noise will 


be given in section B of this chapter. 


3. Statistical properties of noise 


The thermal motion of electrons in a conductor and the flow of 
electrons in an amplifying device are both examples of random processes 
and the particular noise voltage or current which results is a sample 
function of that random process. As such, noise voltages and currents 


are not deterministic as are noiseless, sinusoidal voltages and currents 


* Also referred to as the anode 
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but are probabilistic 1.e., at any instant in time the magnitude and 
phase cannot be exactly specified but only characterized by a range 
of values and a probability of occurrence. To study noise processes 
in communication systems one needs to become familiar with the 
probabilistic discriptions of noise. 

There are two averaging process in noise studies which must be 


defined. These are the ensemble average (also called the statistical 


average) and the time average (Davenport and Root, 1958, Ch. 4). 
Suppose an ensemble of identical noisy receivers are reproducing, on 
strip-chart recorders, their output noise fluctuations. Now at a time 
ty the noise voltages of the ensemble are arithmetically averaged. 
This is the so-called ensemble average. Now suppose the strip-chart 
record of just one of the receiver outputs is averaged in time. This 
then is the time average. Mathematically the statistical average is 
defined in terms of a probability density function, p(x), for a 


stationary process: +00 


(XC> = fx pix) dx (4A.1) 


-00 


and the time average is: 


X(t) = Lim dx 
ama (4A.2) 


oO 
There are two important properties of random processes to be 


considered before beginning a detailed study of noise processes. These 
are the properties of stationarity and ergodicity. A random process is 
stationary if its statistical properties do not change with time. For 


a strict mathematical definition of stationarity refer to Beckmann 
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(1967, p. 190). A random process is ergodic if the ensemble average 
is equal, to the time average i.e. if the equality is satisfied with 


probability one: 


p [<X «t) = XO] a | (44.3) 


It is very desirable to deal with random processes which .are both 
stationary and ergodic as these properties allow many simplifications 
in the analysis. Fortunately, most random processes studied in 
communication engineering are both stationary and ergodic. 

A measure of the variability of a random process can be determined 
by another important characteristic called the variance (or dispersion) 


0 : , defined by 


= x -49]" pou dx - OC) - cx: (44.4) 


. . . . 
where for a random variable with zero mean «x> - 0) the variance equals 


its mean-square value: 


on” =<x®> when <y - 9 (4A.5) 


The square root of the variance is the standard deviation, 0, and the 
square root of the mean-square value is the root-mean-square (RMS) value 


of x as: 
= 2 
RMS value of X, X.. = Vex"> (4A.6) 


The mean-square value of a random variable is determined by the second 


moment of the distribution: 
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<x*> = | x? Pix) (44.7) 


The mean-square value of a stationary random variable can also be 
determined from its time autocorrelation function (Appendix, Part A) 
and from its power spectral density function. The autocorrelation 


function is 


Te 
Ry fT) = Lim T X(t) X(t-¥) dt (44.8) 
Ta 
Te 
and the mean square value becomes: 
Ve. 
<> = X? - R,0) = fin ; 
» (0) =e [xed] dt (4A.9) 
-Ve 


The mean square value from the power spectral density function is: 


00 
| 
214 { J, (wr) dw (4A.10) 
-@ 


The covariance of two random variables is the mean product of 


their deviations: 


Covariance of X and Y » <S-od [V -<y]) (4A.11) 


The covariance is a measure of the interdependance of X and Y and is 


used to determine the correlation between two random variables. 
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To actually specify the correlation between two random variables, 


the correlation coefficient is ,defined by normalizing the covariance 


with the square root of the variances as 


Cov (x,y) 
Correlation Coefficient, Ny : To (4A.12) 


where, upon substitution of another form of Equation 4A.1] 


Cov (x,y) =([k- <x] ly - “v3]) =4V) - &x><¥) (44.13) 


gives as a final result: 


Y = <Xy> = 0X) SY? (4A.14) 
xy 


oa: “Gy 


The correlation coefficient is used in the analysis of noise in two- 
port devices and often has associated with it the units of impedance 
or admittance. Also, the correlation coefficient is generally complex 


as expressed by: 


% = lyre’? (44.15) 
here 
. o€/rl ei 


The two most important ways of describing a random variable are by 
use of the probability distribution function and the probability density 


function. These functions are defined by the mathematical relationships: 
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Probability Distribution Function 


P (Xa) Pix) dx (4A.16) 
~ &© 


Probability Density Function 


xZa] - Phe (a-aa)] 
Pio) - Lim (es eee J = : 
AS ro A (44.17) 


e Ws P(xéa) 
Qa 


The probability density function p(x) can be interpreted as the 
probability that a random variable x has a value falling on the interval 


[(a - Aa) <x < a]. The probability distribution function relates the 


probability that the random variable will have a value on the interval 
[-° <x < a]. To conclude the discussion of statistical properties we 
now summarize the density and distribution functions of the noise 
distributions commonly encountered in communication systems. 

The most important distribution, because it is so often encountered, 


is the Gaussian Distribution. This distribution adequately describes 


the distribution of the magnitudes of noise voltage and current for 
both thermal and shot noise sources. The Gaussian probability density 


function is given by 
— (x —_ Rr 
l e. F'Re (44.18) 
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and the distribution function as 
/ : aAa-~ Xo ) 
P (xéa) 9 [ + erf =) | (4A.19) 


where A, = (X), the mean or average value of x. 


Be The variance of x. 


2 


Ox 
{X= 2% 4 x 
x [o} 


and the well known error function is defined as: 
‘g 2 
€rf (4) = — e* d+ (4.20) 
vir 


fC) 
When using standard tables one must take care to determine the definition 
of the cumulative distribution function F(y) actually tabulated. 
For example, in the Standard Mathematical Tables published by 
the Chemical Rubber Co. (1971, p. 575), the error function must be 


computed in the following manner: 


evs (ser) = 2F(Y)—}) (4A.21) 


where 
ee 
F (4) = er \ e dt 


and tables of F(y) are provided. Figure 4A-l is a plot of density and 


distribution functions for a Gaussian process. 
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Figure 4A-1. 
Functions for a Gaussian Random Process 


The Rayleigh distribution characterizes the envelope of a band- 


limited Gaussian noise voltage. The probability density function for 


a Rayleigh distribution is 


x2 
~s 
Pa - aoe e% x>0O (44.22) 
and the distribution function is: 
2 
—- XK 


P(xsa) = 1_€ X>o (4A.23) 


a3 


It will be shown later that the noise voltage output of an ideal 
envelope detector is a random variable with a Rayleigh distribution. 


Curves for the density and distribution functions are shown in 


Figure 4A-2. 
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Probability Density and Probability Distribution 


Figure 4A-2. 
Functions for a Rayleigh Distribution 


The average or mean value and mean-square values for a Rayleigh distri- 


bution are: 


<X) = | xX PCx) dx =\t Ox (4A.24) 


and 


<X*> J PCx)dx = 205° (44.25) 
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The variance of the Rayleigh distribution is: 
2 T 2 
2 <ksSs -<X) = ( - +) GC. (44.26) 


It is important to notice that the mean value,mean-square value, and 
variance for a Rayleigh distribution are all expressed in terms of 
the variance of the "parent" Gaussian process, ae 

Another distribution that is important to receiver noise studies, 
because it characterizes the noise current distribution at the output 
of a square-law device, is the chi-squared distribution (International 
Telephone and Telegraph Corp., 1956, p. 992). The probability density 


function for this particular chi-squared distribution is (n = 1) 


-X 
__1s @ 2a? 


Ox VeTrx 


x20 (4A.27) 


where a” is the variance of the "parent" Gaussian process. 
To demonstrate that this is indeed a probability density function 


we show that 


, 
iX) dX — 6 vaRyF yx dx = 7] (4A.28) 


0) ie) 
and from integral 671. of Standard Mathematical Tables (Chemical Rubber 


Co., 1971, p. 449) ee - 


cS T \ 
WO dx = yi! (4A.29) 


so upon substitution into Equation 4A.28: 
0 


1 
P(x) dx & va 277 Ox" 1 (44.30) 


Oo 
The curve of the chi-squared density function is shown in Figure 4A-3. 


The mean value and mean-square values for the chi-squared distri- 


bution are: 


0 
r 
dx) - X pcx) dX - Ox (44.31) 
0 
and (Davenport and Root, 1958, p. 254) 
@ 
Cx >= x pix) dx - 3 On” (4.32) 


p(x) 
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Figure 4A-3. Probability Density Function for a 
Chi-Squared Distribution 


S6 


The variance of the chi-squared distribution is: 
2 2 2 2 
O,° = <x*>) — <x> 2 OK (44.33) 


The exponential density function characterizes the noise output 


of a low-pass filter following a square-law device. It has the form 


~_ 


P(x) - —— e & (44.34) 


with mean value, mean-square value, and variance of: 


<X) - fx Pexydk = a2 


dx) - X* p(x) Aves pO (44.38) 


0 
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Oe 


(x*> — <¢x>® = ort 


The last distribution we will consider is the Poisson Distribution. 


This distribution is used for noise processes which are impulsive as 
for example ignition noise and many types of man-made noise. The 


Poisson distribution is 


(n ) “nt 
pCn) - nt a 


nl ce (4A.36) 


where pen) is the probability that exactly n pulses will occur in a 


time interval of duration Tt and n is the average number of pulses 


a7 


occurring ina unit of time. When n is large, the Poisson distribution 
tends to a normal or Gaussian distribution (Papoulis, 1965, p. 570). 
As a matter of fact, shot noise is Poisson distributed but with the 
average number of electrons flowing usually greater than 6.28 x 10°, 


(one nanoampere) shot noise is very well represented by a Gaussian 


distribution. 


4. Noise spectrums 


Specifying a random variable such as a noise voltage or current 
by the appropriate probability density function is theoretically 
adequate but not very useful for receiver noise studies. Three other 
ways of specifying the character of a random variable are more useful. 
These are: 


a. The autocorrelation function (Appendix, Part A) 


Z 


R(T) = Lim X(t) A(t +) dt (4A.37) 
T7000 -Yp 


b. The power spectral density function 


ce 


Bw = FPR] JRE st ase 


c. The mean-square value 


foe] 
xe = sr | few dw (4A.10) 
oD 


- Rx (0) (44.9) 
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ee) 
or » in x" p(x) dx. (44.7) 
-o 
Since all physical sources of noise are both band-limited and time 
limited, the integrations over all frequency and time are never 
really carried out. At most, in any real system, the functions 
specified above are only approximated. 

We now will examine the spectral characteristics of the types of 
noise encountered in electronic circuits. In noise analysis it is 
often convenient to work with either the spectral density or the auto- 
correlation function. Thus, it is convenient to know that they form 
a Fourier transform pair i.e., they are reciprocal Fourier transforms 


(Beckmann, 1967, p. 214): 


too ee 
Pw) = J Ree” dt (44.39) 
-o 
+00 : 
v 
R(T) - ott ewe dw (44.40) 
0d 


If the random process characterized by R(T) is real, then R(T) is 
real and even. For this case $(w) is also even (Papoulis, 1965, 


p- 338) and the reciprocal transforms become 


@ 


£m R(t) coswWt dt (4A.41a) 


-coO 
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+oo 


R(‘%) = a { Sew) CoswTt dw (4A.41b) 


—- co 


where $(w) is the two-sided or complex Fourier transform i.e., (w) 
is an even function so it has a magnitude in both the positive and 
negative frequency regions. Since for real physical systems only 
positive frequencies have meaning, the transforms of Equations 4A.41 
can be modified by introducing the single-sided or one-sided power 


spectral density Sew) defined as (Appendix, Part R): 
s(w) =2 P (w) for WrOo. 


Now the real-frequency or single-sided transform pair becomes: 


Sw) - 2 FR) coswt dt (4A.42a) 
a@ 
R(T) - an S Co) Cos wT dt (4A.42b) 


oO 
Sometimes, however, it may be easier to integrate the complex form 
as given by (4A.39) and (4A.40). 
If this is necessary, the "real world" spectrum represented by 
Sew) must be changed by amplitude scaling and the even function trans- 


formation to give: 
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Plow) Jy Sty +b Sw) 


When any of the above transforms are carried out,the resulting tunct10n 

must be real. If the function obtained is complex, then the result 

is not correct. Some examples of how to obtain these transforms will 

be briefly illustrated in the derivations to follow. Table 4A-l, on 

page 66, will summarize the results of these examples and other commonly used 


transform pairs. 


First consider band-limited white noise with a spectral intensity 
of N) watts/hz. The autocorrelation function is obtained from the 


integral (Equation 4A.42b): 


Up + AY 
R(t) = ah | Me Cos et dw 
We > 
Aw 
Sin (> T) 
AW Cos WT xD (44.43) 
2 


Applying the complex transform and extending $(w) to negative frequencies 


gives (Equation 4A.40) 
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N, Sin( AS t) 
R(‘r) : otF Aw Cos &t ae . (4A.44) 


which is the same result as (4A.43) but requires much more computational 
effort. For the base-band spectrum, let ww = 4075 and the autocorrela- 


tion function becomes: 


— 2No «., Aw Awan _ _No Sin (bw T) AA.45 
R(t) = ore 5” zt Cos t= Sap fw Aw t aa 
Observing the limiting relationship 

Lin, ‘Sink _ 4 
X-20 X — 
leads to the mean-square value 
No 
Ro) = att AW (4A.46) 


which shows that the mean-square value is dependant only upon the spec- 


tral intensity and the bandwidth. Next we look at the Gauss-Markoff 


process which characterizes the spectrum obtained from a random tele- 
graph signal. Also, the same integration is valid for the RC low-pass 
filter if the constants are changed. The autocorrelation function is 


of the form: 
-bitl 
Rivy= o* e (44.47) 
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and the power spectral density is: 


j 
ba 
ty 
@?) 
@ 
aw 
re 


gi (w) = 


+a Ned 
_bItl : -bItI 
- v* Fe c.os wt dt -jorde Sinwt dt 


-0O 


The second term is zero because it is the integral of an odd function 


so we are left with: 


jo =) 


( -bt . 
Pw) =2o* } e CoswT dv = 20° pao (44.48) 
O 


The reciprocal transform of (4A.48) will give (4A.47) so these two 
equations form the transform pair for a Gauss-Markoff process. 

The transform pair for the RC low-pass filter is obtained from 
those for the Gauss-Markoff process by making the following substitu- 


tions: 


ae 
OF Re and ~4RC 


Now let's look at the autocorrelation function for deterministic 
function such as a single frequency sinewave. For this simple example, 
the autocorrelation function can be found directly from Equation (4A.37). 


The sinewave function is: 
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X(t) =VN, Cos Wot. (4A.49) 


which gives the following autocorrelation function: 


Te 
Ae) = ae ae VIN. C.0s Wt YN, Cos (Wot - Wt) dt 
1, 
We 
7 ae = N, Cas Wot [Cos wor Cos Wet + SinWot Sinwer | dt 
-—Te 


The integral of the odd part of the integrand over the period is zero 


so we are left with: 


Te 
Ry (v) a Be ak No Cos Wot Cas: Wo t dt 
T co T 
-Yo 
No (4A.50) 
Cos Urs 
> pe 


The two-sided power spectral density function for a single frequency 


sinewave can be shown to be 


g (Ww) Tr (XS) [s (w-we) + § (aru) | (44.51) 


where S(w-w ) is called the Dirac delta function (also called the unit- 
impulse function) and is characterized by its sifting (or sampling) 


property as 
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few § (x-%) dx =f(%) (4A.52a) 


oft X 


or from the Fourier inversion integral (Davenport and Root, 1958, p. 


368) as: 
fee) 


$ (w= we) = en c 


© 


ect ae 


(4A.52b) 


The unit impulse function is also an even function. 
Taking the complex transform of 6(w) we get R(T) as given by 


Equation 4A.40 


+00 
R(x) - 2p fBpe[S on + S(wi wap er * du 


__ Ne je" + ee = My Cos Ut (44.53) 


which is the same result as (4A.50). Now we consider the important 
example of working with the single-sided transform pair for a single- 
frequency sinewave. The power spectral density amplitude must be 


doubled to keep the mean-square value constant so: 


Sw) = TT Ne § (w-We) (44.54) 


The autocorrelation function becomes: 


© 


Rv) =. ( Sw coos we dw (4A.55a) 


O 
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Riv) - " Cos We T (4A.55b) 


where the integral is for positive frequencies only and the complex 
part has been dropped (see Equation 4A.42b). 

The common requirement for all the results is that, the mean-square 
value remain the same for both the single-sided and double-sided 
transforms. The following mean square values are computed: 


a) From (4A.49) 


= 
r) 


ni _ (peak value ye 


- VB a. car 


b) From (44.50), (44.53) and (4A.55b) 


RO = 4: cos (wo) = 


c) From (4A.51) 


a fies [$ @-wr) +S (w+) dw = 


— 0 


d) From (4A.54) 
[> +) 


| N 
—_—o 0 
OTT TT Ne $ (w-w.) dw = 
o 
These values all check and are a good indication that the transforms 


used were correct. 


Table 4A-I. 


Fourier transform pairs which have special application 


to communication noise studies 


@(w) or S(w) 


(a) Pure white noise 


. a 


= No 


(b) Band-limited white noise 


No for bw-Wej £ “ 
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QO other wise 


(c) Base-band white noise 
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ro) Otherwise 
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Table 4A-l. (Continued) 


®(w) or Sew) R(t) 


(d) RC low-pass filter 


4RO 440 
7 5 
m4 
+ wo* (Rcy* 4 RC. 
See ee eI, 
R(o) —@rxc - 4Aw 
(e) High-Q tuned circuit > el) itm sted LL 
e Vv, a 
/ ‘N 
Ths A 7 \ 
<7 = 
aed Ye Sena ] | \ ] : 
} : ie - ~ AWaie |r| 
1 = AO3db Cos Wot a e 
WS Wo Ae AW 4, 
1 + a Asap ) Ro) = —= 
ae 
(f) Gaussian filter 
. <—i 
( 
t 
! 
1 
fe) Wo ~ 
_ Cas=u,)® 


Table 4A-l. (Continued) 


$(w) or S(w) 


(g) Gauss-Markoff process 


—— — 


b 


re] 
= 20"*b 
b* + w? 


(h) Binary transmission 


-—T 


°o hat 


+ 


2 
a sin(S) 
=f po 


(i) Single-frequency sinewave 


TIN, § Cus ,) 


re) We 


= TNS (Ww = We) 
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R(T) 


eee, oa 


Rio) =1 
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Table 44-1. (Continued) 


$(w) or S(w) 


Gj) Sawtooth spectrum 


No 
ee 
pence poets M __-| 
° ~jTrurrt 
No(i- B) ofweur,| _ Me J [sinTRt OO _4 
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(k) Triangular spectrum 
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The user is not limited to using those transforms given in the 
table as there are many more transforms that can be applied to 
electronic systems. Not only can the transforms be used for filters 
and noise analysis but also for such things as determining the far 
field pattern of an antenna from its aperture distribution (Kraus, 
1966, p. 168). Tables of Fourier transforms are available as well 
as several examples in Kraus (1966, Sec. 6-8), Beckmann (1967, Ch. 7), 
Papoulis (1965, Ch. 10), International Telephone and Telegraph Corp. 
(1956, Ch. 35) and Bracewell (1965). 

As a last word on the spectral density of a noise voltage we will 
discuss the term "white noise". Any noise source which produces a 
flat noise power spectrum over the bandwidth of concern is termed a 
white noise source. For practical reasons, many sources are considered 
white even though they are not perfectly flat. The concept of a pure 
white noise is abstract because such a random process cannot exist. 
This can be explained by seeing that such a power spectrum would require 
infinite power. Still, it is convenient to define pure white noise as 
a mathematical process so that it can form a basis for looking at other 
noise spectra. White noise and flat spectrum are synonymous terms. 

The majority of noise sources encountered in electronic circuits 
are both Gaussian and white. Sometimes this leads to a confusion 
whereby the terms white noise and Gaussian noise are thought to be 
synonymous. Especially when just beginning to study in this field,it 
is sometimes difficult to keep the two straight. The differences are 
now explained. The property of being white characterizes the spectrum 


of the noise while the property of being Gaussian characterizes the 
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probability density of the noise voltage amplitudes. For example, the 


thermal noise from an ideal resistor is both Gaussian and white but 
after the noise is passed through a tuned circuit it is no longer white 
although it is still Gaussian. Most of the shot and thermal noise 


sources used in this report will be considered to be both white and 


Gaussian. 


B. Physical Sources of Noise 


1. Thermal or Johnson noise 


The experimental and theoretical basis for the theory of thermal 
noise currents in a resistive conductor was presented in 1928 by J. B. 
Johnson of Bell Labs*and H. Nyquist of American Telephone and Telegraph. 
Johnson concluded that the statistical fluctuation of electrical charge 
in a resistive conductor produced a random voltage between the ends of 
that conductor. This noise voltage, which appeared to depend upon the 
resistance as well as the absolute temperature of the resistance, did 
not depend on the resistive properties of the material from which the 
resistor was made. To verify this, Johnson measured the apparent noise 
voltage of resistors made of many different materials such as; platinum 
and copper wire, India ink, carbon filament, salt (NaCl), copper sulphate, 
and sulphuric acid in alcohol. The agreement in measured and predicted 
values of thermal noise voltages for the variety of resistances led to 
the conclusion that the generation of thermal noise currents in a 
resistor was independent of the material type, physical shape, and 


conduction mechanism. Johnson noted, however, that these conclusions 


*Bell Telephone Laboratories 
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may not apply to electronic resistances, that is, resistances which do 
not obey Ohm's law. 

The noise produced by thermal agitation (Brownian motion of 
electrons) in a conductor is called thermal noise or Johnson noise in 
honor of Johnson. Nyquist used Johnson's experimental evidence as 
proof for the validity of his theory of noise generation. He used 
principles of thermodynamics and statistical mechanics to arrive at an 
equation for the thermal noise power in a resistor (Nyquist, 1928; 
Sears, 1953). Statistically, thermal noise is a random process which 
is Gaussian and, for all practical frequencies, is also white. The 
average value of the noise voltage produced by a noisy resistor is 


zero but the mean square value is non-zero i.e., 
2 
V(t) = 0 Va(t) #O (4B .1) 


Nyquist's derivation of the mean-square noise voltage for a noisy 
resistor produced two equations. The first was based on classical 
equipartition (Sears, 1953) while the second was based on the quantum 
view of radiation. It is the first equation, which we now realize is 
a low-frequency approximation (Appendix, Part A) that is widely used for 
radio circuits. The second equation although seldom used is thought to 
be the correct one although there may be some doubt (Lawson and Uhlenbeck, 
1950, p. 77). 

An important concept that was used by Nyquist in his derivation was 
that of thermodynamic equilibrium. Without this postulation, which means 
that the electrons are in a field-free region, derivation of the Nyquist 


equation is not possible. 
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The power spectral density function for an ideal physical resist- 
ance (ideal meaning no stray reactance and constant resistance over all 
frequencies) was first published by Nyquist (1928). The power spectral 


density is given by Planck's factor (Nyquist, 1928; van der Ziel, 1954, 


p. 9): 


S,) - —ht (4B.2) 
ef - | 


The available noise power (Appendix, Part C) for a resistor, R>» is the 


integral of the power spectral density function over the noise bandwidth, 


Af: 
Af 
Z f,+ 2 
Mies, 22s 
4k = Ss (w) df watts. (4B.3) 
~ Af 
® 2 


The integration over the finite bandwidth, Af can be carried out after 
making some approximations for the Planck factor. 

At radio frequencies the Rayleigh-Jeans approximation for small 
frequency-to-temperature ratios is valid. The Planck factor is expanded 


using a Laurent power series of the following form 


= oN 3 
- —- J. +....Lx he. +... Ixl+O (4B.4) 


which gives for Equation 4B.2 the series 
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ht _ : nf [KT Bs Bee ht a) (4B.5) 
eur 


where if a < < 1 we get: 


ht WattS 
bf ayr() 4B) as 


— 


ek. \ 


When fiT < 400 MHz/oK, the Rayleigh-Jeans approximation gives less than 


a one-percent error and we obtain the radio-frequency power spectral 


density function as: 


5 (w) a kT = (Rayleigh-Jeans Approximation) (4B.7) 
Z 


Integrating Equation 4B.3 and solving for the mean-square noise 


voltage 


rs 
VA - 4R. he Jf = 4kTs R. AF volts. (4B.8) 


10) 
gives the mean-square noise voltage for a noisy resistor of value R, at 
temperature T, and over a bandwidth Af. We now summarize with the 
important conclusion: 
The mean-square value of noise voltage produced by the 
thermal agitation of electrons in a resistor at radio 
frequencies is given by the famous Nyquist formula, 


4k 1, R, Af 


Volts? (4B.9) 


1c. 


where k = Boltzmann's constant, 1.38 x 10>? joules/°K 
T, = Physical temperature of the resistance, °K 
R, = Ohm's law or de value of resistance, ohms 


> 
Fh 
ll 


Effective noise bandwidth, hertz. 


It must be remembered that the Nyquist formula is restricted to band- 
limited white noise at frequencies and temperatures where the Rayleigh- 
Jeans approximation to Planck's Radiation Law is valid. These criteria 
are almost always met for practical electronic circuits. 

Representation of the mean-square noise voltage by the Nyquist 
formula (4B.9) can present sOme mathematical and conceptual difficulties 
when it is applied to practical circuits. First of all the power avail- 
able from a noisy resistor is finite (Appendix, Part A) so we must 
realize that Equation 4B.9 is valid only over bandwidths where the 
Rayleigh-Jeans approximation is valid. This presents no practical 
difficulties as all circuits have enough stray reactance to limit the 
bandwidth. The second difficulty comes about in trying to represent the 
bandwidth by a single quantity, Af. Actually, for every circuit we must 
apply the relationship (Appendix, Part B, Equation B.1) between input 


and output spectral densities 
S.@) = [qiorl? S; (w) 


which is now done for the cascade combination of a noisy resistor and 


an ideal bandpass filter as shown in Figure 4B-l. 
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Ideal 
Bandpass Filter 


—Odb 


Af 


Figure 4B-l. Circuit for Defining the Nyquist Equation 


The ideal bandpass filter has no losses and a perfectly rectangular 
passband of bandwidth Af. When (B.I) is integrated as done in Part B 


of the Appendix and the mean-square output voltage V2 is computed we 


get 
tury + AW 
ot 2 
VA Rf S, (w) Ig cw) df =4R. kr Je AX (4B.10) 
ay 


where if the net gain of the filter is unity (lossless) then we get 


the mean-square output voltage as before (4B.9): 


Ve = 4kT RAF 


For ease of representation, the equations used in many papers on noise 


are written in the Nyquist form of (4B.11) but it must be remembered 
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that it is only shorthand notation for the process expressed in Equa- 
tions 4B.IO and B.4 of Part B of the Appendix. When the input is white 
noise, the simple representation of Equation 4B.8 accounts for the 
situation of Figure 4B-1. 

It has become common practice to represent any noise source which 
can be represented by Figures 4B-l or B-1 (Appendix, Part B) by its 
Nyquist equivalent circuit. Figure 4B-2 illustrates the Thevenin 
noise generator which is used for this representation. 

For notational convenience the bandpass filter is not shown al- 


though it is always implied through use of the bandwidth Af, 


Rs 


Vi =4kT R" Of 


Figure 4B-2. Nyquist Equivalent Noise Source 


We see from the figure that any noise source can thus be represented by 
specifying the three parameters; source resistance R.. source tempera- 
ture T, and effective noise bandwidth 4£, In certain applications, such 
as noise factor computations, where the bandwidth is a common factor in 
all expressions it is possible to represent the noise source simply by 
an equivalent resistance, Ne or by an effective noise temperature 
T.¢¢* The most common representation is the use of equivalent noise 


eff 


resistance which has nothing to do with the physical source resistance 
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but merely expresses the noise power available. For this representa- 


tion, the mean-square noise voltage is written 


4kT. RAAF (4B.11) 


where T R.-=~TR_ (see Figure 4B-2) 
a eq S'S 
T. = Standard temperature, 290 ok 
AG = Nyquist equivalent noise temperature, oK 


Af = Circuit effective noise bandwidth, hz. 


This representation is most often used for device noise studies where 
the noise sources are current generators caused by shot noise and there 
is no physical resistance R, to use for a reference. This concept will 
be used in the study of two-port noise theory. 

The second representation is the use of an equivalent (effective) 
noise temperature. Effective noise temperature is used in specifying 
antenna noise and in reflecting all the receiver noise back to the 
source. The concept of effective noise temperature is also handy for 
specifying noise sources and excess noise as is done for a source 
resistance whose noise power has been increased by addition of a shot 
noise source. In any given application and for a specified bandwidth, 
the reader may expect to see a noise voltage generator represented by 
the Nyquist equivalent circuit in one of three ways: 


a. Mean-square value, V2 


V2 


. Bs 1 o 
b. Equivalent noise resistance, Rg = AKT AE 
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V2 

‘n 
c. Equivalent noise temperature, T = 37Y 
q P eq  4kRs Af 


A better idea of the concepts of equivalent noise resistance and noise 


temperature is obtained by application as will be done in later sections. 


2. Shot noise 


The noise produced by the flow of electrons under the influence 
of a net electric field is called shot noise (Papoulis, 1965, Ch. 16). 
The term "shot noise" is very descriptive because the electron stream 
is analogous to a stream of small shot. Whereas thermal noise was 
characterized by thermodynamic equilibrium; shot noise is not. For 
this reason the statistical nature of shot noise is different because 
it is Poisson distributed though, practically speaking, the electron 
current is large enough that shot noise can be very well approximated 
by a Gaussian distribution. The spectrum of high-density shot noise 
is white just as is a thermal noise source. For most applications, a 
narrowband shot noise process is indistinguishable from a narrowband 
thermal noise process. 

Shot noise is present in vacuum tubes, transistors, diodes, and to 
a lesser and more unpredictable extent in all electrical conductors. 
It is both the discreteness and randomness of the electrons in an 
electrical current that determines the characteristics of shot noise. 

As an example, Bennett (1960, p. 55) demonstrated that an electron 
current (discrete changes) which is perfectly uniform would produce a 
spectrum which consisted of a signal at the pulse rate frequency and 


its harmonics 'but nowhere else. If, however, the flow is not uniform 
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then this randomness of flow will give rise to a uniform noise spectrum 
and hence, shot noise. The shot noise in electronic devices very often 
contributes to a degradation in receiving system sensitivity and we 
tend to think it is totally undesirable when, actually, the shot noise 
generated in a temperature-limited vacuum diode is very useful as a 
noise source for measuring sensitivity. 

The power spectral density function for a temperature-limited 
vacuum tube diode is given by (Smullin and Haus, 1959, p. 14) (Lawson 


and Uhlenbeck, 1950, p. 79) (Bennett, 1960, p. 59) 


5; ()e3 q, I. (4B. 12) 


19 


where q = Electronic charge, 1.60 x 10- ~ coul 


ts - 11h) \= average or DC current, Amperes. 


Since the noise diode is always used in conjunction with a specified 
source resistor it is more meaningful to examine the noise power pro- 
duced by a diode (shot noise) and a resistor (thermal noise) in parallel. 

Figure 4B-3 illustrates how a noise diode producing shot noise can 
be represented by equivalent noise voltage or noise current sources. 


The mean square noise current produced by the diode is 


Aft 


fest. df — 2941. AF (4B.13) 


oO 


and that of the noisy resistor is: 


F 
Tig — +6, he df - 4+kTG, Af (4B.14) 


oO 
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Lj Re Ls me 


Figure 4B-3. Noise Diode Producing Shot Noise 


Likewise, the mean-square voltages of the equivalent noise voltage 


generators are: 


Af 


Rs eql.df - aq. Rs Af (4B.15) 


< 
Ee 
I 


£ 
Vee - 4R. fe df 4kT;R, At (4B.16) 
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The available power per-unit-bandwidth from the combination of 
resistor noise and diode noise can be computed by adding the power 


contributions from each: 


Ve ve { | 
oe 2 pas OR SR + gIoR, +k Ts 9 watts/hz — (4B.17) 
4R | AR, JAF 2? ‘ 


which is also the power spectral density for the diode-resistor combina- 
tion. This spectral density is important for the calculation of noise 
measurement equations and will be used later. Rewriting, we express 


(4B.17) as a power spectral density: 


oe (a>) ae q 1. Rs + k Ts watts/hz (4B.18) 


3. Blackbody radiation 


Blackbody radiation is important in receiver noise studies because 
it is this radiation which accounts for most of the antenna noise. All 
materials at temperatures above absolute zero contain energy in the 
form of thermal motion (Brownian motion) of elementary particles. This 
thermal energy causes the material to radiate electromagnetic energy 
and, by reciprocity, to also absorb it. A material which is a perfect 


emitter or absorber is referred to as a blackbody radiator and will 


emit and absorb radiation at all frequencies. 
The radiation emitted from a perfect emitter, or blackbody, is 


characterized by Planck's radiation law which actually formulates the 
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source brightness, B, as a function of temperature and frequency (Kraus, 


1966, Sec. 3-6) 


2 ( £ ) hf __watts 
AS 4B.19 
B = nm - hz - rad? ( 
kT 
where f = Frequency of observation, hz 


c = Velocity of light, 3 x 108 m/sec 
h Planck's constant, 6.63 x 10-34 D/sec 
T = Source temperature, OK 


rad Solid angle, steradians. 


The expression inside the brackets is known as Planck's factor which re- 
places the kT factor in classical laws and accounts for the quantum 
aspects of thermal radiation. 

There are two special cases of Planck's radiation law which are 
applicable at high and low frequencies and are used in many practical 
applications. At high frequencies where hf » kT, the Planck factor 


becomes 


— bt — hf e kr watts 


ora 


(4B.20) 


which upon substitution into Planck's law gives-the high frequency 


approximation know as the Wein Radiation Law: 


~ £\ Et ——walts_____ (4p 21 
Balt) he 2 Tie 
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which actually is valid for fIT > 10°Mhz/°K. 


At radio frequencies, where hf < < kT, the Planck factor becomes: 


= KT ake (4B.22) 
ex. —| 


which upon substitution into Planck's law gives the Rayleigh-Jeans 


approximation: 


p-elt\r me, 15.25 


m - hz - rad 


which is valid for fIT < 400 mhz/oK. 


When the frequency-to-temperature ratio is in the range: 


400Mhz/°K < £/T < 10° mhz/°K 


the Wein and Rayleigh-Jeans approximations are no longer valid and 


Plank's radiation law in the form of Equation 4B.19 must be used. 


4. Atmospheric noise 


The noise that is produced in the earth's atmosphere is often 
strong enough to cause interference in a radio receiver. The receiving 
antenna picks up these atmospheric noise signals which increases the 
effective noise temperature of the antenna and results in a reduction 
in the receiving system sensitivity. At high radio frequencies (> 1 Ghz) 
the atmospheric noise is caused by atmospheric absorption in water and 
oxygen molecules. At frequencies below 20Mhz, noise known as 


"atmospherics" results in very high noise temperatures. This noise 
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is the result of atmospheric lightning and ionospheric ionization. 

It is estimated that the earth experiences about 200 lightning strokes 
each second. lIonospheric noise is caused by the solar wind and changes 
in solar activity affect the amount of noise. Atmospheric noise must 

be considered in a low-noise receiving system design. For further infor- 
mation consult Kraus (1966, p. 237), Grimm (1959), Jolly (1967, p. 137), 
Skolnik (1970, p. 39-5) and International Telephone and Telegraph Corp. 
(1956, p. 763). Quantitative data on antenna noise will be given in 


Chapter IV-C. 


5. Extraterrestrial noise 


Noise sources outside the earth. also cause interference to low-noise 
antenna systems and in the frequency range of 20 to 1000 Mhz are usually 
dominant factors. The earth receives radio noise energy from the sun, 
Jupiter, the milky way galaxy and from other galaxies. The character- 
istics of this noise, its origin and cause are the object of study by radio 
astronomers. There are thousands of known radio sources in the sky but 
only a few are strong enough to cause interference in a low noise system. 

The cadio noise from extraterrestrial sources is caused by two 
primary mechanisms; thermal emission from hot ionized gasses and 
synchrotron radiation. Synchrotron radiation is caused by the radial 
acceleration of charged particles in a magnetic field. The strongest 
extraterrestrial noise sources are the sun, Jupiter, supernovae 
remnants, the Cygnus galaxy and hydrogen clouds. All of these sources 
vary in their temporal and spectral characteristics so that the problems 


associated with each must be studied as separate phenomenon. The sources 


*Discovered by Kark Jansky, 1933 
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which emit continuously have spectra which may be considered flat over 
the bandwidth of most practical receivers. 

The sun is a strong radiator of energy in the form of thermal 
noise and solar flares. At radio frequencies the noise emission is 
higher than that predicted by a blackbody temperature of 6000 °K 
(measured optically) and the excess noise is thought to be due to 
sunspot activity. For example, at a frequency of 100 Mhz the equivalent 
blackbody temperature can vary from 5 x 105 to 10? oK which is calcu- 
lated on the basis that the sun's angular extent is 0.224 deg. This 
temperature is not constant with frequency and varies with sunspot 
activity. Very large solar flares can release large bursts of energy 
throughout the radio spectrum (Kraus, 1966, Sec. 8-7). These violent 
bursts can severely disrupt radio communication by causing radio static 
and also by disturbing the reflective ionospheric layers. 

Jupiter bursts, which occur in the frequency spectrum around ten 
meters, are not very frequent and are usually predictable. The bursts 
are strong enough to cause interference but, because they are infre- 
quent, are not a serious consideration in designing a communication 
system. The radio emission from the other planets is too weak to be 
a factor. 

Extraterrestrial noise sources as a whole are generally weak and 
only a few sources account for most of the potential interference. 

The strongest sources of emission are due to clouds of ionized hydrogen 
and supernova remnants which emit by the synchrotron process. The 
strongest of these sources are Cassiopeia A GC 461), Cygnus A (3C 405) 


and the Crab nebula (Taurus A, 3C 144). The ionized clouds of hydrogen 
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in our own Milky Way galaxy (Cass. A) are the strongest source. It 
was this noise that was first received by Karl G. Jansky in 1932 at a 
frequency of 20.5 Mhz to thus begin the science of radio astronomy 


(Kraus, 1966, p. 6). 


6. Man-made noise 


Because of increased industrialization and mechanization and the 
rapid population growth, man-made noise has an ever increasing effect 
on the sensitivity limit of a communication link. In urban areas, the 
contribution of man-made noise is such a large part of the total system 
noise that it very often determines the sensitivity limit. One example 
of this is the noise created by an automobile in a mobile communication 
system. A large factor in the success of any mobile system is how 
effectively automobile noise can be suppressed. 

Frequently, the maximum usable sensitivityis governed by man-made noise 
sources is difficult to determine without field measurements under 
operating conditions. The usefulness of field measurements can be 
illustrated by the example of an aircraft flying around the world. 

When the aircraft is over water or sparsely populated land the noise 
level external to the aircraft is due mainly to thermal, solar and 
galactic sources. As the aircraft approaches an urban area, there is a 
significant increase in the noise level--sometimes several db. With a 
field intensity measuring system zt is possible to plot the noise level 
as a function of geographic location and frequency. This information 
is useful in designing reliable communication systems for aircraft. It 


is hoped that the following discussion of the most common sources will 
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help the designer to become aware of potential problems due to man-made 


noise. 


a. Power lines The power leakage of high-voltage power lines by 
discharge, radiation and induction,resulting in noise interference to a 
communication system,is referred to as "power-line noise". Power-line 
noise is caused by a multitude of physical defects in a power distribu- 
tion system, often simply aging. It becomes a serious problem to nearby 
communications because it is almost impossible to maintain a low-noise 
system near a power line. 

The reader can testify to the seriousness of the problem by remember- 
ing the last time he was driving in the country listening to a weak radio 
station. As the automobile approached a rural power line the noise 
drowned out the weak station. Only when the car had traveled a consider- 
able distance from the power line did the noise fade. Ham radio opera- 
tors minimize power-line noise by orienting their dipole antennas 90 
degrees to the power line to minimize coupling. Two-way communications 
employing ground-plane antennas minimize power-line noise by elevating 
the antenna well above the power line. It is often the most practical 
solution, however, to separate the antenna sufficiently from the power 
line because power-line noise decreases rapidly with distance. 


b. Automobile ignition The noise generated by the automobile 


ignition system is referred to as impulse noise because of its frequency 
and amplitude characteristics. Ignition noise causes the 'popping' 
sound in an AM receiver when an automobile passes the antenna site. The 
impulsive nature of ignition noise .makes possible the use of an IF 


noise blanker to reduce or eliminate the annoying popping in voice 
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communication. This is accomplished by silencing the receiver 

for the duration of the pulse which a procedure that has little effect on 

voice intelligibility. For other systems such as data transmission, 

the effect is more severe. Usually the parity error of the system be- 
comes too large to be practical. A solution for ignition noise is a 
suppression system on the automobile which eliminates the high-frequency 
energy from the impulses. This is usually accomplished by shielding 
and adding series resistance to the high-voltage wires. 


c. Thermal radiation from surrounding objects The black-body 


radiation from objects close to the receiving antenna induces noise and 
must be accounted for in low-noise systems. Any source of heat such as 
electrical power plants, industrial processing plants and chimneys will 


induce noise in nearby antennas (Lawson and Uhlenbeck, 1950, p. 107). 


d. Electrical arcing Severe noise can be generated by any electri- 


cal device where arcing occurs. Examples of these devices where arcing 
is a normal mode of operation are; small universal motors in appliances 
such as shavers, grinders, table saws, vacuum cleaners, mixers, blenders 
and a host of other household appliances. Arcing of the commutator in 
a DC generator is a common source of noise and is often noted as "genera- 


tor whine" in a mobile receiver. 


e. Neon and fluorescent lamps Sources of lighting which employ 


ionization of gases to generate light will also act as gas discharge 
noise sources. This effect and the pulsing nature of the AC power 
source cause the loud buzz heard in a communications receiver operation 
near neon or fluorescent lamps. Metropolitan areas can contain 


hundreds of thousands of neon lights which act as a large noise 


*Suprisingly, the earth itselfis a source ofradio noise because its average temperature 
is nearly 273 Kelvins. 
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generator with a somewhat flat spectrum which usually results in a 


severe noise problem. 


f. Static discharge The buildup and discharge of large amounts of 


static electricity causes noise in the radio spectrum. This noise is 
caused by the acceleration of a large number of charged particles 
(electrons) much the same as with shot noise. Manifestations of static 
discharge noise are "wheel static" in mobile systems and electrostatic 
charge generators such as a Van de Graf generator. 


g. Digital switching system In electronic systems employing a 


large number of switching circuits such as a telephone relay bank or 
digital frequency synthesizers, the almost random impulses of current 
generated from a large number of circuits switching causes noise. The 
noise can usually be reduced by shielding but, because the switching 
circuits are so intimately associated with the receiving system, enough 
noise usually leaks through to cause interference. 


h. Electrical propulsion devices for space vehicles Ion propulsion 


engines for space vehicles exhibit a multitude of noise sources due to 

the acceleration of charged particles in the plasma. Some of these 

noise generating mechanisms are electron radiation, electron-ion colli- 
sions, ion radiation, and black-body radiation (Wanselow, 1963). Wanselow 
discusses some analytical and experimental studies of RF noise generated 
by two types of ion propulsion engines. His conclusions are that only 

two types of propulsion noise are important: electron-radiation from 
plasma boundry accelerations and a noise-growth mechanism. The noise 
growth mechanism which theoretically has a noise power spectrum of 


-100 dbm/mhz is caused by plasma oscillations. This type of noise is 
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limited to frequencies less than 5% from the plasma frequency (from 


200-500 mhz). 


7. Special noise generation effects 


There are sources of noise which are caused by physical phenomena 
which are not usually associated with communication noise studies. The 
source this author is familiar with is the phenomena called Barkhausen 
noise. It is present in ferromagnetic materials that are subjected to 
a changing magnetic field. The domain wall motion in the material is 
impeded by imperfections and impurities in the crystalline structure. 
The domain wall will "hang up" on one of these and store magnetoelastic 
energy while the motion is stopped. Suddenly, the domain wall will 
break free and give up the stored energy with a burst. This sudden 
energy burst can induce electrical current in the electrical circuit 
of which the magnetic material is a part and cause the effect called 


Barkhausen noise. 


C. Noise in Passive Communication Circuits 


The passive elements of a communication system have an important 
influence on its performance. A knowledge of the noise behavior of the 
most important elements can aid in the design of a low-noise system. 
The development of special analysis techniques and equations makes it 
desirable to present these topics in a separate section. The noise 
power equations for generalized resistive networks have been derived 
and applied to the calculation of the noise contribution of a resistive 


attenuator. These equations are especially helpful in low-frequency 


92 


calculations. Antenna noise is given a comprehensive treatment because 
it is so important to a low-noise system. Tuned circuit and filter 
noise are discussed because they affect the noise factor of RF pre- 
amplifiers. Finally, transmission line noise equations are derived and 
presented because they are important in computing total system noise 


temperature and in measuring noise factors. 


1. Resistive networks 


To effectively derive noise equations for resistive networks it 
will be helpful to present both the Thevenin and Norton forms of the 
Nyquist equivalent circuit. Using the Nyquist representation, a noisy 
resistor R at a temperature T can be represented by equivalent Thevinin 


and Norton circuits as shown in Figure C-l. 


Noisy Resistor Thevenin Equivalent Norton Equivalent 
R,@ O°K 
——= = 2 ° 
R.@T t -t ee 
Ve 
4k Tn Rn AF i as Geet 


Figure C-l. Circuit Models for Noisy Resistors 
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Notice that the resistance (or conductance) in the equivalent 
circuit is at zero degrees Kelvin. The noise of the resistor is 
always accounted for by the noise generator so it will always be 
assumed that the resistor in the model is noiseless and its temperature 
will usually not be illustrated explicitly as it has been in Figure C-l. 


a. Noisy resistors in parallel A network consisting of several 


noisy resistors in parallel can be reduced to a single noisy resistor 
by considering the proper conditions of power transfer i.e., the single 
equivalent resistor must deliver the same noise power as the network. 


Figure C-2 represents the resistive network. 


Tt G, 


Figure C-2. Noisy resistors in parallel 


The current in the load, G. due to the “2 noise source 1S: 
— Yo G, 
ea L 
VI; = (4kT;G,;a44) —=— (4C.1) 
+ 


where we consider each resistor to be at a different temperature. The 


power delivered to G. due to the ;i source is: 
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oa 
mon 
\ 


= 4kTi Gr Af (4C.2) 
aes z Gi) 


® 


Because the individual noise current generators are totally uncorrelated, 
the total noise power in the load G. is the sum of the individual noise 


powers: 


Total Noise Power, Py _ ime T; «ar 
fF 


The resistive network can now*be reduced to a single resistor whose 


noise values are given in Figure C-3. 


el 


4kTaGr AF GFE: SG. 


Figure C-3. Norton's Equivalent for Noisy Resistors in Parallel 


If all of the resistors are at the same temperature, T the noise 


current generator becomes: 


Ir = 4+kT. (Gi +Git G) Ag (4C.4) 
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b. Noisy resistors in series In a manner analogous to that for 


the previous section, it is possible to express the total noise power in a 


load RE due to several noisy resistors in series as: 


Mz 


R. 
T; Re) Mt] ———S>—,,_ C5) 
(Ri - = Ri)" 


i 
a 


Total Noise Power, Pr = + ( 


The series of noisy resistors can be reduced to a single resistor 


whose noise values are given in Figure C-4. 


vy," 4kT, Ra AF 


m 
Ro = = Ri 
R, ist 


Figure C-4. Thevenins Equivalent for Noisy Resistors in Series 


If all of the series resistors are at the same temperature, T, . the 


noise voltage generator becomes: 
4kT, CR, + Ret °° Re) dF (4C.6) 


We can now summarize the results for both series and parallel resistive 


networks for both Thevenins and Nortons equivalent circuits: 
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Parallel Resistors 


T° = 4k as Af 


m Gn = Tet Gi 
= 4k} ——|] as 
Series Resistors (4C.7) 
vi - 4k €,T:Ri Of 
m 


The simple cases of two resistors in series and in parallel are 
summarized in Figures C-5 and C-6. 

It is appropriate at this point in the development to apply the 
resistive noise power formulas to a resistive network of significant 
practical importance--the Resistive.Ladder Attenuator. For purposes 
of illustration, the circuit manipulations will be performed in detail 
for a Symmetrical-T Attenuator. The methods shown will be applicable, 
in general, to any resistive network. Figure C-7 shows a Symmetrical-T 
Attenuator with a noisy resistive source R, We now proceed to derive 


a Thevenin's equivalent circuit for the nodes a-b. Important circuit 
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Vi=4k (TR+TGRe) AF 


. Ti K,+Re 


Toa TR, +T2 Re 
n (R, + Re)” 


Figure C-5. Two Noisy Resistors in Series 


G, + Ge 


Ve 
Va 


(TG +TeGe) pg 


2 \ye ~ 
L, = +k(1G +T.G,) af Vv, =4k (G, +.) 


Figure C-6. Two Noisy Resistors in Parallel 
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b 
d 
FR, (R,+Rs) K-I 2R.K 
Ry - R R, +Re +R R, = Rs Kel Rs= Ke _| 
K°- N= fi > 


Figure C-7. Symmetrical-T Attenuator 


relationships for the attenuator are given with the circuit. We now 
proceed to obtain the Thevenin's equivalent by a series of Thevenin- 


Norton conversions. First combine R, and R : 


~~ 
R,e@ af R, + Rs 
R,@T; = Nee 


ww) Var = 4k (TR, + Ts Ry) AF 


Parallel the resultant with R,' change both to a Norton's equivalent 


and combine: 
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| 2 =4k (Rts) Ao 
I, I I, CR FRe)* 


R,+Rs 


Combine both current generators and convert the resultant to a Thevenin's 


equivalent: 
—_—_ Ra (R, + Rs) 
| ~ RAR, + Re 
ww Vie 
F =a teets + Bl Rae 
d 


Finally we combine the above circuit with the final ladder resistor 


R, @T,) to obtain the Thevenin's equivalent for nodes a-b. 


° Re (Rit Rs) R, \ 2 
2 \ $s 2 
= ———_- = es 
R.t R,+R,+R, R, (\+ | 
R, 
2 2 
ve a 4k Re (1 R, +Ts Rs) + TRC Ey +73 R| At 
Ve th (R, +Ro+ R, )® (R, + Re + Rs) 
b 
Figure C-8. Thevenin's Equivalent for Noise Output of a 
Symmetrical-T Attenuator 
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The Thevenin's equivalent can be further simplified by considering the 
practical case where the resistive attenuator is at one uniform tempera- 
tureand the source resistance Rsis at another. Applying these 
restraints and substituting for R, and R, in terms of Rand K, the current 
ratio from input to output, we can perform the following manipulations 


(International Telephone and Telegraph Corp., 1956, Ch. 9): 


Vin = 4kT Rs Af fe Pace 
2 K 1 _K_ S epee 
(R, +R, +R;) (R Kti +2R; Ke} +Rs) 5 (a 


of kK K~I K o52/2Kk 

4ri( =) (TR. Kr tf /s Rs) e Ty 2R —~ Rs (2X) 
2 2 k* 2 i 2 Ke 2 
Rs =r) R (a7) 
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Combining and simplifying, 


ye Ts oe ad Nz 


A summary of the results of this analysis on a resistive attenuator 


at uniform temperature is given in Figure C-9. 


a 
Resistive 
Attenuator Rs @ OK 
7 ar Te Th (N-1) 
= 4k p, EW ng 
b 


Figure C-9. Thevenin's Equivalent Noise Generator for an Ideal 
Resistive Attenuator at a Uniform Temperature 
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Some common examples for standard values of attenuation and the corre- 


sponding Thevenin noise generator are given in tabular form below. 


Table C-l. Mean-square noise voltage output v.s. attenuation 


P. 
Attenuation ee 
P 
out 
O db 1 4kTR Af 
ss 
T + Ty 
3 db 2 4k R. (Ss  =)af (mean of iw and T) 
2 
_T_+ 31, 
6 db 4 4kR (CS af 
s 
4 
T + ov, 
10 db 10 4kR (yo Af 


When the value of attenuation becomes large, the value of Thevenin's 


noise voltage generator approaches the value: 
ve 
VE =A4kRs (1, + Wy) at N> 100 (4C.9) 


The noise voltage generator can also be expressed in terms of the "gain' 


rg 


Ol. 
oe 


of the attenuator G = 


4kRs fn +G& -)] Af G= Vy (4C.10) 
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These results should be compared to the equations for transmission 


lines which were derived on an entirely different basis. 


2. Tuned circuit, transformer noise 


The noise analysis of a tuned circuit may be done a variety of 
ways depending on the desired goal. The analysis presented here will 
show some applied results of Nyquist's theorem and how the effective 
noise temperature of the antenna source resistance is increased due to 
the noise added by the losses in a tuned circuit. Nyquist's theorem 
(Bennett, 1960, Sec. 2-8; Lawson and Uhlenbeck, 1950, p. 74) states 
that the noise power available at the nodes of an RLC network at 
uniform temperature is simply the noise power available from the real 
part of the driving point impedance (see Appendix, Parts Cand E). Con- 
sider the circuit of Figure C-10a, a resistor and capacitor in parallel. 


From AC circuit theory, the driving point impedance is 


Ze(w) - Rw) tj X(w) 


~R, we 
sop NSS J —_—— (4c.11) 
|+ uw? R? Cc? [+ wR, C 


and Nyquist's theorem states that the incremental mean-square noise 


generator is: 


dv? 4kT Rw) df - 4k% aes ae df (4C.12) 


} + Ww? Re C* 
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ot 
—R(w) 
Vee 
: Ne 
+3 A (w) 
b 


Ly 


(b) 


Figure C-10. Nyquist's Theorem Applied to a RC Parallel 
Network 


Comparing the mean-square noise voltage of the original source resistance 


dV ;=4k'T, Rsdf 


gives the result: 


= ] 
ie - 4C.13 
d V, dV, por Re (4C.13) 


Whereas the mean-square noise voltage of the source resistance depends 
upon T.. R, and bandwidth, the equivalent noise voltage is a function 
also of frequency and capacitance. These results should generally be 
kept in mind: 

a) The resulting equivalent mean-square voltage obtained by 

applying Nyquist's theorem is frequency dependent. 

b) The available power is frequency and bandwidth limited. 

The mean-square noise voltage available from the source resistance is 


limited only by the sample bandwidth, Af 


4k T; Rs AF (4C.14) 
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while the mean-square noise voltage from the RC network is limited to 


(Appendix, Part B, Equation B.16): 


TT 
vay = 4kTs R, ieee df = 4kT. Rs (src | (4C.15) 


° 


By comparison with (4C.14), the effective noise bandwidth is on C 
s 


which is in agreement with Part B of the Appendix. 


Now consider the parallel tuned circuit of Figure C-1l. 


Figure C-ll. Nyquist's Theorem Applied to an RLC Parallel 
Network 


From AC circuit theory we get 


R (w) (4C. 16) 
| +Rs (we- ay 


Making the substitution 


= Wy We = : 
RG Wo 


106 


gives the result in terms of the circuit Qat resonance: 


R(w) —_______. (4C..17) 
2fWw Wo 
l + Q, (Ss ~ Oo 


In a manner analogous to that done for the RC network we have: 


4kTs Rs df 


(4C.18) 


dv - dy’ ——4—_ 


je Qi (S -Sy 


° 
ao 
Integrating to find the total mean-square noise voltage gives: 


df 
Ts 
Relat GE 


T fe 


4k 4kTs Ks eu =) (4C.19) 


For the RLC parallel-tuned circuit, the equivalent noise band- 
width is 


_ W ft 


eee 


2 Go 


and since the circuit Qat resonance is equal to the ratio of resonant 


frequency to 3db bandwidth we get the result, 
Af = T aw (4C.20) 
ae 3db : 


In conelusion, the effective noise bandwidth for a parallel-tuned 


circuit is 1/2 times the 3db or half-power bandwidth. 
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At frequencies near resonance, the Nyquist resistance of (4C.17) 


can be approximated by 


-O5 
Wo Qo 


Rw) for (4C.21) 
where Aw is the frequency increment away from resonant frequency W 
The proof of this can be seen by expanding the denominator of (4C.17) 
in a power series. 

The circuit manipulations that are required to show the noise 
factor degradation for a lossy tuned circuit will be included to 
illustrate noise calculations. Figure C-12 shows the schematic repre- 


sentation of the input circuit for an RF amplifier. 


| . 
: : RF D 
Antenna :Ideal Transformer Tuned Circuit Ee 


| Ia. 


Input 


Figure C-12. Equivalent RF Input Circuit for an RF Amplifier 


The resistance Ke represents the parallel equivalent resistance of the 
tuned circuit. The noise current generator 1. : represents te effective 


noise of the RF device referred to the input. The ideal transformer is 


used to represent the transformation of R. that is necessary when 5, is 
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finite. Now we eliminate the transformer and show all noise sources 


by noise current generators explicitly in Figure C-13. 


RF Device 
Input 


Figure C-13. Parallel Equivalent of RF Input Circuit 


The purpose of the transformer is to maintain a constant parallel 


resistance for the amplifier input. It is only meaningful to compare 


noise performance when the source resistance is held constant. Under 


ideal conditions (lossless tuned circuit) the following relationships 
hold 


Ideal conditions 


ar = | 

Rs = 00 Source resistance =. 
2 

i = 0 

Pp 


while for a lossy circuit oe is finite and: 


Non-ideal conditions 


Vv 


R, <R, co a. 


~ | 
ioe 4k Tp G, AF Gp= Rp 
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a* R, Re 
ols Rs + Re 


Source resistance = 


For a lossless network the noise factor is (Appendix, Part E) 


7Et 2 2 
p._H+E if (of =1) 


= EE OE 


Ir I 


while for the lossy network we have: 


Is 7.7 2 4ye 
F, Er - jJ+tO It (4C.22) 
oF 


Letting the mean-square noise current generators be represented by 


their Nyquist equivalents 
Ie - 4kT.G, At (% =T.) 
ibe 
I, = 4kT G, AF 


- 4KT, Gp AF (4C.23) 


vn 


the noise factor of Equation 4C.22 becomes: 


FL = [+0 Tent hG (4C.24) 


Upon substitution for i: the £inal result for the no“ —atorfh an 


RF amplifier with lossy input network is obtained: 
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_ L R Tr 
i= te eae) te (ate) om 


Several limiting cases are noted: 


a. For large R. (R, > > R,) 
aa 1S) | SE 


(4C.26) 


b. For Large Rand T_=¢ T 
—___ pds 


Rs 


AC 27 
To Rp 


c. Ideal conditions (R_ + »&) 
—————— ee ee 
I, 
FE = | + (Compare, Appendix, Part E) 
Ts 


d. Noiseless RF amplifier (T. = 0) 


| + le (5 } 
Ts Re- Rs 
For most low-noise designs Equation 4C.27 is appropriate. Limiting 
case d can be thought of as the "noise factor of a tuned circuit". 
A word of explanation is needed for why the tuned circuit frequency 
response didn't enter into the problem. The reason it does not is 


because the device noise is referred past the tuned circuit and the 


effect is accounted for in the value of i2 One last example of 


Ill 


the numerous applications and special cases for Equation 4C.24 is that 
of the case where the parallel equivalent resistance F is equal to 


the transformed resistance aR. Mathematically we have 


ou R, = Re 2 Rs ReforRs a 2 


which upon substitution into Equation 4C.24 gives 
~ as 
~ femme? (4C.28a) 
F Ti iE 


If it is assumed that the parallel resistance is near standard tempera- 


ture (T_ = T ) then 
po 


~~ Ty 
F=2 ( + =) (4C.28b) 


10: 


which is twice the ideal value (special case c). This is the so-called 
3db noise figure degradation point (twice noise factor) and serves as 
a handy point of reference in measurements. 

To discuss transformer noise, two broad categories are considered; 
narrow-band LC matching networks and the linear-core transformer. For 
LC matching networks, the techniques developed for RC and RLC networks 
can be applied. For the linear-core transformer, the losses in the 
transformer equivalent circuit will be discussed. Figure C-14 shows a 
transformer equivalent circuit with circuit values referred to the 


primary. 
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WT, 
word hes 


Figure C-14. Transformer Equivalent Circuit 


The noise in the transformer comes from the ohmic loss resistances 
R, and a°R,y and from the magnetization loss resistance R.' If the 
transformer has a ferromagnetic core the noise temperature of R, might 
be higher than ambient because of a Barkhousen noise contribution. 
For practical applications the transformer is assumed to be at 
standard temperature (T, = 290°K). For computations, this author's 
practical experience has shown that noise factor for a transformer can 


be calculated from its insertion loss by treating it as a resistive 


attenuator or a transmission line (Parts 1 and 4 of this Chapter). 


3. Filter noise 


Filter noise and filter loss have their most important effect in 
the low-noise portions of a receiver. In particular, the first RF 
filter directly affects noise factor and noise temperature. The analysis 
for filter noise is only approximate because the exact analysis of a 
multistage filter would be extremely difficult. For analysis we will 


consider the RF bandpass filter as represented in Figure C-15. 


Antenna 


their equivalent circuits as shown in Figure C-16. 
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RF Amplifier 


Lossy 
Bandpass Filter 


Figure C-15. Block Diagram for RF Filter Noise Analysis 


The antenna, filter, and RF amplifier will now be replaced by 


It is assumed that 


the bandpass filter can be represented by a resistive attenuator (Pad) 


and a lossless filter in cascade. The noise generated by the filter 


is accounted for with the pad and the attenuation out of the passband 


with the filter transfer characteristic. 


Symmetrica 
Resistive Lossless Filter 


Attenuator 


@T 
Flat loss, 
2 
Pin |H(w)| 


N= = 
0) 


Figure C-16. Equivalent Circuit for RF Filter Noise Analysis 
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The attenuation of the pad has a value of the flat loss* of the 
filter. The noise factor of Figure C-16 is obtained by applying the 
definition of the ratio of input and output signal-to-noise ratios. 

'H(w) - is the power attenuation factor for the filter where H(w) 

is the current transfer ratio and represents the attenuation of a noise- 
less filter (purely reactive elements). ie represents the referred 
noise of the receiver. 

Now we proceed to write the noise factor for the circuit of 
Figure C-16 as the ratio of total mean-square current output to that 
due only to the source resistance at standard temperature: 

= [H(wy|* + hig [Hcay[? + I? 
72 : (4C.29) 
- | Hw)! 


The noise factor equation is further reduced by substituting the 


following Nyquist equivalents 


1*m4kT GAE 

Ss 0 86S 

1? 4kT G Af (4C .30) 
p pp 

l224kT GAE 

T Yr § 


where I 2 is a noise current generator across nodes 1-1 which represents 
p 


the noise generated by the pad at temperature ae This noise 


*The flat loss of a filter is defined to be the insertion loss of 
the filter at the frequency of maximum amplitude. 
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representation for the resistive attenuator can be better understood 
if the equivalence between the pad and the transformer/resistor 


representation of Figure C-12 is shown. Refer to Figure C-17 for 


definitions. 
hia 
Resistive 
e 2 Attenuator 
Z| I, 
P 
P. 
N = I.n 
P 
0 


~ 


Figure C-17. Equivalence Between Resistive Attenuator and 
Transformer/Resistor Combination 


The mean-square output current ITh? for the transformer circuit is 


(assume an ideal transformer and any source temperature) 


oopat 


Te Rs 
os Re ( + Tp Re Af (4C.31) 
while that for the attenuator is (Figure C-9): 


Zt. 2. aR (2 + Te{no} jar (4C.32) 


Using the identities 


2 
a R (AC.33) 
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and substituting into (4C.31) we get: 


oe ar} 
=4cr. (3 + 1p aE \ a¢ 


291 Rs Js Siew) Jas (4C.34) 


The noise factor equation (4C.29) was actually obtained with the 
resistive attenuation replaced by the transformer equivalent so that 


the current generator Ms could be used to represent the filter noise. 


Reducing Equation 4C.29 we obtain 


Tp Rs a in 
+ —— SF + —— = rain 4C.35 
oe To Re = JH@|* Te e ) ey 
. Rs atl 
and since R = ---2- we get the final form: 
p a 
Tr Te _N 
—- {/+—-— (N-/J) + = oC (4C.35b) 
Fe aa To J|H@)|* 
The equivalent noise temperature is: 
1c. Ste + Tp (N-1) (4C.35c) 
[HG] * e 


This analysis can be applied to the case of the simple parallel tuned 


circuit of Figure C-12. Equation 4C.25 is simplified by the substitu- 


tion ae =N which yields: 
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+ 
_ t+ a N + ue (N-1) (AC 36a) 


Te N + Tp (N-1) (4c.36b) 


The results of (4C.25) were derived for the case when the device noise 
is referred past the tuned circuit. This corresponds to the case 
IH(w)1 4 = 1 and Equations 4C.35 and 4C.36 are equivalent. The spot 
noise factor at all frequencies for the single-tuned-circuit filter 
of Figure C-12 is (apply Equation 4C.35a and compare to Equation 


4C.25): 


2 
FAG) | + = (at—-1) + z OF | +@0(2- 22) | (4C.37) 


Application of these techniques to other filters will yield similiar 
results. It should be noted that, for ideal impedance transformations, 
the available power and noise temperature remain unchanged. The noise 
bandwidths for some simple RF bandpass filters are compared to their 
3db bandwidths in Kraus (1966, p. 265). 

It cannot be emphasized enough that the receiver mean-square noise 
generator and hence receiver noise temperature T depends upon the 
filter output impedance and frequency. The rather simple expressions 
of Equations 4C.35 cannot relate the complicated dependence of Ty on 
both Z, and frequency. The section on two-port noise theory will help 


explain these complicated dependencies. The noise factor in this 
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section is a spot noise factor and thus it and the resulting noise 


temperature are both point functions of frequency. 


4. Antenna feedline--transmission line noise 


The noise behavior of a transmission line is important because the 
noise temperature of a noise source as seen through a lossy line and 
the system noise temperature of a receiving system are both affected. 
The transmission line will increase noise factor and introduce errors 
in noise calibrations. Figure C-18 illustrates a noise source and a 


transmission line as might be used in a noise standard. 


Transmission Line 


won) VP = 4k T, Re AF SaaS er 


Figure C-18. Noise Source and Transmission Line Noise 


The quantities in Figure C-18 are defined as follows: 


R. = The resistance of the noise source. 


V,2 = The mean-square noise voltage of the source 
in a bandwidth Af. 


P. Available power of the noise source. 
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os (X) = Attenuation in nepers per unit-length for an 
incremental section of line, dx 
se (X) Noise temperature of an incremental section of 
line, dx 
b = Total length of line 
P_. =Available noise power at the output 


nt 


Tnt = Effective noise temperature at the output. 


The following assumptions will be used in deriving an expression for 
Tht 
a. The transmission line is homogeneous 
b. Line losses are small enough that the characteristic 
impedance is real (distortionless line) 
c. The noise source is impedance matched to the line, R, = Zz. 


The noise power, P_,, available at the output is determined by two differ- 


nt 
ent sources; the noise power available from the noise source after it 
has been attenuated by the line and the noise power contributed by the 
lossy transmission line. 


The available power, P will depend on the power available from 


nt’ 
the noise source, the noise power available from the line, and the line 
attenuation factor. From transmission line theory we know that the 


voltage wave along the line is attenuated by an exponential factor as 


expressed in the equation 


E, e (Voltages in RMS Values) (4c.38) 
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and for a distortionless line the power attenuation is proportional to 
the mean-square voltage attenuation: 


A, _~2AXx ~ BotX 
E, © Pl e (4C.39) 


The power absorbed in a differential element of length, dx becomes 


(see Equation 4C.42 for definition of terms): 


Power absorbed = Cc x, (x) Puy dx (4C .40) 


When the line is in thermal equilibrium the power absorbed is equal to 


the power generated (Siegman, 1964, p. 374) so: 
Emission Power = 2 &An(X) P,@) dx (4C.41) 


Since the thermal noise power generated is independent of the total 
noise power flowing, a differential equation for the change in total 
power in a line length dx can be written by combining the emission and 


absorption equations 


pix) = - 2 dn PCy) dx +2 cnx) Rw dX (4C.42) 


where P(x) Total power traveling in the transmission line 
P. (x) = Emission power in the line, due to thermal emission, 
generally a function of x 
a (x) =Line attenuation in nepers per unit length, also a 


function of x. 
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The conditions of power absorption and emission in a transmission 
line are analogous to those which exist for the emission and absorption 
of electromagnetic radiation in a gas cloud. For example if a radio 
source (noise source) is observed through an emitting and absorbing 
cloud (transmission line), the source brightness observed (available 
power) will depend upon the true source brightness and the emission 
and absorption coefficients which characterize the cloud. 


Equation (4C.42) can be rearranged to give a relationship called 


the "equation of transfer": 


si + 2a,(x) P® 2Aan() Pyw (4C.43) 
This differential equation of the first order and first degree is 

a form of Leibnitz equation and is directly analogous to that obtained 

by Kraus (1966, p. 95) for external irradiation with internal emission 

and absorption as applied to radio and optical astronomy. The general- 

ized form of Equation 4C.43 and its solution are given by: 


dP 4+ Q Pw = Rw) 
Ox (4C .44) 


P@ A ex pi- lost| + exp [- facs] fo It fadx] R«) dx 


By substituting the terms of Equation 4C.43 into 4C.44 and integrating 
over the length of the transmission line we will evaluate the power 


available at the output as: 
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b 
“Te ~Te g 
Ae “+e [24 R«) expl{e ont dx] dX (4c.45) 


oO 0 


where 


ec ine (4C .46) 


oO 


Now we will apply the boundary conditions for Equation 4C.45 to 
solve for the constant A and to determine the physical meaning of the 
other terms. It should be pointed out that the line attenuation, & (x), 
and the line emission power, E.. (x), are generally functions of 
position and must be kept under the integral sign. For a line of zero 


length, b = 0, the power available at the output is simply Le so that: 


P =A= Ee when b =O. (4C .47) 


Total line loss is computed by integrating the attenuation over the 


total line length 


b 
N= exp| [2m da| = ebb te e Tt (4C .48) 


oOo 


1 
where = 
fe) 


a] 


i a (x) dx the average line attenuation in nepers- 
) 


per-unit-length 
b = Total line length 


N_ Line loss factor. 
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For notational simplicity we will let the attenuation of a line of 


length, x, be: 


Xx 
Nx exp| fe Ann dx| (4C.49) 


3° 


Now Equation 4C.45 can be written in the form: 


i + bs Pw N, d)(] (4C.50) 


N 


ie) 


Since the noise powers are all proportional to a noise temperature 


(Nyquist representation for thermal noise), 


P =kT Af 
Ss Ss 
P(X) =k T(x) Af 


we can obtain the expression for noise temperature at the output by 
dividing Equation 4c.50 by kaf to give: 
eb 


y E + Je Antx) T,@) N, dx] (4C.51) 


oO 


For the special case where the line attenuation-per-unit-length and the 


line temperature are constants we have 


a (x) =@, a constant 
n o 


T, &) =T. a constant 
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and the integral in Equation 4C.51 becomes: 


b 
Baty X [ eb] 
e 


2oao Nx dx LAG TE dx J (4C.52) 


Equation 4C.51 may now be written in two forms as 


; Ts + Te ¢ ~ ‘n ) (4C.53) 


or 


) (4C.54) 


where N =e'e and T = 2a b. 


The nepers attenuation of the line, TO is called the optical 
depth in astronomy. An optical depth of unity corresponds to a reduc- 
tion in the source noise power, P.. of lle. It should be noted that 
Equation 4C.51 is an exact expression for computing the effective 
noise temperature for any distribution of line temperature and attenua- 
tion factor while Equations 4C.53 and 4C.54 are valid only for attenua- 
tion and temperature constant and independent of x. 

Equation 4C.53 is often written in anyone of the three forms 


(compare Figure C-9) 


5 
N L- + Te co) (4C.55a) 
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| 
yeas ees N (Ts ~T) (4C.55b) 


a ae a Gee | (e-+) (4C.55c) 


where T Source temperature, ie 
T, Constant line temperature, oK 


N= ae%oP 


» line loss factor 
e =/iN, Transmission efficiency (0 < «€ < 1) 


2 ta Constant line attenuation in nepers per unit 


length. 


For the matched, homogeneous transmission line the total line loss 


factor is called flat loss and can be computed in db as: 
Flat loss in db = 10 log N = 20 ab loge. (4C.56) 


Noise due to attenuation has also been discussed in Kraus (1966, p. 261). 
Stelzried (1968) shows an alternate derivation to Equation 4C.53 and 
also shows solutions to Equation 4C.51 for temperature and attenuation 
distributions that are not constant. 

The second term of Equation 4C.53 can be thought of as additive 
noise in the system i.e., the noise power added to the noise source by 
the transmission line. Notice that for the special case where the 
transmission line and the noise source are at the same temperature 
Gat): 


=T. and =p (4C.57) 


126 


The results for the equivalent noise temperature of a noise source as 
seen through a lossy transmission line will now be summarized and some 


useful limiting cases presented. The equation that will be used is 


Tee et 4S se) e850 


where Te = Noise temperature of a noise source as seen 
through a lossy transmission line 


T, = Noise temperature of the source 


T, = Uniform noise temperature of the transmission 


line 
— out eae Poe 
E =p the transmission efficiency (0 < « < 1). 
In 
Joos ae — ,~2%b 
The transmission efficiency, ¢ =e ; accounts for the flat loss or 


insertion loss of the transmission line. A value of ¢« = 0 corresponds 
to an infinite loss while ¢ =1 is a lossless line. The following 
limits are observed: 


a. Infinite line 


lim T = T 
er7o nt c 


b. Lossless line 
lim 


er1 Tapes 


c. Line temperature equals source temperature 
lim 
Tot lnt 7 1s 
c Ss 

d. Transmission line at cryogenic temperatures 


lim T _ 
T,70 ni & 
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e. Zero source temperature 


TH ae = (ie) 


Figure C-20 is a plot of Equation 4C.55c normalized with respect to 


the source temperature, T.. 


= +E ( ~ ==} (4C.58) 


The effect of a lossy, noisy transmission line on the noise 
temperature of a receiving system will now be presented with Figure 


C-19 defining the terms. 


Noisy 
Receiver 


Figure C-19. System Noise Temperature and Transmission Line 
Noise 
The total receiver noise temperature and noise factor at the 
source terminals can be obtained by considering the transmission 
line to be a resistive attenuator (unity SWR) and letting ¢ =/JiN. 


This will allow the use of Equations 4C.35 with ITH(W)/2 =1 to give: 


“K 


a 
S 


Normalized Noice Temperature, are a 


128 


T 
[- Intercept is r 
Numbers shown are for 
T T = 290 oK 
5.0 Cc 0 
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Attenuation Factor, ¢€ 


Figure C-20. Noise Temperature of Noise Source Through a 
Lossy and Noisy Transmission Line 
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a ad 
FR, = 1+ aa *(¢ D) (4C.59a) 
Te +i (3 -/) (4C.59b) 


The noise temperature is also seen in the alternate forms (compare 
Equations 4C.55 with ¢ = /iN): 


Ie c. . 
Te = ar €) (4C.60a) 


T. +e +t) (n-) (4C.60b) 


=NT + kk Cn-1) (4C.60c) 

The noise that is added by the transmission line is represented by the 
factor (T +T )(N - 1). Sometimes the factor T (N - 1) is referred 
to as the noise temperature of an attenuator because it is the additive 
noise after accounting for the effect of flat loss. 

The results for the total receiver noise temperature at the source 
terminals as seen through a lossy transmission line will now be summar- 
ized and some useful limiting cases presented. The equation that will 


be used is 
Tee tee +T) (N= 1) (4C.61) 


where ju = Total receiver noise temperature as seen through 


a lossy transmission line 
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T Receiver noise temperature at the receiver 
terminals 


T, Uniform noise temperature of the transmission line 


N=1/e, Line loss factor (1 < N< %). 


The following limits are observed: 


a. Large line loss 


lim 
N»>l Te = N Cl. + T.) 


b. Lossless line 
lim 


Nol ae = re 


c. Line at cryogenic temperatures 


lim T a 
T 70 rt ey 


d. Noiseless receiver 


lim 
T 70 vet 2 TS oe) 


e. Low-noise receiver 
lim 
T «T Trt sia + T, (N - 1) 
rt Cc 
f. High-noise receiver 
lim 
T>»T Tyr = NT 
r c 


Figure C-2] is a plot of Equation 4C.61 normalized with respect to 


receiver noise temperature, T_. 


= +(sE+ 1) (N-1) (4C.62) 
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Figure C-21 shows the effect of any resistive attenuation device, with 
a flat loss N, on the total receiver noise temperature. 


By definition, the total receiver noise figure is: 
= Ta eng, let 
NF, = 10.809 (I+ $*) =10 dog lt = + S=* (N=) db (4C.63) 


For the particular circumstance where the temperature of the transmission 


line is standard temperature (T. = ue the noise figure becomes 


10 tog (I+) NF, +108cqN db (4c.64) 


with NF. the receiver noise figure. 

This leads to the widely used rule-of-thumb that the total re- 
ceiver noise figure as seen through a lossy transmission line is the 
sum of the receiver noise figure at the receiver terminals plus the 
line flat loss in db. Although this rule-of-thumb is valid only when 
T ¢ TS > it can generally be used for rough calculations and, for 


Cc 


laboratory measurements, is usually adequate. 


5. Antenna noise 


The noise temperature of a receiving antenna is determined by the 
noise environment in which the antenna is operating. Under worst con- 
ditions this noise comes from man-made and natural sources while under 
the best conditions the noise temperature is due to only natural sources 
such as cosmic noise and ground temperature. For theoretical considera- 


tions the noise temperature is determined by the integrated noise 
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brightness distribution from all parts of the antenna's environment 
while in practice the actual value is approximately calculated by 
considering only the major sources of noise. For precision work, the 
noise temperature must be measured (Chapter IX-D). 

In the theoretical case of an ideal isotropic antenna in free 
space, the antenna noise temperature is zero. The isotropic antenna 
in homogeneous space, where cosmic noise is uniformly distributed, has 
a noise temperature equal to the space noise temperature. In actual 
space, the noise is due to a large number of thermal and non-thermal 
sources and these sources have an almost random distribution. For 
these conditions the antenna noise temperature is the integrated noise 
brightness distribution. 

When a beam antenna is employed, the noise temperature is deter- 
mined by the temperature of the noise sources within the main beam. 
For example, a narrow beam antenna, with 10 db gain, in a uniform noise 
environment will have a noise temperature the same as that of an 
isotropic antenna but the received signal from the beam direction will 
be ten times larger, thus increasing the signal-to-noise ratio. In 
contrast, a broad beam antenna directed at a point source signal will 
receive a large noise contribution from noise sources at large angular 
distances from the signal source. When this happens, a narrower 
antenna beam can often bring a good improvement in the signal-to-noise 
ratio. 

For radio telescope applications where the main beam is pointed 
at the sky, the minor lobes will be pointed in undesirable and often 


noisy directions such as the ground. When the main beam is pointed 
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toward a cold part of the sky, this noise contribution of the minor 
lobes becomes very significant. Because of this, it is desirable to 
reduce the minor lobe response as much as possible or a least when 
this cannot be done, the antenna should be designed to place the minor 
lobes in low-temperature directions. 

The six major noise sources which contribute to the equivalent 
noise temperature of an antenna are solar radio noise, cosmic noise*, 
man-made noise, atmospheric noise (static), ground noise, and antenna 
conductor noise. Solar radio noise is a result of intense radio 
emission from the hot sun. Neglecting solar flares, this noise emission 
is so intense that it may produce several degrees of noise temperature 
in the antenna. Quite often the intensity is high enough that solar 
noise coming in on a minor lobe can completely mask the weak, desired 
signal on the main lobe. Obviously, solar noise is reasonably pre- 
dictable and can often be avoided (such as night operation). Cosmic 
noise is the result of powerful thermal and non-thermal radio noise 
emitters which occur throughout the universe. These sources account 
for much of the antenna noise in the high HF and low VHF frequencies. 
Man-made noise is discussed in a previous section. Atmospheric noise 
or static is a problem at the frequencies below 20 MHz and is the 
exclusive limit of sensitivity at the frequencies below 5 MHz. This 
radio noise comes from disturbances in the earth's atmosphere and may 
be in the form of a steady hiss, a popping noise, whistlers, and light- 
ing discharges. 


*The term cosmic noise will be used to denote extraterrestrial 
noise other than the sun. 


135 


Ground noise is a result of the antenna receiving thermal radiation 
from the ground. This can be minimized by proper antenna directivity 
and shielding. The thermal noise contributed by the antenna conductor 
resistivity is usually so small that it can be neglected. This is 
especially true when the antenna conductor resistance is small compared 


with the antenna radiation resistance. 


Atmospheric 
Solar 
Cosmic oe ; 
R+Ra 
WVos-oe 


Receiver 
Transmitter oa 
Man-made bP 


Ground 


+0 


Figure C-22. Schematic Representation of Antenna Environment 
Showing Signal and Noise Sources 

Figure C-22 is a schematic representation of the noise sources 
that influence the low-noise performance of a receiving antenna. 
For purposes of discussion, the noise due to extraterrestrial sources 
(solar and cosmic) and atmospheric sources will be called sky noise. 
The antenna, as an electromagnetic transducer, will be represented by 
the two-port equivalent circuit of Figure C-23. 

The following terms will be defined: 


Rea = Antenna radiation resistance, ohms 
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R ohm @ Tohn 


Receiving Antenna 


Figure C-23. Two-port Equivalent Circuit for a Receiving 
Antenna in a Noisy Environment 


Roam = Ohmic loss resistance of the antenna, ohms 


Bee = Physical temperature of the antenna conductors, oK 


2 ‘ 
e. = Mean-square signal voltage, volts 


wo = Mean-square noise voltage due to all noise sources 
ra 3 
external to the antenna, volts ° 


The mean-square noise voltage is represented by the Nyquist equivalent 


B - 4k (Ty tT + Ten) Ree Af (4C.65) 


ViQ. 
where T sky 7 Tolar i Teosmic ai Tatmosp eric 
ve = Antenna temperature contribution due to ground noise 


= Antenna temperature contribution due to man-made 


noise. 
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The temperatures in Equation 4C.65 are not the actual temperatures 
of the various sources but are the equivalent antenna temperatures 
induced in the antenna by the noise flux from these sources. The 
physical temperature and the equivalent temperature are related and 
can be calculated in special cases (Kraus, 1966, Sec. 3-18) but for 
the most part,the equivalent temperatures must be measured. To do 
antenna calculations it is convenient to reduce the circuit of 
Figure C-23 even further and develop an equivalent signal source to 


represent the antenna. This antenna equivalent is shown in Figure 


C-24. 


(a) Two-source Thevenin (b) Two-source Norton 


Figure C-24. Signal Source Equivalent Circuit for a 
Receiving Antenna 


The following terms for Figure C-24 are defined: 


Ry = R.4 + R, hm' the total antenna terminal resistance which 


is the source resistance for the receiver 
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ve =4k T, R, Af, the total mean-square antenna noise 


voltage for all antenna noise sources. 


The total antenna noise temperature is determined by combining the 


mean-square noise voltage contributions from -raY and Rohm. T, is 


determined as follows: 


te SAK CIR Te Ra JAF —— 4c-66) 


vol'" 


é 2 _ : : 
Setting vo =4k T, R, Af and solving for T, yields 


T + T R 
ra 78 : oie ohm (4C .67) 
ra ohm 
where T =Tk +T +T_e 
ra sy g mm 


If the antenna ohmic loss factor is low (Equation A.20, Chapter III) 


then the total antenna noise temperature is approximated by (Rohm«R_): 


R 
is T ohm 
Ty 14 a ohm R 
ta 
R 
x T ohm 


(0) 
( ) 
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For most practical applications, Equation 4C.68 will represent the 
total effective antenna noise temperature for all calculations. It 

is important to note that, unless all other sources of noise are 
extremely low, the noise temperature of the antenna conductors have 

a very small contribution to the effective antenna noise temperature. 
The antenna noise equivalent circuit of Figure C-24 is used in the 
derivation of the relationship between blackbody radiation and circuit 
noise. This relationship is demonstrated in Kraus (1966, Sec. 3-18) 
and Lawson and Uhlenbeck (1950, Sec. 5-2). 

Numerous graphs are available on the amplitude of sky noise for 
various conditions. While none of these graphs will allow highly 
accurate calculations, they are useful for obtaining an estimate of 
the magnitude of sky noise. Figure C-25 is a plot of sky noise tempera- 
ture as a function of frequency for an idealized antenna. The graph 
is a composite of data obtained from Skolnik (1970, p. 2-32), Kraus, 
(1966, p. 237) and International Telephone and Telegraph Corp. (1956, 
Ch. 25). For data at frequencies below 10 Mhz, consult the curve in 
Henney (1959, p. 19-16). 

In this context, an idealized antenna is a pencil beam antenna 
with no ohmic losses and zero ground noise. The antenna is pointed 
toward the sky. The wide variation in sky temperature at anyone 
frequency is caused by the variable factors of beam direction and time 
of day. Generally the zenith angle affects the atmospheric noise con- 
tribution while beam direction affects the galactic noise. Naturally 
the time of day and level of sunspot activity will affect the sun noise 


contribution. The noise temperature of an actual receiving antenna can 
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be considerably lower than the temperature of Figure C-25 because the 
main lobe response is not pointed at the sky. The noise temperature 
of the graph does give a good approximation to the sky noise tempera- 
ture for a horizontally oriented dipole. 

Even if it were possible to have a perfectly noiseless receiver, 
communication over long distances would still be plagued by antenna 
noise. By taking into consideration the ideas developed in Chapter III 
for antennas it is possible to discuss the signal-to-noise ratio for 
an antenna. The available signal power for a receiving antenna is 


determined by Equation A.24 in Chapter III 


Cs ae SG 
4R, 41 r Vr B (6, , $) (4C.69) 
where Operating wavelength 
S. = Signal power density at the receiving antenna 


T 


G. = Antenna gain 


P(e 5 o) = Normalized power pattern. 


While the available noise power in a bandwidth Af is, 


Ve 
ne k T, AF (4C.70a) 
A 


We are now assuming that the antenna noise is white for the receiver 
noise bandwidth 4f. Actually the antenna noise temperature is a 


function of frequency and the exact expression is: 
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Mee = en OMAR 
4 Rp fro on (4C.70b) 


where gtf) is the normalized receiver frequency response (Appendix, 
max 


Part B). 
The maximum signal-to-noise ratio for the antenna is the ratio 


of the two powers (P(6 5 $,) = 1): 


Se Sues. 
47 k TA AF 


Antenna SNR = (4C.71) 
In radio astronomy applications, the "signal" is also "white" 


noise and the antenna SNR can also be written as 


Ths 
an 


Antenna SNR = (4C.72) 
where 2 a is the antenna noise temperature due only to the signal and 
Ty is the total antenna noise temperature minus that due to the signal. 
The antenna SNR is also written with the received power density ex- 


pressed in terms of the transmitter characteristics and path loss 


Wanation Acs. Chapter LIT): 


Antenna SNR = [ A 2, V4 Gy Gy 


= (4C.73) 
\41T & k Ta AF 


A similiar form of this equation can be found in Blake (1972). 
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D. Receiving System Noise Temperature 

The antenna SNR and antenna noise temperature do not tell the 
whole story of receiving system sensitivity. It is the system noise 
temperature, Dene” is made up of noise from the antenna, feed 
system, and receiver which will determine the sensitivity and SNR of 
the communication system. The system noise temperature is all the 
noise of the system referred to the antenna and referenced with respect 
to the antenna resistance. Figure D-l shows an elementary receiving 
system with the basic components that determine system noise temperature; 
antenna, feed system, and receiver. We will show in this section how 
to calculate the system noise temperature and noise factor when the 


noise characteristics of the basic components are known. 


Antenna Feed System Receiver 
sys 
Te a 
Th 


Figure D-l. Elementary Receiving System for System Noise 
Temperature Calculations 


The important factors to be determined are the effective input 
noise tL'mperature at the receiver terminals T the total receiver 
noise temperature (which includes the feed system), Tete and the 
antenna noise temperature, Ty: The simplest equation for system noise 


temperature is: 


144 


i (40.1) 


rt 


When Ty and Ty are measured values, we are finished with system noise 
temperature calculations but usually we have to calculate the value of 
Tay or in a design problem we make tradeoffs which affect Tx and dB and 
we wish to calculate the predicted noise temperature. 

As a simple example consider the case when the feed system is a 
transmission line of flat loss N, connecting receiver and antenna, and 


the transmission line meets the criteria establish for Equation 4C.60c. 


The system noise temperature is: 


y aia eo A! Pea a) (x1) (40.2) 


sys 
The system noise factor is: 


+ 


[ + ast (40.3) 


Te 


For this example it has already been shown that the total receiver 


noise figure is: 
NF, NF, + 10 toy N (= T) (4C.64) 


and for noise figure measurements of the receiver it is possible to 
measure NF +t and simply subtract the cable flat loss. This can be 
helpful in bench testing receiving systems where it is sometimes desir- 
able to separate the receiver and noise source or when a resistive 
attenuator (Pad) is inserted between noise source and receiver, 

For a receiving system which has more than one lossy element be- 


tween the basic receiver and the antenna, it is not a simple matter to 
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compute the total receiver noise temperature, ve The lossy elements 
usually consist of; antenna relays, coax connectors, sections of trans- 
mission line, and rf filters. When all the lossy elements are at the 
same temperature it would be possible to add up all the losses and 
compute a total attenuation, NT’ and compute the system noise temperature 
as before. This scheme will not work for the more general case where 
each lossy element is at a different temperature. The solution to the 
problem of different temperatures requires the application the theory 
presented in Chapter IV-C. The exact analysis involves the evaluation 
of integral equations by digital computer except in a few special cases. 
The exact approach is not worth the effort for most applications. A 
much simpler procedure will now be presented which can give the total 
receiver noise temperature to engineering accuracy. The scheme employed 
is to use a recursive formula which is valid for a cascade of lossy 
elements when the SWR is low. The figure below will illustrate this 


procedure. 


Tn 
Tee —> Oy A. N3 Ta Nz Te |-o— NOT Receiver 


Loss Elements 


Figure D-2. Total Receiver Noise Temperature Calculations 


Now we apply a slightly different form of Equation 4D.2 to get the 


following recursion formulas: 
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Example: 
Te SR eT EN ecl) T, = 200 + (290 + 200)(1.1 - 1) 
Di ed aloe) NG a) TI] = 249 + (290 + 249)(1.26 - 1) 
Trot = Tyr +t 3 + Tp, - D TI = 389 + (240 + 389)(1.1 - 1) 
Tis Ta OE ea AS) Tg = 452 + (240 + 452)(1.58 - 1) 
T., = 853 °K NF, = 5-86 db 


(4D.4) 


The accuracy of the results obtained with the above recursion formulas 
can be contrasted with the results obtained by a simpler and often used 
procedure which requires only a knowledge of element losses. For this 
calculation the loss elements are assumed to be at standard temperature 
(T, = T)) and the total loss of the feed system is the product of the 


individual losses. With these assumptions we get the following equations: 


N,. = N.N,N.N 


T 12°34 
Tes = T,NT + 7; (NT - 1) assume (T, =! 


(4D.5) 


Tt = 200 (2.42) + 290 (1.42)= 484 + 412 896 °K 


NF, = 6.12 db Error + 0.26 db or 45 °K 


It is important to note that the Equations 4D.4 and 4D.5 are valid only 
assuming that the SWR at each point in the system is essentially unity. 
Once the system noise temperature is obtained, it is a simple matter 


to obtain the system signal-to-noise ratio which is the ratio of antenna 


signal power to system noise power: 
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Ne 
kT, B 


Substitution for signal power, Ww, using Equation A.20 of Chapter III 


System SNR = 


gives 


System SNR = ~~ S, G (4D.6) 


where S. is the average power density at the receiving antenna and G. is 
the receiving antenna gain. Also by applying the procedure used for 
Equation 4C.71 and using Equation A.25 from Chapter III it is possible 
to express the system SNR in terms of the transmitter and signal path 


characteristics--when they are known. This substitution gives: 


2 
System SNR -( A \ We & G, (4D.7) 


47, / “ki. B 


Equation 4D.7 is similiar to the radar-transmission equation 
(Skolnik, 1970, p. 2-4) and may be used to calculate: 
a. System SNR given the antenna gains, distance, path 
loss, and receiving system temperature and bandwidth 
b. Required transmitter power for a given system SNR 
and other factors listed in a 
c. Required antenna gains, GG 
d. Required system noise temperature, T 


sys 
e. Required system noise bandwidth, B. 
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Solutions to the various problems enumerated above are not as readily 
obtained as Equation 4D.7 might indicate. One complicating factor is 
that antenna gain, path loss, and system noise temperature are all 
functions of frequency and the solutions to (4D.7) are thus also 
frequency dependent. 

Of the various applications for (4D.7), the ones which have 
practical appeal are the determination of receiver power sensitivity 


and/or antenna gain. We will define, for purposes of this paper, a 


measure of receiver sensitivity to be called receiving system power 
sensitivity, Peg: The receiving system power sensitivity will be 
defined using the minimum acceptable system signal-to-noise ratio as 


follows: 


(4D.8) 


2 
Sig / 
(Sy) ead Or 
Sys, min a ae B Kis B 
where Ra is the antenna resistance and o is the minimum acceptable 
g 


open circuit signal voltage on the antenna. The equation is rewritten 


to show the definition as: 


B (Sw) (4D.9) 


SyS, min 


A 
R, ~ K legs 
Receiving system power sensitivity is defined because there is a need 
to be able to specify the amount of available signal power at the antenna 
terminals needed to give a specified signal-to-noise ratio. Equation 


4D.9 shows that the required Pe can be determined from the required 
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system signal-to-noise ratio, system noise temperature and system noise 
band-width. 

The actual receiving system SNR must always be greater than the 
minimum or the system will not perform properly. The actual received 


power is 


= Ke B (3). (4D.10) 


where the subscript "ac" denotes actual values. As a measure of how 
much the actual ratio exceeds the minimum ratio we define an excess 


signal-to-noise ratio 


4A Actual system SNR 
m Minimum system SNR 


which can now be used to relate Pic and Pas: 


P =py Pp (4D.11) 


ac m rs 


Combining Equation 4D.9 with (4D.6), (4D.7) and (4D.11) gives 


P d’ S,G. (4D.12a) 
rS 41 ¥ r Nn . 


or 


Aas" 
aed a Wi Gy G k. nh,” (4D.12b) 


These equations specify the relationships between receiving system 
power sensitivity and the external signal parameters that will yield 


an excess SNR of na 
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Equation 4D.12b is now manipulated to give the following logarithmic 


(db) equation: /0 dow, Yn + [ to oq, (%. ) + JO Soro, We 


+ [PO sy G+ 109g Ge | 


[20 au + iO 404 (-\| (4D.13a) 


The term on the left hand side is called the system SNR margin, the 
first term in brackets on the right is the receiver/transmitter factor, 
the second is the antenna gain factor and the third is the path attenua- 
tion factor. 

These definitions (all terms in db) are summed up in Equation 


4D.13b: 


System SNR margin =+ (Receiver/Transmitter factor) 
+ (Antenna gain factor) 


- (Path attenuation factor) (4D.13b) 


For a given system, these factors can be used to make a graph for 
predicting system SNR margin. Figure D-3 is an example of such a graph. 
This figure is a graphical representation of Equation 4D.13 and 

has been designed to show the effect of antenna gain on system SNR 
margin. The curve shown is a plot of path attenuation factor v:-s. 
frequency and corresponds to the minimum acceptable SNR. Any convenient 
power reference may be chosen for the Receiver/transmitter factor as 
long as Pe and Ww are consistent. In the example shown, a receiving- 


plus-transmitting antenna gain of 50 db yields a system SNR margin of 
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Figure D-3. Graph for Computing System SNR Margin from 
Antenna Gain 


10 db. This graphical technique was first brought to the author's 
attention in an article by Ashby (1961). In Ashby's article, a graph 
similar to D-3 is used to determine moon relay requirements for 
amateur radio. 

The received signal does not always have to be deterministic as 


implied by (4D.8) but may be a noise signal. An example of this would 


db 


Antenna Gain Factcr 
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be a total-power receiver (also called a radiometer) as used in radio 
astronomy, The signal of a radiometer can be represented by an 
equivalent signal noise temperature, As which is not included in 
the antenna noise temperature, Ty: The equivalent circuit of the 
antenna would still be represented by Figure C-24 but with the signal 
generator, Ege replaced with the mean-square noise signal voltage 


generator vi. =4k R, Tish The system SNR for a radiometer is now 


written: 


System SNR = ——— a (4D.14) 
Sys 

The minimum value of Te that can be detected is called the minimum 
detectable noise temperature, Tin’ The minimum detectable noise 
temperature, a function of tsa and system SNR, is determined by the 

dc and ac voltage levels of the integrated detector-output. Tan is 
the value of je that will produce a change in the detector de output 
that is equal in magnitude to the low-frequency RMS noise level. A dis- 


cussion of this measure of receiver sensitivity is given in Tiuri (1964) 


and Kraus (1966, P. 102 and Ch. 7). The minimum detectable noise 


temperature for a total-power receiver is 


eB. 
ATnin Ks Toys YB, (4D.15) 
where T = Total system noise temperature, °K, 


Sys 
B, = Predetection noise bandwidth, Hz 


153 


Be = Postdetection noise bandwidth, Hz 


K = System sensitivity constant (1 < K < 2 /2). 


When the postdetection filter is an ideal integrater, Equation 4D.15 


becomes 


T, 


ys 
Thi / 8, i (4D.16) 
where t is the postdetection integration time. A discussion of the 


derivation of Equation 4D.15 will be presented in the chapter on noise 


power detectors. 
E. Noise Theory for Two-Port Networks 


The most convenient and efficient way of describing the noise per- 
formance of an active device or system of active devices is by means of 
a linear two-port circuit model which incorporates external noise genera- 
tors. The theory to be developed is general enough that it can be 
applied to any linear system element which may be described by a two-port 
model. The basis for this approach was first examined by Rothe and 
Dahlke in 1956 and has since become a popular means of specifying the 
noise performance of RF amplifiers. What will be done in this section 
is to review the highlights of their original work and to include addi- 
tional concepts which have since been developed. It is important that 
the reader understand the general approach to analyzing noise in a two- 
port and for this reason, it is presented in more detail than might 
otherwise be necessary. Although much of what ts presented must, of 


necessity, be a paraphrasing of the orlyinal work JL de hoped thal j | 
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will provide the necessary background for a more detailed study and the 
interested reader is encouraged to consult the original paper. 

Two-port network theory is highly developed and well known for RLC 
passive networks and active networks which contain controlled sinewave 
generators. In most treatments of this topic, the noise is neglected 
because it is assumed to be much smaller than any practical signal. This 
assumption does not apply to most receiving systems, however, because 
the signal and the noise are often competing on a nearly equal basis. 
When this happens, as in the case of a low-noise RF amplifier, it is 
necessary to account for the noise generated internally. This can be 
done by applying the two-port parameter definitions (International 
Telephone and Telegraph Corp., 1956, Ch. 5) and accounting for the 


internal noise by external generators. 


1. Linear two-port noise model 


First consider a noisy two-port network as shown in Figure 4E-1 
with appropriate conventional notation. The open-circuit and short- 
circuit parameters which account for both small-signal behavior and 
noise behavior can be written by including external noise generators 
as shown in Figure 4E-2. It should be noted that these generators are 
obtained by the direct application of two-port parameter definitions 
so that the generators have real physical significance and could be 
obtained for any network. 


The two—port equations which apply are given below: 
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V, = zy I, + Eve Ts + Vis it ms Se V, + Yee N; _ 1 
Y* (4E.1) 
Vi= Za, 4 Zeele + Vane Le = ¥2, V+ Yes Ve thine 


V, Noisy 


Two-Port 
Network 


Figure 4E-l. Two-port Network Model with Internal Noise 
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Figure 4E-2. Two-portswith Equivalent External Noise 
Generators 


Perhaps it would be helpful to comment on the significance of the 
notation used for the noise generators and the mathematical qualifica- 
tions necessary. The twofport parameters are, in general, complex and 


the noise generators are represented by the Nyquist formula: 
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Where 4f is a infinitesimal bandwidth about some operating frequency 
f. Since the treatment of two-port theory will be done in the fre- 
quency domain, this representation is convenient because it allows us 
to use Fourier analysis techniques. This is the reason why the noise 
generators can be represented by'simply Vu and Viz" The mathematical 
techniques employed must take into account the random nature of Na 
and Mig 

As to the physical interpretation of the external noise generators-- 
they are used to represent all of the noise inside the network. The 
most common sources of noise are the thermal noise of the resistances 
inside the network and any shot noise if the two-port is active. The 
result of this analysis will be to show that a noisy linear two-port 
network needs eight parameters to describe its operation. Four of 
these are the ordinary two-port parameters and the other four are needed 
to account for noise. Only two noise generators are shown but if they 
are partly correlated then a complex correlation function is needed 
which adds two more parameters. 

Because the definitions were strictly applied, it is possible that 
a particular noise element inside the network may contribute some noise 
to each generator. For this reason, a correlation between the two 
generators has to be assumed and it is this correlation that complicates 


the analysis and produces some of the unusual effects such as noise 
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tuning. It is convenient to transform the effect of the noise generators 
to the input of the two-port. This is common practice in noise studies 
because it simplifies the analysis and facilitates the formulation of 
some useful noise definitions. 

The noise generators can be transformed to the input by applying 
Kirchoffs circuital laws to the networks of Figure 4E-2 and isolating the 
system into a noise free two-port proceded by a noise voltage and noise 


current two-port. The equations of transfer are shown below in Figure 


4E-3. 


Noise-Free 
Two-Port 
Network 


T =0 oK 


(4E.2) 


I,’ = % Vy + Vie Ve Moe Zu IF +2, 0, 
(4E.3) 


is ss Yee t nee V, Ve bls . tee qT, 


Figure 4E-3. Two-port Noise Model with Equivalent Noise Referred 
to the Input 


158 


The linear equations can be transformed by substituting (4E.2) 
for the primed quantities in (4K .3) 
Vall ! ; 
I, =" V, + Ye V, + | oe \, ie ear I. + a qT, . Vas 
(4E.4) 


| 
ie 2 Yi V, + ve VE V; = ca 4 + 72. 12, 


substituting again 


if 


iP ‘ii (V, Vas ) +Y,, Vi, + Tis V, = zy (I, = Tie) + tit, i Vins 


Ls: = Ye (v, ah) + ve Ve V, = £2, (1,- ts) + ae Ls. 
and separating out the noise terms gives: 


I,= ‘ V+ V2 Ve + (Tas- a ff Vie) V,- 4,1, +412 + (Vys- z,, i.) 


ReVVEG EY OMe tie tele Cals) 
(4E.5) 
From these equations we can identify the original noise generator 


terms by comparing with (4E.1): 


ine a dee 7 Yi, Vas Mi = Vas - Zi Tes 
(4E.6) 
Nera aie Vig Voge = 25, ane 
solving (4E.6) for V3 and 13 yields 
V Ine _ Ina - In, (4E.7a) 
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(4E.7b) 


Finally we get equations relating the noise generators of Figure 4E-2 


to those of Figure 4E-3 by solving (4E.7): 


Vas = Ve, — Vane (| rs = I, - Ine | (4E.8) 


By these algebraic manipulations we have demonstrated a very important 
conclusion: any noisy two-port network can be modeled by the circuit 
of Figure 4E-3 where the parameters of the noise free two-port are those 
obtained by turning off all internal noise generators (setting T = OOK ). 
The original noise generators can be related to V3 and 13 by Equations 
4E.8. 

For most high frequency devices, V3 and 13 have some degree of 
correlation and to account for this we will define a linear correlation 
coefficient, y. Before doing so, however, it will be convenient to 
split V3 (1,3) into two parts, one which is totally correlated with 
13 (V3) and one which is totally uncorrelated as shown in Equations 


4E.9: 


V + ie + \V;, 


ON 


n3 = Z. 
(4E.9) 
Tae = i Vos + i 
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oor (We ) is a multiplying factor called correlation impedance 


(admittance) and Ne 68) is the totally uncorrelated component of 
V3 43)" Since v and I are totally uncorrelated the average value 


of the product V3 3 


2 
Mislgg (SMe: py a Ves, Vis (4E.10a) 


n 


is related to both 13 and Vn3- 


The mean-square value of the sum (V3 + 13) is 


2 z 
ce 3 + lee a 7 Vis + 1n3 + 2 Vas Ts 
Vo. eR Se ee eee (4E.10b) 
where Y is defined as the ratio of the covariance (Beckmann, 1967, 
p. 88) of Vi3° 13 to the square root of the product of their variances: 


Y (4E.11a) 
—2 #62 
Vis iz a hae 
The correlation coefficient is, in general, a complex number of 
magnitude less than or equal to unity: 
Je . 
yYy- \yle ly | (Cos € +] 5 ine) OfIVIE | E110) 


The correlation coefficient and the correlation impedances are related 


by combining Equations 4E.1lla and 4E.10b to give: 


161 


: Vz (4E. llc) 
Vis ne 
Zz - Via !ns = (4E .11d) 
cor 2 


Ins 


Substitution of Equations 4£.11 into Equations 4E.9 and taking the mean 


square value will give for the totally uncorrelated components: 


(| _ ivi ) (4E. 12a) 


i ( \~ ly?) (4E.12b) 


It is important to note that Equations 4E.9 and 4E.12 are really 
specifying the same property, cross correlation, but in different ways. 
can be incorporated into the 


The correlation between vi and i” 


3 3 
equivalent circuit of Figure 4E-3 to produce the complete mathematic 
and circuit description of a noisy two-port. This is done by substitut- 


ing the correlation Equations 4E.9 into the equations of transfer 


(4E.2) for Figure 4E-3: 


I, = I + ae t Vas Mxe L + In + ce Cv SNe) 
(4E.13) 


VI Vy, we Vn + ins La = Vv + Va + 2x Cr. = I’) 


Two network realizations of this transformation are summarized in Figure 
4E-4 with noise sources represented by their Nyquist equivalents. The 


source admittance and impedance are shown for clarification. It should 
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Figure 4E-4. Input Noise Circuits for a Noisy Two-Port with 
Correlation Impedances and Source Impedance 


be emphasized that YZ ; R., G, r_, g are not reciprocals 
cor’ cor’ n’ n' n' *n 
each other and to avoid confusion, reciprocal elements will not be 
used in this section. This is consistent with generally accepted two- 
port notation where, for example, Yo is not the reciprocal of Z22' 
The circuits of Figure 4E-4 describe completely the noise perform- 


ance of any linear two-port and it is an important conclusion that only 


four characteristic noise terms are needed for this description; a noise 


conductance (G, or g)> a noise resistance R, or TD and a complex 


immitance (Mane or Zeop” The description of a noisy two-port is now 
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complete and we are ready to apply the theory to the practical computa- 


tion of noise factor. 


2. Application of model to noise factor studies 


To obtain reasonable noise performance in a communication circuit, 
an active device such as an amplifier or mixer is usually preceded by 
a matching network and/or a tuned circuit. The use of these elements 
provides the highest possible gain consistent with desirable bandwidth 
and noise factor; hence, it is desirable to let the source have a tuning 
susceptance, B. in the noise model to account for these factors. The 
circuit model to be used to specify noise factor is shown in Figure 4E-5. 

The mean-square value of noise current available at the input 
admittance to the noise-free two-port is the sum of the mean-square 
values of the noise due to the generators Yo; R,-G, and is computed 


when the terminals (1), (1) are shorted: 


Noise-Free 
Two-Port 
Network 


Figure 4E-5. Two-Port Noise Model for Noise Factor 
Computations 
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= = ao 2 
Die = J* + Lo Ve 1 XS + You | (4E. 14) 


Equation 4E.14 is obtained from a circuit analysis of Figure 4E-5 and 
its simple form is a result of the fact that none of the noise sources 
in the circuit are correlated. 

This mean-square current is proportional to noise power at the 
two-port output so we can define noise factor as the ratio of the short 
circuit mean-square current at terminals (1)(1) when all sources are 


contributing to that when only the source, [I at 290 °K, contributes: 
s 


—a —— 


(a ie 2 ee 


ee (4E.15) 


Each noise current can be replaced by its Nyquist equivalent resistance 


by substituting the following equations into (4E.15) 


I’ - 4k. G, AF 


(4E.16) 


I* - 4kt, G AF 


vi - 4kT, RnAf 


which gives: 


f= f+ S (G. +R, |Y, + ie) (4E.17a) 
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The equation above completely specifies the spot noise factor of the 
terminated two-port. The terms, Y, a + j B. characterize the 


termination at the input and G, R. and Y =G +j B._' charac- 
n’ n cor Cc cor 


or 
terize the noise of the two-port. The two-port noise terms are 
functions of both frequency and source impedance and therefore are 
valid at only one frequency and one source impedance, for any specific 
situation. 


Equation 4E.17a can be further simplified by separating it into 


the following factors: 


Po Le Aes B t GR, (4E.17b) 


“a 


where, A=2RG 
n ~cor 
- 2 
Ps Gy Bs 3a co Pee e Regie J 


There is an optimum value of source conductance which will minimize 
the noise factor. The adjustment of the source network to obtain this 
optimum value is called noise matching. The optimum can be found by 


taking the derivative: 


) B B* 
ae F= R,- @ =O G, = Gi 655 = R. (4E.18) 


Substituting for G, we get 


8 
G, opt 


- | +A +2VR8- (4E.19) 


ar [+A + + R Gp 


166 


where the subscript nm refer to the minimum value of noise factor that 
can be obtained by simply noise matching. By substitution of (4K,18) 


into (4E.17b) we can write (4E.17b) as: 


Gort G; 
F=l+At VRB (Ges te ) (4E.17e) 


S,opt 


When the input is noise tuned, the condition B. + Bea =0 is 


satisfied and the noise factor for a noise-tuned network becomes: 


G, 
e feERe ee. RS (Sx os } ean 
n “cor moe " cor G; Gut 


Two limiting cases for two-port noise conditions will now be noted 


from Equation 4E.20: 


a) V.., and I, are uncorrelated and the input is noise 


n3 3 
tuned then, Y =0, G =B =0, B =90, 
cor cor cor S 
F [ft VR. Ga (Se + & 
ee (4E.21) 
. Ga G; per 
b) Absolute minimum noise factor, G, Cegpt (noise match- 

ing): 


F. l+2VR.G, (4E.22) 


min 


The basic analysis of noise in two-port networks is now com- 


pleted and the results can be used to make some important conclusions 
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and applications. The most general equation for the spot noise factor 


is (adapted from Equation 4E.17c) 


R, W eee 
F ne A + VR" BR Bs i. 5 (4E.23) 
5,°P a 


where A= 2 R, cae 
= B 2 G 2 
B G a BR LB. a ee + ( oe J 


and the restriction on reciprocal element notation is now relaxed so 
that R, = WG .. 

The following terms will be defined to aid in properly inter- 
preting (4E.23): 

a) R, is the source resistance presented to the input of the 
two-port network. Generally R, is the antenna or system 
impedance when working with a system but when working 
with a single device it is usually the source resistance 
presented at the device terminals 

b) R is the optimum value of source resistance, Re which 


Sopt 


gives the minimum value of noise factor. When R, = R, 
opt 
the two-port is said to be noise matched 
c) R is the Nyquist equivalent resistance which represents 
the uncorrelated component of the equivalent noise 
generator V3 of Figure 4E-3. R, is dependent upon device 


parameters as well as frequency. R accounts for the 


device noise produced when R. is small 
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d) G is the Nyquist equivalent conductance which represents 
the uncorrelated component of the equivalent noise 


generator I of Figure 4F-3. G is dependent upon 


3 
device parameters as well as frequency 
e) B. is the reactive part of the source admittance Y, and 
is used to noise-tune the two-port so that B. + Boor = 0. 
Generally the source admittance must be capacitive for 
noise tuning 
f) 2 ae = ae + j B es is the correlation admittance and is 
used as a circuit technique to describe the degree of 
correlation between the noise generators V3 and I 3° The 
correlation admittance is defined by Equations 4E.9 and 
4E .11. 
It can be emphasized with the help of (4E.23) that the source resis- 


tance for maximum power transfer is not the same as that for minimum 


noise factor. For maximum power transfer 


G, - Ga BSS Be (4E.24) 


while for minimum noise factor where the two-port is both noise watched 


and noise tuned 
B 
G, = <r = 1 R. B, a Bak (4E.25) 


and it can be clearly seen that maximum power transfer does not occur 


at minimum noise factor. This is illustrated in Figure N-1 of 
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Part Nof the Appendix. The low-noise circuit designer must resign him- 
self to the fact that maximum device gain and minimum device noise 
factor do not occur simultaneously for the same source impedance. To 
obtain the minimum possible two-port noise factor each receiver must 
have an input matching network capable of transforming the antenna or 
system source resistance to Roop! for noise (not power) matching. 

The losses and noise contribution of such a matching network were 
discussed in Chapter IV-C and the techniques presented there can be used 
to compute the increase in noise factor due to a lossy input matching 
network. 

The method used to obtain the noise factor of Equation 4E.1S is a 
common one in device noise studies. This technique is derived from 
that definition of noise factor which is the ratio of total noise at 
the output to that noise due only to the source at standard tempera- 
ture. Since the noise of the two-port is accounted for by an equivalent 
noise two-port at the input, the noise factor can be determined by work- 
ing exclusively with the input. Notice that the two-port noise model 
of Figure 4E-S is really two two-ports in cascade, one which is "com- 
pletely" noisy and one which is noiseless. Thus all the noise properties 
of the two-port can be developed by looking at the available noise power 
from terminals (1)(1). It is important to realize that the available 
noise power and hence noise factor is completely independent of the 
two-port input admittance, Yin. A reasonable question to ask is why 
stop at reducing the noise in a two-port network to that which is 
represented by the generators V3 and 3 when the noise can be com- 


pletely referred to the input to giva an equivalent noise temperature. 
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In fact, this is commonly done as explained in Part E of the Appendix 
and we can develop the equivalent from the circuit of Figure 4E-4. Using 
Equation 4E.23, the effective noise temperature (spot noise temperature) 


which refers all two-port noise to the receiver input is: 


T, CF-\) 


Rs se) 
A + RnB Rea © ip (4E.26) 


It should be noted that effective noise temperature is a function of 


frequency and source resistance as is noise factor. 
The dependence of noise factor on source resistance is demonstrated 


in plots of noise figure as a function of source resistance normalized 


by Re opt: Such a plot is illustrated in Figure 4E-6 for the typical 
noise factor equations: 

Bee. Gv R, = Roepe A= 4 

a 4*+2\R° RJ vee=4 


J+ ( Re He 
2 eeps R. RB =1 


where two different arbitrary but typical values for A, R . and B have 


fh 


been chosen. 
Data taken on an actual device (Figure M-I of the Appendix) shows 
the typical parabolic shape typical of all high-frequency amplifiers. 
In the actual design and tune-up of a low noise amplifier it is 
helpful to note that the point of optimum noise tuning is independent 
of source resistance, R., but that the optimum source resistance is not 


independent of the optimum detuning reactance. Another way to say this 
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is that the point of optimum noise tuning is independent of the point 
of noise matching but not vice versa. The proof of this statement 
can be seen by considering (4E.23) and (4E.18). 

The noise factor is affected by changes in B. (noise tuning) and 
R, (noise matching) but we see that the condition B. + Be ai =0 is 


pt is dependent on B in the equation 


| B 
Re oot = R., 


and Bis, in turn, dependent on B. + Boor: This means that in 


independent of R_ while R 
s Yo) 


attempting to noise tune the two-port, the necessary value of Re opt 


will change but once noise tuning is achieved it will not be upset by 
changes in the source resistance. 


A suggested procedure for tune-up based on this fact is as 


follows: 

a) Tune the input to resonance for maximum gain. 

b) Adjust the input matching network to achieve R, = R opt 
for noise matching. 


c) Adjust Bo» the reactive part of the source admittance, 


for noise tuning so that B. + B = O. 
s cor 


d) Tuning the input circuit for a net reactance has changed 


R. opt so now R, must once again be adjusted to achieve 
noise matching, R. = R 
s sopt 


e) Iterate. 
Using this procedure for tune-up of a low-noise amplifier will pro- 


vide the absolute minimum noise factor as given in Equation 4E.22. 


12 


Spet Noise Figure in db 


Figure 4E-6. Noise Figure as a Function of Normalized Source 
Resistance 


F. Noise Generation in Electron Devices 


The physics of noise generation and how it affects the noise factor 
of various amplifying and mixing devices needs to be examined because 
the ultimate sensitivity of a radio receiver is usually dependent upon 
the noise performance of the first and second active devices. When 
specifying or designing low-noise receiving systems it is helpful to 
know the expected noise behavior of the active devices used as RF 


amplifiers and mixers. The two-port noise model is sufficient to 


Lis 


describe the noise behavior of a two-port device but for a knowledge of 
the design limitations imposed upon that noise model, the nature of the 
noise sources in each active device needs to be studied. Noise in most 
active devices comes from either shot or thermal sources. A study of 
device noise usually becomes a study of how these two types of noise 

are generated in device operation and what parameters are used to specify 
noise factor. The noise mechanisms of the most common devices will now 
be presented and noise factors based upon the most commonly accepted 


models will be given. 


1. Noise in vacuum tubes 


Vacuum tubes are rarely used in low-noise receivers of modern design 
but the sources of noise encountered in a vacuum tube offer an excellent 
means of presenting many of the physical mechanisms which cause noise. 
For this reason, and for completeness, we will look at the sources of 
noise in vacuum tubes. 

The vacuum tube diode is the simplest electronic device that exibits 
shot noise. Shot noise, as we discussed in Chapter IV-B, is caused by 
the discreteness of the electron current and the random arrival of 
electrons at the plate or anode. First, we will consider the "ideal" 
vacuum-tube noise diode and develop the full-shot-noise equation which 
is fundamentally important to the study of all shot-noise mechanisms. 

The ideal noise diode is represented in Figure 4F-1 and has the following 
properties: 
1. The anode or plate voltage is high enough so that 


all the electrons emitted by the cathode reach the 
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Figure 4F-l. Ideal Vacuum-Tube Noise-Diode 


anode. This is called the temperature-limited mode 
of operation which means the average dc current 
through the diode is independent of anode voltage 
and dependent only upon cathode temperature. 

2. The electron transit time between anode and cathode 
is so short that the resulting time lag can be 
neglected when compared to the period of the 
frequency of operation. 

3. The space charge effect at the cathode is negligible. 

4. The electrons are emitted from the cathode at a uni- 
form rate and their arrival at the anode is a random 


function of time. 
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The ideal-shot-noise equation is obtained by assuming the electron 
arrival frequency is large so that the Poisson distribution is replaced 
with a Gaussian distribution. Then Maxwell-Boltzmann statistics can 
be applied to one-dimensional current flow in a planar diode. Under 


these circumstances (Smullin and Haus, 1959, Ch. 1), the power spectral 


density function is 


5 (w) 2 % de (Ideal-shot-noise equation) (4F.1) 
Sho+ 
where q =Electronic charge, 1.6 x iG caul 
ls =DC diode current (actually, the diode saturation 


current). 


When the spectral power is integrated over the noise bandwidth of the 
noise diode circuit the mean-square value of shot noise-current is given 


by: 


2 
i =e % 1. Af (amperes) ~ (4F.2) 


Taking into consideration the thermal noise of the parallel resistance, 
as was done in Chapter IV-B, the total mean-square noise current is the 
sum of the mean-square currents due to the diode and the resistor (see 


Equations 4B.13 and 4B.14): 


i Bee a Fe eal. Af + kt, G Af (4F.3) 
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The total available noise power is: 


[: GIs Af 


-~k aa + Te | Af — watts (4F.4) 


Since the noise powers are additive it is possible to consider the shot 
noise introduced by the diode as having increased the "noise tempera- 
ture" of the resistor. This noise increase has the same effect as 
physically heating the resistor to a higher temperature. In this 
manner, the noise diode can provide a means of obtaining effective 
noise temperatures of thousands of degrees Kelvin. The factor ql. /2kG. 
in Equation 4F.4 is called the excess noise temperature, T,, because 
it represents the additional noise due to the diode. The concept of 
excess noise is useful for presenting sensitivity measurement theory. 
Figure 4F-2 is the Norton equivalent circuit for an ideal noise 
diode source. When the diode current is zero Cd. = 0), the excess 
noise temperature is zero and the effective temperature of the source 


(T aa ee + TR) becomes the physical temperature of the resistor, Tp: 


eff 
Departure from ideal diode operation and its effect on measurement 
accuracy will be discussed in Chapter X. 

The noise behavior of the vacuum tube triode can be studied by 


considering the effect of adding a grid to the diode structure. When 


grids are added, additional sources of shot noise are introduced. These 
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T, = 4k Ta, G Af 


: $1, 
ae Le = 2kG, . de 


oi. 
2kG, 


Figure 4F-2. Equivalent Circuit and Equivalent Noise Temperature 
for an Ideal Noise Diode Source 


additional shot noise sources are the result of electrons flowing 
through and into the grid structures. 
For a triode of planar geometry, the mean-square shot noise 


current in the plate is given by (Smullin and Haus, 1959, Ch. 4) 


ae =3(1-F) 4khg, Af (4F.5) 


where the triode plate conductance 85 is larger than the diode conduc- 
tance and is related to the triode transconductance gun by the factor: 


Om 


Sp = rs (4F.6) 


The value of o@ depends upon tube geometry and electrode potentials but 
usually lies between one-half and one. Tk is the cathode temperature. 
After substituting (4F.6) into (4F.5), the mean-square shot noise 


current for the plate of a vacuum tube triode becomes: 
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ig 3 (]- 4) ek, 2 OF (here) (4F.7) 


As more grids are added to the basic diode structure’ more sources 
of noise are introduced. The electron current must now be shared be- 
tween two or more electrodes. This sharing causes a randomness that 


introduces additional noise sources referred to as partition noise. A 


special category of grid noise is induced grid noise. 

Induced grid noise is the result of current pulse doublets induced 
into the grid circuit when an electron passes through the grid. It's 
effect is important at HF and VHF because the mean-square value of 
induced grid current is proportional to the square of space-charge 
input capacitance and to the square of frequency thus it gets larger 
as frequency increases. Two equations for induced grid noise are 


presented for reference 


- 4 KT, (= ) AF (4F.8) 


or 
Ae 
T za = 8 T (4F.9) 
3 ee P 
where Tk = Cathode temperature 


o Grid input conductance due to transit-time effects 
——— : : . 
B =WC., the grid input susceptance where C, is the 


space-charge input capacitance 


*Vacuum tube noise sources are usually diodes or triodes. This comment was intended 
to inform the reader that, low-noise amplifiers should be kept to a minimum of grid elements. 
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es Transconductance 


hae Plate mean-square shot noise current 


and it is assumed that there is complete correlation between induced 
grid noise and plate shot noise. Actual data shows a significant 
component of induced grid noise which is not correlated to plate noise. 
For this reason it is usually necessary to represent Le by a Nyquist 
equivalent circuit obtained from actual data. 

Application of the Nyquist equivalent should be made with care, 
however because Equation 4F.9 shows that he is not white noise. 

It will now be convenient to show how to represent the plate shot 
noise contribution with a Nyquist equivalent noise voltage generator 


in the grid circuit. Figure 4F-3 illustrates the transformation. 


= Teak Af 


4kT, R., Af 


Figure 4F-3. Plate Shot Noise Referred to the Grid Input 
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The output shot noise current and the series-input noise voltage are 


related by the tube transconductance: 


re 2 2 
I, = Gin Ves (4F .10) 


An alternate representation for the mean-square value of plate shot 


noise current is given by (Smullin and Haus, 1959, p. 178) 


te 
Te = T! eq, Af (4F.11) 


where I, = Plate current 


7 Space charge reduction factor, 0€<T41. 


Equating the Nyquist equivalent voltage to plate shot noise current 


using Equation 4F.1O gives 
vl 
Taal, Af = qn 4kT, Re Af 


which can be solved for the Nyquist equivalent resistance: 


¥ 
2 
T $i (4F.12) 


Rox. 7 Dm ak a 


The space-charge reduction factor is given by theory to be (Smullin 


and Haus, 1959, p. 160): 


Te 6 (1-T) = (4F.13) 


* Capitol gamma is the symbol chosen to represent 
the space-charge reduction factor. 


Substituting (4F.13) into (4F.12) gives as the final result: 


3 - ft) Ms, cai (4F.14) 


i 4) FG 7, 


The equivalent resistance, Races be used as a convenient representa- 


tion for the shot noise produced in the plate circuit and is called 


the equivalent noise resistance. Substitution of nominal values for 


Tk and o into Equation 4F.14 gives the following approximation of 
Reg for a vacuum triode that is so often quoted in the literature: 


os 2.5 o 
has a T= %4 » lk = B40°K (4F.15) 


The noise sources for a vacuum tube pentode can be conveniently 
summarized with Figure 4F-4. These noise sources are usually reduced 
to just two equivalent sources at the tube grid by referring all 
sources to the input. When this is done, vacuum tube noise effects 
can be accounted for by the equivalent circuit of Figure 4F-5. The 


equations for the equivalent current and voltage are 


ve - 4kT, Re Af (4F.16) 


it Akg Gs \ Ke (4F.17a) 


~ 4kT. (5 Gy) Af (4F.17b) 
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I. - Plate shot noise 
Z, - Induced grid noise (not white) 


- Partition noise 


= Screen-grid shot noise 


Figure 4F-4. Vacuum Tube Pentode Circuit Showing Equivalent 
Shot Noise Current Generators 


end 


TGe 4k (5G,)4F Va =4kT. R Af 


Figure 4F-5. Standard Equivalent Circuit for Vacuum Tube 
Noise 
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where a = Equivalent noise resistance 
Tk Cathode temperature 


S = Input conductance due to transit-time effects 


Following the same procedure that was used to obtain the equivalent 


noise resistance for a vacuum triode we have similiar equations for R, 


q 
for the following cases (Pappenfus et al., 1964, p. 246): 
Triode amplifier, 
R ~~” 2,5 
“> Sm 
Pentode amplifier, 
2.5 Ig i 
R. ~—b_ (25 +) (4F.18) 
> 1, +t Loe Gm Gm 
Triode mixer, 
R as is at (4F .19) 
~ 4%, 
Pentade mixer, 
i. te 2.5 19 Toe 
Rey = >. (4F.20) 
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Pentagrid mixer, 


20 Ie (Ix -I,) 


pe (4F.21) 
“b I, gé 


R 


where I = plate current 
I screen current 
g2 
I cathode current 
gm = amplifier transconductance 


conversion transconductance. 


Typical values for RG range from 200 to 600 ohms while those for 
ce range from 9 to 30 micromhos. The fact that there is partial correla- 
tion between Le and Meqe is taken care of by a correlation coefficient 
in the same manner as was presented in Chapter IV-E. 

Talpey (Smullin and Haus, 1959, p. 200) has given the noise factor 


of a common-cathode stage as 


€ Re fl 
Fr- [+ G. + G (G, +6,)*+ (8, +8,-6,) | (4F.22) 


/ 


where se = G. + j B.. the source admittance 
Gy = input conductance 
Gag equivalent noise conductance of the uncorrelated 
component of I : 
Reg = equivalent noise resistance 
B_ = total grid input susceptance 
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Be = WC, grid input susceptance due to the space 


charge effect. 


The optimum value of source conductance (the source conductance which 
gives minimum noise factor) is obtained by differentiating F with 


respect to G, and equating to zero. This gives: 


G, 2 12 
Zs . G +(8,+B, -B,) (4F.23) 
Ge aos Res + Vy ( 9 9 


Notice that optimum source conductance is dependent on input tuning 

4 . 
through the factor (B. + ae - B 2: Notice also that optimum source 
conductance is not equal to the input conductance of the tube, oy 


The condition for resonance at the input is 
(8, t Bs ) es 


but the condition for minimum noise factor (4F.22) is: 


(B, + B, = B, ) = 0 (4F.24) 


The input must be reactively tuned by an amount Pe to achieve minimum 
noise factor. This process is called noise tuning (Appendix, Part N). 
The fact that G %# G and B_ ¢ B_ for minimum noise factor 
s,opt g S g 


emphasizes the necessity that the input circuit must be mismatched for 


lowest noise factor. 


m [ 7 z / 
The noise factor when the circuit is noise tuned B. + B Ps 


is, from Equation 4F.22: 
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G, 
= + aa + as + (G.+ ee). (4F.25a) 
s 


[| +2RaG, + at mG, + Ra G )+ Ge Rey (ar.25p) 


Equation 4F.25b is of the same form as (4E.23) when the following 


terms are equated: 


eq n 
G_ =G 
2 cor 
=G 
eq n 
B +B = 0 
cor 


The noise factor of (4F.25a) in the form of (4F.23) becomes: 


R, + Rs,ope 
Rs opt Rs 


2 
=|+t2R +R ( + AF.26 
This equation for the vacuum tube has been derived to illustrate the 
application of the noise theory of Chapter IV-E. 
The absolute minimum noise factor for a vacuum tube that is both 
noise matched and noise tuned is obtained from Equation 4F.26 by letting 


R, R. opt to give: 


fig PE Raat Rey (Gy + Rag) 4r27 
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In most cases the approximation Gs G. is valid so that Equation 


opt 


4F.25a will reduce to 


G 
F = |+¢ ous fa Re G (4F.28) 


for o> G, opt: This approximation also reduces G, opt to 


S,opé R ey, 


which can be substituted into (4F.28) to give a well known result: 


caer G, 
~ »{ —wePe yp —s (4F.29) 
Fe 7 1 oak ler tar, 


ee ——7 
wn  ~=6=6ChUE + 2. Ga, Rey (4F.30) 


This treatment of tube noise has been brief because the topic 


F,, 


does not warrant more time consideration. Much work has been done 

on the theory of tube noise that is of historical and theoretical 
interest. The reader desiring more information about the theory of 
tube noise is encouraged to consult the following references: Smullin 
(1959), Bennett (1960), Bell (1951), van der Ziel (1954) and Pappenfus 
(1964). 


2. Noise in semiconductor diodes 


The noise behavior of a junction diode has been examined by van der 


Ziel and Becking (1958), van der Ziel (1958) and many others. Before 
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presenting this theory, it will be necessary to review some p-n junction 
theory and obtain the equations that are used to calculate the noise 


generated. Consider the p-n junction diode represented by Figure 4F-6. 


IF =I pp #1 en 


- Ta =Ipp + len 


jo 
|v 
+ 
1 
jo 
ze) 
Z 


; + V, - 
diode symbol a 
transition region 


Figure 4F-6. Representation of a P-N Junction Diode 


The diode current Id is actually the sum of four different diode 
currents which are defined as follows: 
IFP = The hole current due to holes in the P region 
(majority carriers) diffusing from the P region 
to the N region where they recombine. These holes 
have sufficient energy to overcome the junction 
potential Va 
IFN = The electron current due to electrons in the N 
region (majority carriers) diffusing from the 
N region to the P region. These electrons must 
have sufficient energy to overcome the junction 
potential Va 
IRP = The drift current caused by holes in the N region 


(minority carriers) diffusing toward the transition 
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region until they reach it and are swept across 
by the favorable electric field caused by Na 

I = The drift current caused by electrons in the P 
region (minority carriers) diffusing toward the 
transition region until they reach it and are 
swept across by the favorable electric field 
caused by vay 

The total forward current in the diode is the sum of the diffusion 


currents 


The total diode current is defined as the net de current flowing in 


the diode terminals in a direction from P to N: 


py 7 Tp) = (gp + Tpy ~ Ipp 7 Tay? 


The reverse saturation current, I. of the diode is defined as that 
current that flows when the diode is reversed biased below breakdown. 
The field produced by reverse bias is large enough to virtually stop 


any carrier diffusion and only the drift currents remain so: 
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The dc diode equation is obtained by solving the equations of 
carrier motion at the junction which gives the total diode current in 


terms of saturation current, temperature, and bias voltage 


$s 
I, = I, |€ kG | (ideal diode equation) (4F.31) 
where q = electronic charge 


k = Boltzmann's constant 


qT = diode junction temperature 
Va diode junction potential. 


The low-frequency diode conductance, gj» can be obtained from the 


ideal diode equation by differentiation with respect to diode voltage 


oJ, 


4M 
aS em ng Ab 


s 
kt |Z, 
which gives: 


9) - i (I, + Is) (4F.33a) 


This expression is most commonly seen in the inverted form to give the 


diode resistance as 


ly _ Mo ate | 
14, =e 1 (oma) (I, > Is) (4F.33b) 


where I, is in milliamperes and T. = 300° K. 
J 
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Van der Ziel (1955) has used a transmission-line analogy for the 
diode structure which modifies the low-frequency conductance to give a 


high-frequency conductance of 


Ye 


4 fitwr? + + (4F.33c) 


where OG) = operating frequency 
T, Carrier lifetime of holes diffusing from P to N. 


Tv, is a measure of the recombination rate. 


Van der Ziel and Becking (1958) presented a derivation of lunction 
diode noise based on a simple planar diode with the N region much more 
lightly doped than the P region. Figure 4F-7 is a schematic repre- 


sentation of hole flow under these conditions. 


Figure 4F.7. Hole Flow for a Junction Diode with Lightly 
Doped N Region 


If the N region is much more lightly doped than the P region, 


the diode current is essentially all carried by holes so that en and 
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Tan can be neglected. The charge carriers can then be divided into 


three groups: 


@) Holes entering the N region and recombining. This 
is the current Tkp° 
(2) Drift current of holes from the N region to the P 
region. This is the current Ipp' 
GB) Holes which diffuse to the N region but drift back 
to the P region before recombining. 
Assuming that all three currents are statistically independent,they 


give rise to full shot noise and the resulting mean-square values of 


current are: 


- 29 1,, At 
2 - 29 Vp Af 
2 - 4kT; (gq. -9,, Af 


my 
~ p 


— 
op 


The carriers of group @G)give no contribution to the net current and 
therefore generate only a thermal noise term due to their random motion. 


The net diode current is Ty = Iep = Ipp and the reverse saturation 


current is IS = Ipp so the equations for noise become: 


I? - aq(Iy+I,) Af 
241, Af 
IS - 4kT (ge - 90) At 
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All of these sources are in parallel so their mean-square values can 


be added to give the total mean-square value of nolse runtui as 


nares 


I, = x (I, +I,) +2q 1, + FT; (qe-9] 4 


which is reduced to its well known form by substituting (4F.33a) to 


give 


it = 4kT; Je Ki aq, Af (4F.34a) 


where ge = high frequency diode conductance 
Ty = diode forward bias current 
T; = diode junction temperature. 


Van der Ziel and Becking (1/958) have shown that Equation 4F.34a has general 
validity and does not depend on diode geometry or doping levels. For a 
derivation of (4F.34a) in more detail, refer to his paper. 

Equation 4F.34a can be simplified by using the approximation 


Id>I, (normal bias) to reduce Equation 4F.33a to 
KT Je = 41 


which is substituted into Equation 4F.34a to give: 


[, = 4k Tey Ge Af 
T, TS (2 _ S.) Ty » Tg (4F.34b) 
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Now from (4F.33c) we know that 


and we get limits on fed as: 


ly x Te, £ T; (4F.35) 


This illustrates the important point that noise generated by the 
"electronic" resistance, g.> is not simply the thermal noise of an 
equivalent physical resistor. In this case the electronic resistance 
produces less equivalent noise. Figure 4F-8 shows the Nyquist 


equivalent circuit for a forward-biased junction diode. 


a 


é ioe Ti = 4k Ty 9. AF 
a Sle Tt  F J. 
Te, a caaere 


Figure 4F-8. Nyquist Equivalent Circuit for a Forward Biased 
P-N Junction Diode 
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The semiconductor diode produces noise other than that of the simple 
forward-bias case. Other important aspects of diode noise are the noise 
produced in diodes used as mixers and the noise produced in a reverse- 
biased diode due to breakdown effects. Also, a significant amount of 
noise is produced in microwave signal sources using impact avalanche 
diodes. These topics of noise are too extensive to be included in great 
detail in this thesis. A brief presentation of diode mixer noise will 
be given in the section on mixer noise. Noise in impact avalanche diodes 
is a topic that is being widely discussed in microwave journals. The 
noise produced when a diode is operated in reverse breakdown is useful 
for making solid-state noise sources which have high values of excess 
noise. Commercial sources are claiming excess noise ratios of 25 to 
40 db or equivalent noise temperatures of 10° to 3 x 108 °K. These 
sources are used in noise figure meters and for high-power noise sources. 
The theory of operation of noise diodes operating in the breakdown 
region will not be presented but the reader is encouraged to consult 
the literature for more information because these sources will become 
increasingly important. Two brief references on the topic can be 


found in Yakutis (1968) and Haitz (1967). 


3. Noise in bipolar transistors 


The bipolar transistor is the most widely used active device for 
modern low-noise applications. The field-effect transistor is a close 
second for HF and VHF applications but the very-low-noise systems still 
require bipolar designs. Noise temperatures in the range of 50 to 


300° K are possible for frequencies from 10 Khz to 1000 Mhz. These 
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low values make the bipolar transistor very competetive with any 
device which does not require cryogenic techniques. The physics of 
noise generation in a bipolar transistor can only be understood by 
studying the basic mechanisms involved in transistor operation. The 
ever present noise sources due to electron flow (shot noise) and 
thermal resistance (thermal noise) will contribute most of the noise 
as is the case for just about all other active devices. 

The noise analysis of bipolar transistors depends upon the manu- 
facturing processes and junction formation because of the effects of 
doping impurity levels, impurity profiles, and surface contamination. 
A complete study of the various transistor processes and their associated 
noise models is beyond the scope of this text but it is necessary to 
select some process to provide a basis for a noise model which will 
satisfy most high-frequency criteria. The selection should be based 
upon the most common technology for low-noise transistors. For these 
reasons, the planar epitaxial transistor technology was chosen. Figure 
4F-9 illustrates the physical construction of a planar transistor and 
the resulting three-section schematic representations. 

As was true in the case of the junction diode, a review of transistor 
theory will be helpful in understanding the noise representation and 
eventual calculation of noise factor. The common-base representations 
will be presented first and then followed by the common-emitter. 

One approximate, high-frequency, small-signal, ac model for a 
common base junction transistor is shown in Figure 4F-10. This circuit 


was developed (Phillips, 1962, p. 294) from the physical principles of 
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common base 


emitter e O 


epitaxial collecto 


base| collectoy 


connnon emitter 


— [ —O 
emitter lnaae saitete! 
pieces 


Figure 4F.9. Physical and Schematic Representation of a 
Bipolar Transistor of Planar Epitaxial 
Construction 


substrate b 


collector 
contact 


b 


(a) (b) 


Figure 4F.1O0. Equivalent Tee Models for the Bipolar Transistor 


in the Common Base Configuration 
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transistor operation and is the lumped-circuit model which most closely 
relates the circuit elements to specific transistor mechanisms. 

From theory we can identify the specific admittances ill Figure 
4F-10b by approximating the distributed RC nature of the base-collector 


junction with fixed elements. These admittances are: 


aye ol 
= -__s a 
Lae + jw ( ane Siac 0a 2) 


2 


Ls eoe(BF eel) Yet 


The equivalent circuit components are now defined: 

Es = The dynamic resistance of the base-emitter diode at 
low frequencies. This resistance plays the same role 
as the diode dynamic resistance, a= Vg. of diode 
noise theory. 

Ceo The base bulk resistance between the external base 
contact, b, and the active base region, b'. This is 
also called the base-spreading resistance. 

gc = The low-frequency base-collector conductance due to 
base-width modulation. 


CTe = Emitter-base transition region capacitance. 


Emitter-base diffusion capacitance. 


CTIc = Collector-base transition region capacitance. 
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CDc = Collector-base diffusion capacitance. 


wbC hy. Coe = Frequency dependent base-collector diffusion 
: conductance. 
Coe Low frequency common-base current gain. 
w = Frequency of operation. 
a. = Base cutoff frequency (not to be confused with 
beta-cutoff). The alpha-cutoff frequency and Wr, 
are related through the equation, . = = 2 r o.° 

An approximate high-frequency common-base circuit model has now been 
defined which will provide the basis for an evaluation of transistor 
noise performance. The reader desiring a review of transistor operation 
will find references such as Alley and Atwood (1971), Phillips (1962), 
or the GE Transistor Manual very helpful. 

The noise analysis to be presented will parallel the work done by 
A. van der Ziel who has developed much of the device noise theory of 
the past two decades. His work provides the basic core for all solid- 
state device studies and the reader interested in a detailed study of 
device noise is encouraged to read the papers written by him. 

With the aid of several papers by van der Ziel, the following 
theory on noise in bipolar transistors is summarized. 

The majority of the noise produced in a bipolar transistor comes 
from three sources: 

1. Random fluctuations in the dc emitter current 


2. Random fluctuations in the dc collector current 


3. Thermal noise due to the bulk base resistance Ep 2 
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As one would suspect from studying noise in a P-N junction diode, the 
emitter-base diode in a bipolar transistor will contribute the same 
kind of noise. The dc current flowing in the collector-base junction 
will also cause shot noise but its contribution will be different be- 
cause it is a back-biased diode--not a forward-biased one. An additional 
complicating factor also arises in the transistor--most of the current 
which flows in the emitter will flow in the collector. Since the charge 
carriers are the same, it is reasonable to expect the noise in the 
collector junction and that in the emitter to be correlated. Finally, 
the physical resistance in the base is at the temperature of the 
transistor chip and thus will contribute thermal noise as will any 
resistor at a finite temperature. 

Van der Ziel and Becking (1958) have derived equations for the noise 


generators which account for these sources of noise (see Figure 4F-11) 


aS 
1. Lm = 4kT Af - 2q I. Af (4F.36a) 
ae) 
2. Tic = 2q be Af (4F.36b) 
2, 
3 Vib = 4k T; Rup! Af (4F.36c) 
* 2 
4. on ae = 2k ie You Af (4F.36d) 
where ge = R. Oe = /r,, the real part of the emitter-base 


junction admittance 
Ine = Noise current in the emitter junction (see equation 
4F.34a) 


Ce = Emitter dc current 
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I. = Collector dc current 


Yep = Common-base forward transfer admittance 


1* I = Cross correlation product of emitter and 
collector shot noise currents 


T. = Temperature of the transistor chip or junction. 


Figure 4F-1ll shows the common-base circuit with the noise generators 
added. The model is a simple modification of Figure 4F-lOb where the 
admittances have been changed to equivalent impedances and the shot 
noise current generator in the emitter has been transformed to a noise 
voltage generator. These transformations have been done to conform 
with van der Ziel's (1958b) presentation which simplifies calculation 


of noise factor. 


y) 
aaa Vi 


| 
Zp - Y, b 


Figure 4F.11. Noise Model for a Bipolar Transistor in the 
Common-Base Configuration 
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Equations 4F.36 must be transformed to apply to the modified model. 


The first equation is transformed by: 


ian ee 


The second by substituting for the collector current the expression 


I, = (a, -ta*) I, +I,, 


Cc 


where Ts is the collector leakage current. The fourth is transformed 


by the equation: 
Y= A Ve 


If the dc emitter current, I> is much larger than the emitter diode 

saturation current, then the approximations of Equation 4F.34b apply. 
Also if the relation between emitter noise voltage and noise current, 
va-= Zoe! is used and if we substitute Y. ee _ then Equations 


4F.36 become: 


2 2 

ls. Vas Oe Tes <0 p.) IZ. Af (4F.37a) 
2 2 

2: Te = 2q [ ca, z | o| I, + 1, Jae (4F.37b) 
2 

3 ab = 4k T; Rap! Af (4F.37c) 


4. VAT. = 2k Tie [gy - % Af (4F.37d) 
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Remember that the noise performance analysis is made more complex be- 
cause of the correlation between emitter and collector noise currents, 
i.e. hore and les are not statistically independent. In general the 

common-base current gain & is complex and thus the correlation factor 
is complex. Also, the correlation is frequency dependent through both 


oe and Y- Notice that for lower frequencies 


* 
Yo 
e 


and the correlation is practically zero. 

The noise factor for the common-base model is computed by connect- 
ing a source impedance Z, at temperature aie to the input and looking at 
the short-circuit output current. The ratio of the short-circuit output 
current with internal transistor noise "turned on" to that when only 
the source Z. is contributing is the noise factor. The resulting 


equation has been given by van der Ziel (1958b) 


| 
¢ ls eer ) g 2 
bb 2 n 
pop STR aI Ne ate Bete | rom 
Rs 
where the equivalent noise voltage generator Nee has been split into a 
part V ' which is completely correlated with I and a part vi! which 
ne ne nc 
is totally uncorrelated. The noise conductance g, has been defined 


from the collector shot noise current as 


fife = 4kT, lal" g, A¥ (4F.39) 
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lat", — st | (x. —lij*)T, + 1 (4F.40) 


The Nyquist equivalent for ay is 


2 
VV" - 4kT ca: Af (4F.41) 


and the correlation impedance is defined as: 


‘ ——_ 
lV. id 
Z.. = = Noe Tne (4F.42) 
I ry 
ne Us 


It should be realized now that o.5° 6. and Zor described the noise 
characteristics of the transistor. Also the noise factor equation 
assumes that the transistor is at standard temperature T, = To). 
The error due to this assumption will be discussed in Chapter X. 

The noise factor equation in its most common form is obtained 
from Equation 4F.38 by expanding the absolute value factor and using 


2S I/r, which gives (compare with Equation 4E.17b and with Agouridis, 


1967) 
B 
F- RIP a > + Gn R, (4F .43) 
Rs 
where A=2g, (re + 7 aed Poy) 


=. L 2 
a= Tb’ 9 Tet Sy [ret eyy CR a) * Ce sae 2J 


ge = Vr, 


205 


with: Z,=T,+j x, 


Z =R +j X 
S S 


The optimum source resistance for minimum noise factor can be 
obtained by taking the partial derivative of F with respect to the 


source resistance and solving for R 
s,opt 


E 
: R. O Ress a 2 (4F.44) 


Substituting (4F.44) into (4F.43) we get the noise factor obtained 


when the stage is noise matched: 
+A +2 ap: (4F .45) 
n 


The condition for noise tuning is to minimize B by adjusting x, so that: 


Ky Xe EX, + Keg =O ve 


The frequency dependence of noise factor comes from the frequency 
dependence of Zoor and g- The frequency dependence of g, is obtained 
from Equation 4F.40 by substituting the equation for & which was defined 
with Figure 4F-10 


ak 
(Hone Mie) le, 
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where Gis the alpha-cutoff frequency. Substituting this expression 


for * into Equation 4F.40 and making the approximations ToS I, and 


Gn = Je a (2) (4F.47) 


where Fo is the low frequency beta of the transistor. Assuming that 
B, > 10 and | 0 and the stage is noise tuned, the noise factor of 


Equation 4F.43 reduces to 


r= j+A+-8 +gn R, (4F .48) 


where 
A~ 2 (I+) Lp a) 
B. he! 1,2(2) 2 i E : cal 
+e [l-2(d,)']. 


For low frequencies W< lo a, the noise factor of Equation 4F.48 is 


+e ie (| "i oo a #e ) (4F.49) 
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where it has been assumed that 1/8, » (wlay- In Equation 4F.49 
it becomes possible to see what transistor parameters are actually 
affecting the lowest value of noise factor. The important parameters 
are: 

1. The base bulk resistance, Top 

2. The ac resistance -of the base-emitter diode ise (which 


depends directly on emitter current). 


The optimum source resistance from Equation 4F.49 is 


Vow! ie 
= lbh! te 4F.50 
sopt Vf Pole Ne (1 + ont Bh (4F.50) 


and the noise factor of Equation 4F.49 in terms of optimum source 


resistance becomes 


(4F.51) 


where Ro ope has been factored out of Equation 4F.49. For the 10w- 


frequency model, the base-emitter diode ac resistance r, can also be 


written in terms of the emitter current, I. 


— ! 
- kT, !qI. 
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and the noise factor of a noise tuned common-base amplifier at low 


frequencies (u<<w, is 


ff tis a ( + fb I.) Rs +t Rove (4F.52) 


Resse 


which shows the explicit dependence of noise factor on emitter current. 

For high-frequency work with common-emitter configurations, prob- 
ably the most popular equivalent circuit is the hybrid-pi circuit shown 
in Figure 4F-12b. The hybrid-pi model is attractive because it can be 
used to describe transistor operation when considering neutralization 
and when using Y-parameters. The hybrid-pi model is generated from the 
common-base equivalent circuit (Figure 4F-1O) by interchanging base and 
emitter terminals and applying superposition and a delta-wye transforma- 
tion to the base-collector terminals. The results of these transforma- 
tions are shown schematically in Figure 4F-12. 

The resistance shown shunting the output current generator is 
included to account for the base feedback generator which was neglected 
in the common-base model. This conductance must be included to account 
for the frequency dependent output conductance found in neutralized 
common-emitter stages. To be completely specific about this transforma- 
tion, the admittance matrix for the hybrid-pi model is related to the 


equivalent tee impedances by the transformation: 
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(D 


(a) (b) 


Figure 4F-12a. Generation of the Hybrid-pi Model from the 
Common-Base Model 


2. +2. (\-4) =F. 


LY | ee +z, CZ, +2, (1-4)] 
hybrid- pi re ee a Ze+Zb 
where Ze' Zb and Zc are defined by Figure 4F-11. 

We know that simply changing the configuration of a transistor 
stage will not affect the internal noise mechanisms. They remain the 
same as for the common-base stage. What does change is the noise 
factor and optimum source resistance and correlation impedance. These 
change because the noise currents flow through different impedances 
when the configuration is changed. The noise factor for a common- 
emitter stage at UHF and microwave frequencies has been given an 


excellent treatment by Fukui (1966a). 
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He has taken a hybrid-pi equivalent circuit with header parasitics 
added and has computed the noise factor of the entire stage. The 
results of Fukui are based on measurable transistor parameters and show 
how noise factor varies with frequency and with transistor Q-point. The 
effect of header parasites is illustrated with measurements. What will 
be done for this thesis is to take Fukui's results and simplify them to 
a model without header parasites. Other features of the original pre- 
sentation will be maintained. 

The noise equivalent circuit for a bipolar transistor in the common- 
emitter configuration without parasites is shown in Figure 4F-13. The 
noise generators are the same as in the common-base model. The other 


symbols are defined as follows: 


I> 


GTe 


De 


tr. £ Dynamic resistance of the base-emitter diode 


Emitter-base transition region capacitance 


Lie 


Emitter diffusion capacitance 


2 Base bulk resistance (Base-spreading resistance) 


8./8, = Output conductance 


98) 
ll 


B [+ig,@/adfs high frequency current gain 


a : 
Low-frequency current gain 


ow 
it 


£ 


a Alpha-cutoff frequency. 
The noise factor is obtained as usual by adding a source admittance 
and looking at the short circuit output current for noisy and noiseless 


transistor operation. The -noise factor as computed by Fukui is: 


Va 
b bf b 


Figure 4F-12b. Noise Equivalent Circuit for a Common-Emitter 


Stage 


F- s+ eas 


I 2 
om | 1+ Ys ke | 


+ 


a 
At 2aLG | Te Ge ee ke | (4F.53) 


where Y, SG Bo the source admittance 
ee + jwcCD. + ) 
be Boke JNK e Cr. 


I. = Collector dc current 


I, = Base de current. 
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Fukui has solved Equation 4F.50 in terms of the transistor operating 


parameters and has put it into the same form we have used throughout 


this paper 
Fol+A+Ba + C+BB24 DB) (4F.54) 
s 
where A= 1/8, + y 
1 

B = Ty +3 re Ll + y2J 

C y/tiy 

D= (f1f,,) 


and the parameter y accounts for the transistor noise parameters and 


noise factor frequency dependence. This parameter is defined as 


bi Hy ey ts alk (a aes 


where f is the operating frequency and fr is the unit-gain frequency 
or the gain-bandwidth product in Mhz. 
The minimum noise factor is obtained by noise matching and noise 


tuning and is computed by Fukui to be 


Eo, = 1 +A +y4BC - D*\ (4F . 56a) 


which upon substitution of the parameters A, B, C, Ddefined in quation 


4F.54 gives: 


. a | 2 
Pda 1 + 5 +tyt+ 1/3, + 2y ty (4F.56b) 
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Fukui has given an alternate expression to (4F.54) for noise factor 
which incorporates both the minimum noise factor and the optimum source 
conductance and susceptance. This equation is an alternate way of eXDress- 
ing the noise factor in the form we have used in Equations 4F.52 and 
4F.26 and is a clever way of obtaining an equation which expresses the 


dependence of noise factor on source admittance. The alternate expres- 


sion is 
F=F,) +o Ge Gia )ee GO, By sede (4F.57) 
where: G = Optimum source conductance. When G = G ; 
s,opt S s,opt 
the stage is noise matched. 
B = Optimum source susceptance. When B_ = B ; 
s,opt Ss s,opt 


the stage is noise tuned. 


The optimum values of source conductance and susceptance are given as: 


2' 
¥ D— 


_ 4BC - 
G, = B (4F.58) 
f£ 
cae 
D T 
B. opt —" 7B ~~ 2B aed 


Equation 4F.57 is used by Baechtold and Strutt (1968) to calculate the 
transistor noise parameters for microwave transistors in the frequency 
range 0.6 to 4.2 GHz. 

The low-frequency limit on the minimum noise factor is obtained 


from (4F.56b) where the parameter y becomes 
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for go? << = 
fy B 


oO 


which is substituted into (4F.56b) to give the low-frequency noise 


factor for a common-emitter transistor amplifier: 


‘ J 
2,1 bb 
(low frequency) =1 + 8 E tr. VM 


Fain 
e 


(4F.60) 


The high frequency limit is obtained by letting the frequency of 


operation approach fe and neglecting the terms 1/8, 1.223 


Tine 
y> bb cy? =h (4F.62a) 
Fe fr 


which is substituted into Equation 4F.56b to give the minimum high- 


frequency noise factor for a common-emitter transistor amplifier: 


pas 
2 
Fnin (high frequency) = 1 +h E + ve + P| (4F.61) 


The parameter h can also be written in terms of the transistor emitter 


current and base bulk resistance as: 


£.2 
head ()* 1 4 (4F.62b) 
j 
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Equation 4F.61 is valid f-or frequencies above a cutoff frequency 


+ aa (4F.63) 
T re) 


which for typical values of low-frequency beta is f > s fT' 


specified by 


For low-noise transistor amplifiers, the emitter currents are 
seldom less than 1 mao and the base bulk resistance is made as small 
as possible but is generally in the neighborhood of 10-20 ohms. These 
practical limits place a lower limit on the parameter h of approximately 
h, > 1/20. The actual lower limit on h is obtained by substituting 


L 
(4F.62) into (4F.61) which gives: 


=H (10 
hy KT} ; 1. T hb? (4F.64a) 
or 
"bb? 10 
hy - r a (4F.64b) 


It should be apparent from Equation 4F.61 that the noise factor of 
a transistor will increase with increasing frequency and this is indeed 
true as verified by laboratory measurements. Transistors will exhibit 
an upper-noise-corner frequency at which the noise figure is 3db above 
the low-frequency value. To obtain the value of h for which the noise 
factor of Equation 4F.6] has risen by a factor of two (3 db), we consider 
the minimum noise factor to be that obtained with hL'and solve for heap 
where Pai is twice that value. Doing this, the value of h corresponding 


to an increase in low-frequency noise figure of 3db is: 
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1 
ha ab = 5 + hy + 2h, (4F.65) 


Equation 4F.65 in terms of the upper-noise-corner frequency, fA,is 


obtained by substituting (4F.64b) into (4F.65) as follows: 


h = tw f= + fe (2) [2 (2) 


(4F.66) 


A plot of Equation 4F.61 is shown in Figure 4F-13 and is an adaption of 
a similar plot given by Fukui (1966a). 

Cooke (1961) has presented an equation for the upper-noise-corner 
frequency which is based on an alternate equation for noise factor and 
is in terms of the alpha-cutoff frequency. The noise factor equation 


given by Cooke is 


F= | +e (hy tet) 


(R, th + lee) | Es : 
+ RR - + (| (4F.67) 


and the upper-noise-corner frequency that results is: 


le 
= be m (2 Rte hy * be) = (4F.68) 
T. = £, 8. CR; + Yow + \* 


High-Frequency Minimum Noise Figure, db 


10 
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.O5 a 


Figure 4F-13. 


h - noise parameter 


High-Frequency Minimum Noise Figure as a 
Function of the Noise Parameter h 
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where £, is the alpha-cutoff frequency. Experimental data by Cooke 
shows excellent agreement with Equations 4F.67 and 4F.68. 

Presentation of data on the noise figure of a transistor presents 
a problem because the measured noise figure depends upon frequency, 
emitter current and source resistance which are three parameters under 
the control of the user. The bulk base resistance cannot be changed 
by the user. A common technique used to present noise figure data is by 
use of noise figure contours. These are curves of constant noise figure 
as a function of frequency or emitter current and source resistance. 
They are usually minimum noise figures which means the device is noise 
tuned at each data point and also the emitter current has been adjusted 
for minimum high-frequency noise figure. If the conditions for minimum 
noise figure are not met, the graph of contours must contain information 
about the condition of noise tuning and the value of emitter current. 
Figures 4F-14a and 4F-14b illustrate two possible techniques for present- 
ing noise figure contours for a common-emitter transistor amplifier. 
The plot of noise figure as a function of source resistance, such as 
Figure M-1 in the Appendix, can be obtained for the noise figure contour 
of Figure 4F-14a by fixing the operating frequency. The contours of 
Figure 4F-14b are adopted from data obtained in an application note by 
Brubaker (1968). More information on noise figure contours can be 
obtained from an application note from Princeton Applied Research Corp. 
(1969) on how to use noise figure contours and from an article by 
Sato (1971). 

Figure 4F-15 is an appropriate conclusion for this section on noise 


in bipolar transistors. This figure is a composite of data from a 
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Figure 4F-]4a. 
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Figure 4F-14b. Typical Noise Figure Contours for a Common- 
Emitter Transistor Amplifier 
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Figure 4F-15. State-of-the-Art Noise Figure and Gain at 


Minimum Noise Figure for Commercially 
Available Transistors (December, 1972) 
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record kept by the author over the year 1972. The data was obtained 
from advertisements by various manufactures. The gain and noise 


figures shown are achievable simultaneously. 


4. Noise in field-effect transistors 


The noise generation mechanisms in field-effect transistors have 
been studied by Klaassen (1967, 1969), van der Ziel (1962a, 1970) and 
Bruncke and van der Ziel (1966). These studies have shown that the domi- 
nant device noise at medium and high frequencies comes from three sources; 

1. Thermal noise in the channel 

2. Induced gate noise 

3. Thermal noise from the bulk resistance of the chip. 
The induced gate noise is caused by capacitive coupling between the 
active region of the channel and the gate. The capacitance couples 
noise from the noise voltage distribution along the channel. For the 
intrinsic FET, the noise factor can be essentially determined by con- 
sidering the thermal noise of the channel, the induced gate noise, and 
the correlation between them. For the practical FET, the effects of 
feedback and bulk resistance noise must also be included. 

A summary of FET operation is important because it can be used to 
establish the important FET parameters. Figure 4F-16 illustrates the 
physical construction of a junction FET and the equivalent circuit of 
the intrinsic FET that will be used for noise factor calculations. 

The high-frequence admittance parameters are given by Bruncke 
(1966) and van der Ziel in terms of the equivalent circuit of Figure 


4F-16. The conductive and capacitive terms of the admittances are 
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Figure 4F-16. Junction-FET Equivalent Circuit and Physical 
Construction 
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gIl ~ ggs + ggd gl2 = - ged 
(4F.69a) 
gm 
e215 - ggd g22 = gds + ggd 
1+ Gy? 
f 
0 
C11 * “ga T Soa ~ &gq 
(4F.69b) 
7 __gmo 2c. 
Sou > eg ae “22 ~ Sas * “ga 
2uf [i+ (> )2] 
) 
where gm =low frequency value of the intrinsic device 


transconductance 
i =a defined cutoff frequency which is slightly larger 


than the gain-bandwidth product. 


The noise in the junction FET is represented by a noise current generator 
ld in the drain-source circuit which represents the thermal noise of 
the channel and a noise current generator lng in the gate-source circuit 
which represents induced gate noise. 

A simple equivalent noise circuit for the junction FET is shown in 
Figure 4F-17 where the noise current generator Ty at the FET output has 
been referred to the input by a transformation with the complex trans- 


conductance, Y2I: 
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source 
a) 


Figure 4F-17. Noise Sources in a Junction-FET where the 
Thermal Noise of the Channel has been 
Referred to the Input 


For a simple analysis we will ignore the correlation between lie and 
via to arrive at a simple expression for noise factor. The mean- 


square values for the noise generators of Figure 4F-17 are: 


Vor cae ae RR ne 

nd o n 

mes 

Ing ~4KT, gti Of (4F.70) 


I 4kT G@ Af 
S 0 Ss 


The equivalent noise resistance R has been given by Bruncke and 
van der Ziel (1966) to be 


as 1 
n Ja z, 


R 
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where ee is the apparent transconductance of the device. The conductance 
gl] is the high-frequency, short-circuit input conductance of the device. 


The noise factor of the circuit of Figure 4F-17 is 
Te las Va : 
Flag aa AG + Ju) 
1 2, 


—s— 


F= 


which upon substitution of the Nyquist equivalents of Equations 4F.70 


gives: 


u R e 
F= |]+ 2 = G (G, + i) (4F.7 1a) 
[+2R,9, + GR, + ze - (1#RaGu) (4F.71b) 


The optimum value of source conductance is obtained by differentiating 


F with respect to G. and equating to zero which gives: 


z (1+ Ra qu) (4F.72) 


The noise factor in terms of G is 
s,opt 


SSG Ge 
F - [4 2 Ran + VRGu (1 R.gu)- Ge G, (4F.71c) 


ga 


and the minimum noise factor for G, - Sh= = 


face = | + 2R, Su aes y R. Qu (1+ R, qu). (A¥ 14) 
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Measured data by Bruncke and van der Ziel show that the gate noise can 
be slightly larger than the thermal noise of gIl which will result in 
a noise factor slightly higher than predicted. 

Klaassen and Prins (1969) have presented theory and data on the 
behavior of FETs at VHF and UHF. They treat the intrinsic FET and then 
consider the influence of feedback and bulk source resistance on the 
noise factor. 

The equivalent circuit used by Klaassen and Prins to represent 
FET noise is shown in Figure 4F-18. This equivalent circuit is valid 
for frequencies up to a few times greater than the gain-bandwidth 


product, fT. The quantities in the figure are defined as follows: 


g sik d 
"MGR yy 
ee 
S a 8 


Figure 4F-18. Equivalent Circuit for a Noisy FET at high 
Frequencies 


ve =4 kToR, Af, Mean-square noise voltage due to the induced gate noise 


I 2 = 4 kT bg Af, Mean-square noise current due to the thermal noise 


of the channel 
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alg. the FET input resistance 
G = 2/3 Cos where Cos is the gate to source capacitance 


Yi Forward transfer admittance or the complex transconductance. 


Klassen and Prins have included both junction and MOS FET's in their 
presentation by introducing the empirical factors a and b to account 
for variations in device parameters. Thus, the noise analysis that 

will follow is valid for both JFET's and MOSFET's. The factors a and 


b have the range: 


a = 1/3 
for the JFET 
2/3, < b< il 
(4F.74) 
a < 1/5 
for the MOSFET 
2/3 <b<4 


If all the noise of the FET is referred to the input, a simple equiva- 
lent circuit such as Figure 4F-19 is the result. The equations which 


accomplish this transformation are, 


ved 


W 
t 
Lea 
3 
~ 
ca] 


(4F.75) 


tie “I 


where Yi is the input admittance and Y51 is the transfer admittance. 


This circuit is not analogous to that given by Bruncke and van der 


Ziel (Figure 4F-17) where re will account for the induced gate noise 


and Vid the thermal noise of the channel. 
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Figure 4F-19. Noise Sources Referred to the Input of the FET 


The approximate high-frequency minimum noise factor is determined 


by Klaassen and Prins to be 


Fang = Leet (i-¥') (0 £) 


‘, 
e 
R, R, f 
te VR AVR ) (6 EF 
valid for frequencies f < 3 E S R, +?6 fF. (4F .76) 
OE — 
where Ry = 4. the FET input resistance 
R, = big the equivalent noise resistance 
fp = gmGl' the gain-bandwidth product 


: yr(?!) +i yy a complex correlation coefficient. 
T 


The complex correlation coefficient is a measure of the correlation be- 


tween vd and Te and is defined with the equation: 
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fe: 1 a (b+) (4E.77) 


n 


Typical values for 5 and Y, are: 


- 0.10 < NG < - 0.15° 
(4F.78) 
0.30 < Ys < 0.40 


Finally, the optimum source conductance and susceptance are given by: 


Ge i (1 ~¥°*) (we,) 
; : (4F.79) 


Bw = —\I-¥ & Jee) 


Klaassen and Prins (1969) have used these equations and others 
which were obtained by considering feedback effects to arrive at the 
following conclusions: 

1. The thermal noise in the channel is the dominant noise 
at high frequencies 

2. The intrinsive FET has identical noise figures when used 
in either the common-source or common-gate configuration 

3. Feedback has only a small effect on device noise figure 

4. Co op is generally not equal to the real part of the 
input admittance (4F.79). Data on minimum noise factor 


as a function of frequency verifies the quadratic nature 


of (4F.76). 
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5. Since R, = 1/g 9 the minimum noise factor is a quadratic 
function of drain current and larger currents give lower 
minimum noise factor. 

Van der Ziel (1970, p. 124) has given an equation for FET noise 
factor which more closely resembles those obtained in previous sections 


of this thesis. His equation is 


fa ise 
F= ]+ s ren (G, +9y+G,) + (B,+B, + a.) | (4F.80) 


where R, = big.» the equivalent noise resistance 
gn = equivalent noise conductance 
YW =sll+j Bay the FET input admittance 


Y = G 
co 


an +j B , the complex correlation impedances 


r cor 
used to account for the correlation between induced 


gate noise and channel noise. 


The FET at high frequencies behaves in a manner similar to all 
two-port devices in that it exhibits both noise matching effects and 
noise tuning effects. This can be seen from Figures M-I and N-l in 


the Appendix. 


5. Mixer noise 

The problem of analyzing device noise is compounded many-fold when 
it is used as a mixer. This results from the multifrequency nature of 
a mixer and the many possible port terminating combinations. Essentially, 


the noise output is due to internal shot noise and thermal noise which 
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has been heterodyned from all unshorted frequencies and may include 
noise from the image frequency. 

On a circuit basis, and conceptually, the noise contribution of 
the mixer stage can be treated like any other noisy two-port (or in 
terms of frequency spectrums, a multiport). A conceptual artifice 
which provides a good working model is to consider a mixer as the 
cascade connection of an ideal frequency translator and an RF amplifier. 
The block diagram of this representation is shown in Figure 4F.20. The 


ideal frequency translator obeys the port frequency equation: 


If the RF amplifier passband is narrow enough so that only one of the 
two possible RF inputs is amplified, an equivalent noise temperature 
for the mixer, Ty can be defined such that the Friis equation is 


obeyed or: 


IF 


Source Amplifier 


Local Oscillator 


Figure 4F-20. Conceptual Model of an RF Mixer Showing RF 
Amplifier and Ideal Frequency Translator 
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. Oe 

= eddies, 

pee a Oia (4F.81) 
m 
(Fif - 1) 

ee on ee (4F.82) 


The term G is the conversion gain of the mixer defined in the same 
manner as transducer gain for amplifiers. If the RF amplifier passband 
is wide enough to let some of the image noise into the mixer, the mixer 
noise output will increase. When no information is being transmitted 
on the image frequency, this represents a net increase, of up to 3 db, 
in the noise figure of the primary channel. This effect is discussed 
in Section Gof Chapter X. 

The mixer model of Figure 4F-20 will work well for narrowband 
receivers employing tuned circuits but for wideband applications more 
sophisticated models are needed. In particular, resistive switching 
mixers (double-balanced mixers) and microwave crystal diode mixers may 
be handled in alternate ways. 

First consider the double-balanced diode-quad mixer circuit of 
Figure 4F-21. The noise contribution of shot noise due to diode current 
can be essentially ignored when compared to Ty Because of this, the 
noise figure of a double-balanced mixer is equal to the conversion loss 
i.e. the equivalent receiver noise temperature is computed just as though 
the mixer were a passive two-port network at temperature ‘I. The noise 
temperature equation which applies to double-balanced mixers is widely 


used. In Chapter IV-C, the effective noise temperatures for receivers 
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preceded by attenuators or transmission lines was given in Equations 
4C.37b and 4C.60c. In Chapter X the noise temperature equation account- 
ing for two-port loss is generalized to account for impedance mismatch 
errors (1OE.3). 

This same equation is used in Chapter V (Equation 5.2). For mixers, 


the noise temperature equation is written as 


tT =f tt Cm - 1) T, (4F.83a) 


rt m 


where Sn is the available convepvion loss of the mixer. The term 

x Te is the noise due to the IF noise multiplied by the conversion 
loss. The term (FE - 1) a3 is additive noise due just to a passive 
mixer at a physical temperature of T- For transmission line noise 
(4C.60c) the conversion loss Fn is replaced by the flat loss Nand 

Tir becomes the receiver noise. Equation 4F.83a is really a "prototype" 


equation which can be applied to many situations. 


From (4F.83a) we get the receiver noise factor as 


T 


if 
Ft Siete) ae Oe (4F.83b) 
Oo 


and the noise figure (Equation 4C.64) is: 


= NF,f + 10 log An db (4F.84) 


Thus for a double-balanced mixer, the noise figure at the input to the 
mixer is equal to the IF noise figure added to the available conversion 


loss in db. The equations assume that the mixer will be used so that 
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the image noise is suppressed. If the noise figure of a double-balanced 
mixer is measured with a wideband noise source connected directly at 

the input, the noise input at both LO sidebands will cause the indicated 
noise figure to be 3 db lower than the single channel noise figure. By 
applying the Friis equation to (4F.83) we get the noise figure for the 


double-balanced mixer as: 


NF, ~ 10 log Fin db (4F.85) 


The approximation sign denotes the assumption that the shot noise con- 
tribution of the diodes is neglected compared to Ty = 290 oK. 


A third method of specifying the noise in a mixer is by use of a 


quantity which is called the mixer noise-temperature ratio, tn (Strum, 
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IF 
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Figure .4F-2]. Double-Balanced Diode Mixer 
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1953; Messenger and McCoy, 1957). The use of this term was initiated 
when microwave receivers for radar applications used a broadband 
crystal diode mixer and a method for specifying broadband mixer noise 
was needed. The term une is sometimes referred to as a noise temperature 
in some older literature but this is really a misnomer as Ee is dimen- 
sionless. 
The mixer noise-temperature ratio is really a type of noise factor 
in the sense that it is the ratio of two output powers that compare 
the excess noise of the mixer. tf is defined as (Kraus, 1966, p. 265): 
"the ratio by which the actual mixer output noise power 
exceeds its thermal output noise power, assuming both 
mixer and source are at a temperature se es 
If G. is the conversion gain of the mixer and Fn = IG. is the conversion 
loss, this definition is equivalent to taking the ratio of mixer noise 
factor with excess noise to the noise factor of an ideal mixer (no excess 


noise). From (4F.83) we know that ee is the noise factor of an ideal 


mixer so: 
t= Fale oF F=-t 2 (4F .86) 


Thus he plays the role of a multiplying factor to account for excess 
noise. From this definition, tin has the range 1 < ty ~00. From 


(4F .86) the mixer equivalent noise temperature is: 
Ti7 At, - DT, (4F.87) 


Using (4F.86) and (4F.87) with (4F.81) and (4F.82), we calculate 


receiver total noise temperature and noise factor as: 
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eg Sin Teo (Lota - 1) c (4F.88) 


Fe Sq (ty t Fae 7 DD (4F..89) 


The theory of mixer operation for the various devices will not be 
discussed because of the complexity of conditions involved. A brief 
review of mixer noise characteristics will be given and supplemented 
with literature references. Noise generation in junction transistor 
mixers iS given a very comprehensive treatment by Webster (1961). 
Webster shows that the noise figure of a junction transistor used as 
a mixer is always higher than for its corresponding use as an amplifier. 
The principle cause of this increase is the heterodyning of the base 
resistance noise from many frequencies to the IF frequency. Also, the 
common-emitter configuration has lower noise figure than common-base. 

Shot noise in p-n diode mixers is discussed by Uhlir (1958). This 
is an excellent review of diode conduction and noise theory and is 
highly recommended. Another paper which discusses thermal and shot 
noise in a pumped diode is given by Dragone (1968). The bibliography 
contains several additional references. Shot noise in Schottky barrier 
diodes is discussed by Cowley and Zettler (1968). Noise figure and 
conversion loss in microwave Schottky barrier mixer diodes is reviewed 
briefly by Barber (1967). 

For microwave "crystal-diode" mixers the important noise factor 
parameters are conversion loss bn and mixer noise-temperature ratio Le 
Values for these two parameters can be determined from theory but are 


usually measured experimentally. Typical values for conversion losses 
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run from 4 to 7 db and values for t, run from 1 to 2, with 1.3 being 
average. Microwave receivers using "crystal diode" mixers have noise 
figures ranging from 7 to 13 db (includes IF noise). 

As stated previously, the excess noise for a double-balanced 
diode-quad mixer is usually small compared to Ty 290 oK. The mixer 
noise temperature ratio is on the order of 1.02 so that Equation 4F.89 
can be approximated by (4F.83) or, in logarithmic form, (4F.85). 
Conversion losses will vary from 5 to 9 db depending upon LO level and 


frequency. 
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V. RF TRANSLATOR NOISE 


If it can be argued that noise factor or effective noise temperature 
is the best single specification of the noise performance of a receiver, 
it follows from the Friis equation that receiver noise performance is 
determined by the RF translator. In most receiving systems the total 
receiver noise temperature is determined by the effective noise tempera- 
ture of the RF translator and the effective noise temperature of the 
feed system. The study of a low-noise receiving system usually reduces 
to a study of noise in the RF translator and the effects of coupling to 
the antenna. Two-port noise theory for active and passive networks is 
used to determine the noise performance of the RF translator. 

When designing a receiving system it is impossible to consider 
sensitivity specifications completely independent of other performance 
criteria. The most important receiver specification which must be con- 
sidered along with sensitivity is that of dynamic range or distortion. 
There are many important trade-offs between sensitivity and dist.ortion 
that must be made to achieve the best possible receiving system. This 
is one of the reasons why such topics as receiving system noise tempera- 
ture (Chapter IV-D) and antenna sky noise (Figure 4C-25) were included. 
As a general rule, the intermodulation distortion performance of a 
receiver can only be improved at the expense of receiver noise figure. 
One of the many reasons for this is that the active devices must be 
operated with larger device currents to achieve better distortion per- 
formance. This increase in current increases the device noise factor 


due to increased shot noise. In many designs it is profitable to operate 
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at the highest possible noise factor consistent with good system perform- 
ance. This allows the circuit designer to achieve the best possible 
distortion performance. Another example of a distortion--sensitivity 
trade-off is that of receiver input mismatch. Consider as an example, 
the amplifier data of Figure M-1 in the Appendix. If the device is 
operated at a source resistance lower than optimum, the noise figure 
increases but the voltage level that causes the distortion decreases. 
By this technique it is sometimes possible to trade one db of noise 
figure for several db of distortion improvement. This brief discussion 
of distortion sensitivity trade-offs is not intended to be a primer on 
the subject but is only included to increase the reader's awareness of 


distortion problems. 


RF 
Translator 


IF 
Amplifier 


Figure 5-1. Block Diagram of Receiving System Showing the 
Elements which Are Important in Determining 
System Noise Temperature 


The system that will be discussed in this chapter is shown in block 
diagram form in Figure 5-1. The following quantities are defined: 
a. CG. ® the transducer gain of the RF translator (see 


Appendix, Part D) 


241 


b. T. £ the physical temperature of the feed system, oK 
c. T £ the noise temperature of the complete receiving 
system (T =T +T » oK 
y ( SYS A rt 
d. T_, £ the total receiver noise temperature at the input 
to the feed system, °K 
e. T. 2 the receiver noise temperature at the input to the 
RF translator, oK 
f. Ti¢ ® the effective noise temperature at the input to 
the IF amplifier, oK 
g. PA= the reflection coefficient of the antenna. 


All noise temperatures can be converted to an equivalent noise factor 


using the definition: 
T 
F=1+ 
fC) 


The noise temperature of the complete receiving system depends upon 
the antenna noise temperature and ee It is Le which really specifies 
the quality of a communication system and not Ty or Tt alone. Antenna 
noise is discussed in Chapters IV-C, IX-D, and XI-D. The interaction of 
antenna noise temperature and receiver noise figure is best seen in 
Figure IID-I. Notice, for example, that for an antenna temperature of 
2000 °K, the power sensitivity is changed only one db for noise figures 
between 0 and 4 db. It is hardly worth reducing receiver noise figure 
below 4 db. From Figure 4C-25 we see that antenna noise temperature 
is larger than 2000 °K for frequencies below 50 MHz so that noise 


figures below 4 db are not needed. At frequencies below 20 MHz, 


atmospheric noise completely dominates the system. In the crowded 
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HF spectrum where large signals cause interference, it is much better to 
design for large dynamic range than for low noise figure. The important 
thing to keep in mind is that antenna noise determines the practical 
lower limit for receiver noise figure. 

There are several noise temperatures to be considered in the system 
of Figure 5-1. First, there is the system noise temperature which is 


the sum of antenna and total receiver noise temperatures (see Chapter 


IV-D): 


T =T, +T 
r 


sys A t en) 


Next, the total receiver noise temperature is determined by the noise 
temperature at the RF translator input, T. » the physical temperature 


of the feed system, Ths and the available loss of the feed system, &£: 
Le? aT. + (f- 1) T, (5.2) 


This equation is analogous to Equations 4C.60c, 4F.83a, and 1OE.3. It 
is widely used to describe the effect of a passive two-port on receiver 
noise temperature (Kraus, 1966, p. 263; Livingston and Bechtold, 1968). 
The available loss, &, of the feed system is determined by the 
reflection coefficient of the antenna, aie and the feed system scatter- 


ing parameters [sJ. The equation for the available loss of any passive 


two-port network was given in Chapter X (1OB.4). This equation is: 


2 2 
ne (Ia = SM lO = Wo = 8ysT) + Sy989q Fh ) 


5 (5.3) 
Is21 2 (1 - ETD 
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A general discussion on reflection coefficients and scattering param- 
eters is given in Chapter X. The SIS in (S.3) are the scattering 
parameters of the feed system and are convenient for describing the 
effects of loss and impedance mismatch. The available loss Ris not 
the same as insertion loss and is much more difficult to measure. In 
many cases the insertion loss is nearly equal to the available loss 
if the scattering parameters ]’,, Suv and $22 are small. Approximating 
the available loss with insertion loss is convenient in many practical 
situations but one must be careful when doing this. 

If the feed system is simply a length of transmission line, the 
available loss is given by (IJOB.29) 


2 
ili 


Nn2 


bain) 


where N is the flat loss. The noise temperature at the input to the 


hen (S.4) 


RF translator is determined by the translator noise temperature T¢ 
and gain Gr and the noise temperature of the IF amplifier. Its value 


is determined by the Friis equation as (see Appendix, Part J): 


T° Toe tS (S.S) 


The equivalent noise temperature of the RF translator is much easier 
to measure than it is to calculate because of the many components within. 
From Figure 3-1 we see that the translator may contain RF and IF 


amplifiers and filters as well as RF mixers. The noise contributions 
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of these devices can be determined by applying the information given in 
Chapter IV and combining contributions by applying the Friis equation. 

The equivalent noise temperature of the RF translator is determined 
primarily by the noise temperature of the first active device and the 
RF filtering. This is because most modern devices have sufficient gain 
to overcome the noise contribution of succeeding stages. The notable 
exception to this rule is the resistive switching diode mixer (double- 
balanced mixer) which has a loss of 6-8 db (see Chapter IV-F). The 
equivalent noise temperature of a device can be written as (Equation 
1OE.2 or Equation 4F.57) 


B 
—_— ( - = 
Le Dy + Ty G (‘"s Cs »?2 + B. Be prs (5.6) 


where ee and B are noise parameters of the device, (Y. = + j B.) is 


sone. CSopt +j B ) is the optimum 


the source admittance and (Y sopt 


source admittance for both noise matching and noise tuning. The minimum 
noise temperature occurs when be = Toop! so that 7, = The effect 
of an RF filter in the signal path preceding the active device can be 
accounted for using the techniques discussed in Chapter IV-C. From 
Figure 4C-16, the equivalent noise temperature at the input to the RF 


filter was determined to be (see Equation 4C.35c) 


+T W-1 (5.7) 


f) T N 
: IH (a1? 


Trilter' 


where N is the numerical flat loss of the filter at peak response and 


H. (f) is the normalized transfer function. 
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The effect of RF filter amplitude response must be considered 
along with system requirements and IF bandwidth. For the superheterodyne 
receiver, the IF bandwidth is much smaller thanthe RF bandwidth. This 
situation is illustrated in Figure 5-2. Since the RF response is flat 
over the passband of the IF, the transfer function is a constant i.e., 
H(f) + H(f). When this occurs, the Friis equation for the equivalent 
noise temperature atthe RF translator input becomes (see Appendix, 
Part J) 

Thy 


TAC Tees G fCf.) (5.8) 


where f,, is the RF operating frequency and Te is the average noise 
temperature of the IF amplifier. As the local oscillator is tuned and the 
IF passband is translated inside the RF passband, the spot noise tempera- 
ture TFO 1 ter CH? and translator gain Gf) will change. The average 


noise temperature of the IF amplifier is unchanged by local oscillator 


tuning. 


RF Passband 


IF Passband 


Amplitude 


Frequency (e) 


Figure 5-2. Relative RF and IF Passband Widths for a 
Superheterodyne Receiver 
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The terminating impedances as well as the output impedance of the RF 
translator will affect receiver noise temperature. If the RF translator 
does not present the optimum impedance to the IF amplifier, the IF noise 
temperature will be seriously degraded. The translator output impedance 
can be adjusted to give minimum noise temperature by making tradeoffs 
between Gy and Tie? Another approach is to make the translator output 
the optimum impedance for the IF amplifier. This usually results in a 
O to 3 db gain loss for the translator but still may improve the overall 
noise temperature of the system. 

The feed system must supply the RF translator with the optimum 
source impedance or the translator noise temperature will be degraded. 
This almost always results in an impedance mismatch between feed system 
and translator. This mismatch will lower the delivered power but it 
will improve signal-to-noise ratio (see Chapter IV-E). 

Methods for measuring the equivalent noise temperatures of the 
various RF translator components are given in Chapter IX. The errors 
that are involved in making these measurements are discussed in Chapter 
X. It seems unlikely that noise figure uncertainties of better than 
+1 db can be achieved with commonly available laboratory equipment. 

For more accurate measurements, loss and measurement error corrections 
must be made. Automatic noise figure meters have a typical accuracy 
of +0.7 to +1.5 db depending upon the operating frequency and scale. 
The best noise source accuracy is obtained from hot-cold noise sources. 
Figure 5-3 is an appropriate conclusion for this chapter. This 


figure shows the noise figures of various commercially available 
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broadband RF amplifiers. Band endpoints are denoted by squares. State- 


of-the-art device noise figure is shown for comparison. 


10 


8 GHz 


Broadband Amplifiers Tinned ‘Diode 


- -O- -—---0 


Noise Figure in DB 
bh 


Device Noise 
(see Figure 4F.15) 


0.1 a) 5 1.0 2 5 10 


f - Operating Frequency in GHz 


Figure 5-3. Noise Figure of Commercially Available Broadband 
RF Amplifiers (December, 1972) 
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VI. NOISE POWER DETECTORS 


Sensitivity measurements, and consequently noise voltage measure- 
ments, rely on the use of noise power detectors for output indicators. 
The use of the detector can be classified into one of two important 
catagories: those measurements which require the relative indication 
of two noise levels and those which require the absolute indication of 
noise level. In the former category are measurements such as the noise 
diode determination of noise factor where only the output power ratio 
is needed. For these measurements it is assumed that the spectral 
characteristics of both receiver internal noise and injected noise are 
identical and that the output indicator is capable of indications that 
are linearly proportional to the different powers. In the latter 
category are measurements of total output power and measurements of 
signal-plus-noise-to-noise ratios. In this case, the output power 
indicator must be capable of determining the absolute output power of 
either signal or noise or the superposition of the two. For relative 
measurements, it is possible to use a variety of detectors but for 
absolute measurements, only detectors that can measure power or true 
RMS voltages are satisfactory. 

The type of output indicator (sensory transducer) and power detectol 
selected for a particular measurement will depend upon the type of 
measurement and the accuracy desired. This accounts for the variety 
of sensitivity measurement methods commonly used. For many types of 
noise measurements it is desirable to have a detector capable of measur- 


ing the "true" root-mean-square value of a noise voltage. To emphasize 
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the strict theoretical relationship between noise power and noise 
voltage, let us examine the case of thermal noise. Statistically, we 
can only determine the available noise power in a bandwidth Af as 


given by: 
2 


aR 


Pavaf! 


k T, Af watts 


Now even though the equivalent noise voltage for the resistor is random, 
and therefore not deterministic, it is common practice to define a 


thermal noise voltage from the available power as 


V, mal \V* = y+ kT, R,, Af volts RMS 


where this RMS value of voltage is consistent with the value of avail- 


able power predicted by statistical theory. To be a true-reading RMS 
voltmeter, it must be capable of measuring thermal noise voltages. 

In a strict sense, there are no instruments capable of measuring 
true RMS voltages for large noise bandwidths but only those which 
measure average voltage, peak voltage or power. Even the so-called 
true-reading RMS voltmeters rely on a calorimetric power measurement 
which is converted into an equivalent RMS voltage. 

Typically, a voltmeter will be calibrated using a sinewave. When 
this same meter is used to measure noise voltages, the reading will have 
errors caused by the varying meter response between sinewaves and noise. 
This varying response, which is caused by the way the meter responds to 


the statistical differences between sinewaves and noise, will affect 
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measurement accuracy. Detector requirements are much more strict for 
absolute measurements than for relative ones. The basic properties of 
output detectors will now be presented and the relative merits of each 
for noise measurements will be discussed. 

Listed below are the output indicators most often used for sensi- 
tivity measurements: 

a. Power meter 

b. RMS voltmeter 

c. Average-reading voltmeter 

d. Peak-reading voltmeter. 
These indicators can be classified into two different categories accord- 
ing to their principles of operation. In the first category are those 
instruments which operate on some calorimetric principle whereby the 
receiver output power is converted into heat. Power meters and RMS 
voltmeters belong in this category. Generally this type of instrument 
is superior because. a) it operates over a wide range of frequencies 
and. b) its output indication does not depend on the signal waveform 
but only its RMS value. 

With these features. the output power of both signals and noise can 
be measured to give high accuracy for signal-plus-noise-to-noise ratio 
measurements. Examples of these instruments are the barretter (Mont- 
gomery, 1964, p. 156), and bolometers such as thermistors and thermo- 
couples. The capability of the RMS voltmeter to measure complex signal 
waveforms and/or noise is contrasted with the usual AC voltmeter which 
is capable of measuring only average or peak values and is calibrated 


only for sinewaves. In spite of this contrast. the high cost and low 
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availability of adequate power meters and RMS voltmeters usually forces 
the user to select a more available instrument and accept the resulting 
inaccuracies or determine methods of compensation. Typical accuracies 
for power meters are + 1-2% which is 0.04 - 0.09 db. 

A study of average-reading and peak-reading voltmeters is a study 
of their detector circuits. For this reason we will now analyze 
commonly used detector circuits and show how their output 
can be processed to yield noise power measurements. Figure 6-1 shows 
a block diagram of a generalized power detector circuit which includes 
predetection filter and amplifier, yO Liaw detector device, and low- 


pass (postdetection) filter. 


Wideband Predetection Postdetection 
Noise Bandpass Detector Low-pass Sensory 
Voltage Amp Filter Device Filter Transducer 
V(t) Ye) p a | le) 
a a <(') y(t) 3) 
PW) Zo) E(w) E(w) 


Vg \ 


Figure 6-1. Generalized Power Detector Circuit 


The detector types that will be considered are: 
a. Envelope 


b. Full-wave square-law 
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c. Half-wave linear 
d. Full-wave linear 
e. Phase sensitive (product detector). 

Before discussing detector types, the definitions for the average 
value of a Gaussian noise voltage, the average value of a half-wave and 
full-wave rectified Gaussian noise voltage, and the average value of 
the envelope of a Gaussian noise voltage should be presented. These 
averages are computed from the statistical definition presented in 
Chapter IV-A. The Gaussian probability density function for a noise 
voltage is obtained from Equation 4A.18 by setting x = 0 to give: 


C 2a 


P(\,) === © *& 
(Wa) = jet 
When the noise voltage is a sample function of a process which is both 
stationary and ergodic, the statistical average and the time average 
are equal and we can compute the following time averages: 
a. The average value of the noise voltage is zero 

Ve 
—————— | 2.072 

V, (4) = v, Go dv. =O 6.» 


b. The average value of the full-wave rectified noise voltage is 


ye 
20,2 A 


V, (t)| = 2 af | ve 


a 
Vr 


(6.2) 
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c. The average value of the half-wave rectified nolse voltage ts 


: VA(e)| ; SEE (6.3) 


2) 


d. The average magnitude of the envelope of v. (t) is determined 


from the Rayleigh distribution (Equation 4A.22) as 


=" 
a Ey 
VJ= Va{ ee © dV = a On (6.4) 


A. Peak-Reading Voltmeter 


3 


It has been known for several years that the envelope of a Gaussian 
noise voltage has a Rayleigh distribution (Landon, 1942). This is 
demonstrated with the help of probability theory in Davenport and Root 


(1958, p. 160). An ideal envelope detector is defined as one in which 


the output voltage follows the envelope of the input voltage exactly. 
If we denote RMS noise voltages with E. (E.. = Oe) and measure a Gaussian 
noise voltage with an ideal envelope detector followed by an average- 


reading meter, the average voltage will be determined by applying the 


result of Equation 6.4 to give: 


Voe= YS Ee =|5 4kT, R, AF (6.5) 


The ideal-diode detector is a type of envelope detector (used for 


AM demodulation) but is not an ideal envelope detector. A peak-reading 
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voltmeter uses an ideal-diode detector for voltage measurements. The 
circuit for a simplified peak-reading voltmeter is shown in Figure 6-2. 
The circuit shows a Nyquist noise source driving a simple peak rectifier 


(ideal-diode detector). 


Ideal Rectifier 


Meter 


usually Rd » R. 


Figure 6-2. Simplified Peak-Reading Voltmeter 


*Rc is the equivalent Thevenin Resistance of the diode. 
**Rd is the equivalent Thevenin Resistance of the dc meter 


When the meter is calibrated to read the RMS value of a sinewave, the 


peak value \p and the indicated (RMS) value are related by: 
Now when the sinewave voltage is replaced by a Gaussian noise voltage 


generator €.. -,/ V2 ay 4kT RAE), the RMS noise voltage, E.. is 


found by analYZing the charge and discharge equations for the circuit. 


We know from circuit theory that when the peak rectifier is in the 
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steady-state condition the average charge and discharge currents are 


equal: 


V. 


° 


charge discharge R, 


If it is assumed that the reciprocal of the generator noise bandwidth, 
1/4£, is much smaller than either the charge (RcC) or discharge (RdC) 
time constants, the time average of the charge current and the ensemble 
average will be equal (the assumption of ergodicity) and the current 


equation can be written 
© 


| 
z | Pv.) dV, ceo) 


7 
Ve 


where the integral represents the average value of a half-wave rectified 
Gaussian noise voltage biased off by a de voltage of Vo which is the 
time average voltage on the capacitor. The assumption of wideband 
noise is necessary to preserve the ergodicity of the process. 

For wideband Gaussian noise the Gaussian probability function is 


substituted into (6.6) to give: 


(6.7) 
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Now since the meter is calibrated to read RMS voltage with a sinewave, 
the dc voltage a and the indicated meter voltage will be related by, 
. = ¥ 2 vin Substituting this into (6.7) and letting the factor K be 


defined as 


Vv 
ce) 


K = Meter voltage reading _ Vin 


True RMS Voltage E. (PE 


results in the transcendental equation (Oliver, 1955) 


Vv. 2. 
EY 


& axpre™o2(k)yme® ws 


¢ 


which relates the measured CBee) and RMS (E.) values for a wideband 
Gaussian noise voltage. From this analysis we realize that the ratio 
ee must be accurately known to solve for values of K. A unique 
value of the ratio RR exists for which K =1 and there is no 


correction necessary i1.e., NA FE. This occurs when: 


R 

R =2/TC = 9.636 

It is possible to construct a peak-reading voltmeter that will read true 
RMS voltage for both a sinewave and wideband Gaussian noise. One must 
be careful, however, to be sure that all assumptions are satisfied. 
Generally, the noise bandwidth, Af, of the noise source driving the peak 
rectifier is much larger than the 100 Hz bandwidth found in a typical 
peak-reading voltmeter. Also, a typical meter will have a ratio Rd/R, 


of 107 which means that it will indicate a voltage 2-4 times larger than 


257 


the true RMS value. The user should check the particular meter he is 
using to determine what its specific time constants are and also to be 
able to properly correct any readings by applying Equation 6.8. 

The peak-reading voltmeter has limited usefulness in sensitivity 
measurements because its operation is so dependent upon input voltage 
waveshape. In fact we have shown it can be accurately used for measure- 
ment of either a pure sinewave or a wideband Gaussian noise voltage but 
not the superposition of the two. Thus, it can be used for noise ratio 
measurements but is not very useful for measuring signal-plus-noise-to- 
noise ratios. This is a direct result of the fact that the ratio of 
indicated RMS value to true RMS value is a function of the voltage 
waveshape and the charge and discharge time constants of the peak 
detector (a measure of this dependancy is called the rectification 
efficiency). Even when measuring the power ratio of two strictly 
Gaussian white-noise outputs, one must be careful that the noise output 
does not contain any pulse noise or other non-Gaussian components. An 
example of this is measuring audio outputs where both thermal and 
flicker noise are present. When this occurs, the use of a peak-reading 
voltmeter is not recommended. For the times when one must use a peak- 
reading voltmeter to measure RMS noise voltages, it is apparent that 
special care must be taken to interprete the results and apply any 


needed corrections. 


B. Average-Reading Voltmeter 


The average-reading voltmeter, which really measures the average 


value of the full-wave rectified input, may be used for sensitivity 
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measurements when the user is aware of itS inaccuracies and limitations. 
Figure 6-3 shows a simplified schematic of an average-reading volt- 
meter. 

a ™ 

Y 


OP 
+ 


Input V(t) Load 


Figure 6-3. Basic Circuit of Average-Reading Voltmeter 


In the circuit of Figure 6-3 the diodes maintain a unidirectional current 
in the meter and the capacitors are used for AC coupling. 

When the input noise voltage is Gaussian, the average value of the 
full-wave rectified signal is obtained by finding the mean absolute 
value of the input (Landon, 1941). This is done by applying random 
variable theory to find the mean (or expected) value as the integral 
of the product of the absolute magnitude of the random variable and 
its probability density function. 

The mean absolute value of the Gaussian input voltage is (Equation 


6.2) 
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2 


Ml Ear 


o 


V, e r (6.2) 


where 1. E = RMS value of the input noise voltage 
2. The probability density function is for a normally 
distributed random variable 


3. The factor of 2 accounts for full-wave rectification. 


The upper limit of the integral is infinity but we know that the 
amplifier used in the meter cannot have an infinite dynamic range. 
This means that some of the high noise peaks will be clipped by the 
amplifier. This will cause an error in the measured value but this 
error is very small if the amplifier is capable of handling voltage 
peaks of 5 FE. The value of the integral of (6.2) with an upper limit 
of 5 E. is very nearly the same as when the upper limit is infinity. 


Integration of the above equation yields: 


Va = Vp e. (6.9a) 


Since the average-reading AC voltmeter is calibrated with a sinewave 
to read RMS volts, we need to convert from RMS values to average values 


by the equation: 
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The indicated meter reading, Vv is the RMS voltage and the mean 


absolute value of the input is the average voltage so: 


Combining the results of the last four equations we can relate the 
voltage indicated by the meter, vy to the RMS value of the input 


noise voltage; E_, as: 


r? 


2 
- ap V. = 1.128 V, (6.9b) 


The ratio of indicated voltage to RMS voltage is 


iw 
2 


“ = = 0.886 (6.9c) 

rv 

Which is a ratio of -1.05db. From this it is concluded that the average 
reading voltmeter will read 1.05 db low when the input is Gaussian noise 
and will read correctly for a noiseless sinewave. For voltages which 
are the superposition of sinewaves and noise there is, as yet, no exact 
error determination method. For noise sources which are not Gaussian, 


one must apply Equation 6.2 to the appropriate probability density 


function. 
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The average-reading voltmeter does give measurements accurate to 
within 1.05 db and is useful for measurements which do not require 
accuracies better than this. For noise power ratio measurements, it 
is the preferred instrument because of its low cost and reasonable 


availability. 
C. Square-Law Detector 


The most widely analyzed detector, because of its mathematical 
tractability and its simplicity and predictability in use, is the 
square-law detector characterized by a detector device voltage transfer 


equation 


r) 
V, (4) = a Ye) (6.10a) 


where y (t) is the device output voltage, Me (t) is the device input 
voltage, and a is an amplitude scaling constant. We will now present 
the derivation of the probability density functions for the square-law 
detector and to simplify notation, the voltages of Figure 6-1 will be 
represented by the functions x(t), y(t) and z(t). 

The probability density function for the output of a full-wave 
square-law device is determined by Equation 6.10a and the theory of 
functions of a random variable (Beckmann, 1967, Sec. 2.2). The full- 


wave square law device equation is 


y =a yX* (6.10b) 
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or y =f(x) where both x and yare random variables. Denoting the 

probability densities of x and y by P. (x) and ES (y) respectively and 
the inverse function by x = oe (y), the probability density of y can 
be determined by solving (6.10b) for x and using the general formula 


for functions of a random variable (Beckmann, 1967, p. 63) 


dXe 
dy 


ae (6.11) 


+ P (x2) 


Ri) 8 hy|4 


where xl' Xo Xz 9°°.X are the single-valued branches of the inverse 


-1 


function as given by xl = tly, Xy = f, (y), ...° x= in’! y) with 


n total branches. For (6.10b) there are two branches: 
4 1 
4 \2 3 ¥\2 
xat( xX, = (2) -(é] (6.12) 


Applying (6.11) we get: 


B(4) = ROE) | aqeg | t RCE) | ote 


Pd) + Rye) R-V¥) (6.13a) 


Pp = 
(4) 2 ay 


r) 


Equation 6.13a relates the probability density function of the output 
of a square-law device to the probability density function of the input. 
This can always be done to any probability density by applying (6.11). 


What we really wanted to obtain is the output probability density 
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function which can then be used to determine the characteristics of the 
detector output. 

A technical distinction is being made between the detector device 
and the detector. The word detector is used to include predetection and 
postdetection filtering as well as the device that actually provides the 
nonlinear action. Reference to Figure 6-1 should clarify this point. 

The ae moment of the output of a square-law device is (Davenport 


and Root, 1958, p. 253)*: 


E(y") = INXO. P «xl dx ot E(x”, (6.13b) 


-o00O 


while the autocorrelation function is: 
Ry (t,,t,) = one Cx, x.) (6.13c) 


The general results of Equations 6.13 summarize the statistical proper- 
ties of a square-law device. It is not practical to elaborate beyond 
these forms without specifying the statistical properties of the detector 
input. 


Consider now that the detector device input is a Gaussian noise 


voltage with probability density function: 


* 

Expected value notation will be used for simplicity. For a dis- 
cussion on expected value and moments consult Davenport and Root (1958, 
Sec. 4-2) or any text on probability theory. 


2 


met 
2 oF 


X i (6.14a) 
p ( ) Ox 4 [a Tr’ << 
Applying (6.13a), the probability density function of the output of 
the square-law device is 

a 


‘ eC 220;% 


P(y) = G jeTay ( y>20) (6.14b) 


which is a chi-squared distribution (Equation 4A.27). In itself, the 
output distribution (6.14b) is not useful for determining the charac- 


teristics of the detector output, z(t). 


Since the detector device input will always be bandlimited by the 
predetection filter, (Figure 6-1), the input voltage to the detector 
device is a sample function of a narrow-band Gaussian process and can 


be represented by the form (Davenport and Root, 1958) 
X(t) = V4) Cos [ wt + e()| (6.15a) 


where 1. VO is the envelope of the Gaussian input noise 
voltage and is a random function, Vb) >a 
2. G(t) is the phase of the input noise voltage and 
is a random function, a< 8(t) < 2m 
3. Wo is the mean frequency of the narrow-band input 


spectrum. 
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For a band-limited Gaussian noise voltage it can be shown (Beckmann, 
1967, Sec. 7-3) that the envelope has a Rayleigh probability density 


function 


V2 o) (6.15b) 


and the phase angle has a uniform distribution between 0 and 21. The 
output of the square-law device as a function of time is obtained by 


substitution of (6.15a) into (6.10a) which gives: 


Y(t) aXnt) a a. V(t) Cos [2wet+ 2 6] (6.16) 


The first term of (6.16) is a low-frequency voltage with spectral 
density centered about zero frequency while the second has a spectral 
density centered about 2w. If the low-pass filter can sufficiently 
filter out the spectrum at 2w, while passing the spectrum at zero 


frequency, then the filter output is 
(6.17) 


where b is the low-pass filter amplitude scaling factor. 

The form of Equation 6.17 is the same as that of (6.10b) so it is 
possible to apply a square-law transformation of probability density. 
Equation 6.13a can be applied to the Rayleigh distribution of Equation 
6.15b which is valid for the envelope voltage v5? m Mqualion 09.77% 


Solving (6.17) for V_6O gives: 
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2 3(t) 


Vit) =\f"ob Vit) 2O (6.18) 


Applying (6.13a) yields 


Ye, 
P(a) = RGjas) | 2 (as) 9" 


Cor oe (320) (6.19) 


which is an exponential density function. 

We now have sufficient information to calculate the mean and mean- 
square noise voltage outputs for both the square-law device and the 
square-law detector. These values can be obtained by applying the 
statistical definitions of Equations 6.13b or 4A.1 and 4A.7. 

The outputs for the square-law device using the probability density 


of (6.14b) and (6.13b) are 


V,@ = Ely) sage =o Ey ae 
V, (t) = E(*)= 300," = 200 E? (6.20b) 
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where E. = ey and E. is the RMS value of the input noise voltage 

Vv. (t). Notice from Figure 6-1 that the predetection filter deter- 
mines E. by limiting the spectral width of the voltage WALGOE In a 
similiar manner the probability density of (6.19) is used to obtain 
the mean and mean-square noise voltage outputs from the square-law 


detector (the output is after the postdetection filter): 


E (3) =a.b oz" = ab ES (6.21a) 


V, (4) 


’ 2a b E* (6.21b) 


( 
fu 

lo) 

oe 
ra 


V, (+) E (37) 


We now have, from a relatively simple procedure, calculated the mean 
and mean-square outputs for a square-law device and a square-law detector. 
The analysis of a square-law detector using probability density 
functions has yielded equations for the mean and mean-square noise 
voltage outputs in terms of the RMS noise voltage input. Unfortunately, 
these equations do not provide any information about the spectral dis- 
tribution of energy at the output and it is precisely this information 
that is needed to determine the useful noise properties of the detector. 
To get this information it will be necessary to study the system in 
terms of the various autocorrelation functions and power spectral 
density functions. Using this technique it will be possible to deter- 
mine the effects of predetection and postdetection filtering on 
detector sensitivity, output, and time response. The techniques of 


Fourier analysis which we will now use are developed in many texts and 
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papers. The reader is referred to Section IV-A and Part A of the 
Appendix for definitions. The following texts are also recommended; 
Davenport and Root (1958), van der Ziel (1954), Brown and Nilsson 
(1962), Bracewell (1965), Beckmann (1967), Bennett (1960) and Kraus 
(1966). 

The autocorrelation function for the output of a full-wave square- 
law device (device not detector) is given in terms of the input by the 


expected value as: 
Ratt, sts) =Q@E Ca x: ) (6.13¢) 


When the input signal has a Gaussian distribution, the autocorrelation 


function is simplified to (Davenport and Root, 1958, p. 255) 


R(t jt.) _ 0.2 E* (x?) + 20° E' (x, x2) (6.22) 


and if the input is also stationary and ergodic then (6.22) can be 
further simplified by substituting the following expressions for the 


expected values in Equation 6.22 


E (x*) = x*(4) = Ro) 


E (x,x,) =R{T) 
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where T = (t, - ty) and R, is the autocorrelation function of the noise 
voltage input to the square-law device. These substitutions give the 


important result of Equation 6.23: 
2 5* 2 p? 
Ry(T) =Q R (0) +2Q°R (tT) (6.23) 


Assume that the noise voltage at the input of the detector is 
Gaussian white noise with a power spectral density of: 


ee 


a Me 
S: (w) = 4R AF = kT, watts/Hz (6.24) 


The double-sided power spectral density at the input to the square- 
law device is found from the product of the detector input spectral 
density and the transfer function of the amplifier/predetection filter 
(Figure 6-1) | 2 

P (w) =5 kT G 9c) (6.25) 
where Gis the available gain of the amplifier/filter and 8 &) is 
the normalized transfer function of the predetection filter*. The 
factor 1/2 arises in the conversion from single-sided to double- 


sided power spectra (Appendix, Part R). 


* 
The noise bandwidth of the predetection filter (Appendix, 
Part B) is: 
o 


B,- Ze] [9s| do 


oO 
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The power spectral density after the square-law device can be 
obtained using the autocorrelation function (6.23) and the Fourier 
transform relationship between power spectral density and autocorrela- 


tion (Appendix, Parts A and R): 


-jwt 
Glwd sa} R(t) dT 
= [at Ro) + 20° R*(1)| en dy (6.26) 


The Fourier transform of a constant is an impulse function (repre- 
sented by the Dirac-delta symbol, Equation 4A.52b) 
a) 


-jwt 


a R¥(0) € Au —2Ta R‘ (0) G (w) (6.27) 


While the Fourier transform of the product of two autocorrelation 


functions has the form 
+o +c 


RRC dt = [Fw Flw-w da! 2» 


~o -o 


+00 


fw) = | R(T) eo “dv . 


where 


Substituting these relationships into (6.26) gives the device output 


spectral density in terms of the input: 
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P,(w) = 2Tra® R*(0) $ (w) 4 $ fie $ (w-w') duo! (6.29 ) 


The first term, which represents the mean-square de output of the 


square-law device, can be written in the alternate forms: 


om 2 
eTra’ R® (0) §(w) = atrae ir{ Fede { (w) (6.30) 


The second term represents the noise output in a bandwidth about zero 
frequency and about 2w where w is the center frequency of the 
spectrum of the predetection filter. 

The output spectral density function is now determined by 


(Appendix, Part B) 


2 
P(x) = Pw) | H (a) | (6.31) 


where H(W) is the unnormalized transfer function (even in w) of the 
low-pass filter. The output spectral density function for the detector 
can be expressed in terms of the input spectral density by substituting 


(6.29) into (6.31): 


2 
E(w) = 2trot Rio Sw) |HW)| 


400 


+ — lacerf dw!) , (w-w') d Uy! (6.32) 


-00 
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This equation for the output power spectral density is only valid for 
Gaussian probability densities because the autocorrelation function 
of Equation 6.22 was obtained for an input signal with a Gaussian 


distribution. 


The desired goal has now been achieved and we have an equation 
(6.32) which relates the output and input spectral densities for a 
square-law detector. In principle, it is possible to solve the 
convolution integral of (6.32) but, practically, there are a limited 
number of input spectral density functions which can be solved. 
Numerical or graphical convolution can be accomplished when curves of 
input spectra and filter response are available. One must be sure, 
before applying this method, that the noise input is Gaussian. 

The simplest example for demonstrating this method is when the 
predetection filter is a rectangular bandpass filter with bandwidth 


B. (rad/sec) as described by 


2 
19,9 | = (6.33) 


O otherwise 


and the detector input spectral intensity becomes (Equation 6.25): 


B, B 
4+ kT, G for (W-~> (w. + Ay 
: ( )<lel< 2} (6.34) 


f (w) = 


O otherwise 


The "autoconvolution" of this function can be done graphically as shown 
in Figure 6-4. Figure 6-4b illustrates the resulting convolution which 


can be used to obtain the power spectral density of the output of a 
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Slid 
- , @w-w') 
41 Bk 48 
a ra wo 
Ww- Ww wW-W, 


f (Ww) OZ) ZB w-w) do 


(ki. G) Be 


-2We ~B, °o B+ 2We 


(b) 


Figure 6-4. Graphical Interpretation of the Autoconvolution 
Integral of Equation 6.32 for a Rectangular 
Bandpass Predetection Filter 


square-law device where the predetection filter has a rectangular 
passband. 

Another important example for convolution is when the predetection 
filter has a low-pass characteristic (baseband IF). When the base 
bandwidth is B (corresponding to an audio or video bandwidth) the 
autoconvolution can be performed as illustrated in Figure 6-5. 

Before discussing the interpretation of these results, the equations 
for device output spectrum and detector output spectrum will be written 


in the forms (compare Equations 6.29 and 6.32) 
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Slide 


$, (w- 0") 


GJ 
Ww-~ By W+B, 


-2B, O 
(b) 


Figure 6-5. Graphical Interpretation of the Autoconvolution 
Integral of Equation 6.32 for a Rectangular, 
Low-pass Predetection Filter Passband 


P,(w) =aTra’ R® (0) S$ (wu) + x £ (09) (6.35) 


2 2 
¢, (w) =2Trae® Ri(o) § (ww) Hees 1+ a [Hew | f,() (6.36) 


where Ee) is the autoconvolution of the input spectrum. With the 
output power spectral densities expressed in the form of Equations 


6.35 and 6.36 it is easier to discuSS some simplifying approximations 


that are used to obtain £ 4(w). 
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The detector output will be influenced by the steady-state 
transfer function (impulse response), H(w), of the low-pass filter. 
With this in mind it is possible to distinguish three different 
cases for the form of £ Cu) 

1. The postdetection noise bandwidth, B is much 
smaller than the predetection noise bandwidth, 
B,. so that the autoconvolution function in 


Equation 6.32 is essentially independent of w 


and will assume the value: 


fC) = £ (0) when BL << Be 


This criterion is analogous to the bandwidth 
assumption made in the section on peak-reading 
voltmeters. 

2. The postdetection filter is a low-pass zonal filter 
which passes only the noise in the spectrum about 
zero frequency i.e., referring to Figure 6-4b only 
that noise in a bandwidth B centered about zero 


frequency. When this is the case; 


FY, (4) lwl re B, 


0 otherwise 


3. Finally, when neither case above will apply, the 
autoconvolution integral must be performed in detail 
either by direct integration for a few specialized 


spectrums or else by graphical or digital techniques so 


27b 


Fw) sixes f (w-w') dw! 


for all w. 
The mean-square output of a full-wave square-law detector can be 
found by integrating the output power spectral density function over 


all real frequencies (Appendix, Part R): 


+00 
o-* = R,lo) = ahr J, (03 dw 


This is a convenient representation because it will yield ac and dc 
components for the output. Substituting Equation 6.35 into the 


equation above gives the general solution for the output as: 


@ 2 2 
+ Soo $0) du (6.37) 


~oo 


2 


O,° = at RX(0) [H (0) 


The first term of (6.37) is identified as the mean-square dc output 


because all the terms are constants evaluated at zero frequency so: 


GC =a ald. rs ee: la © 3 
p. = at [HO] [2.1 8. (W)dwi= & Toy} Ri) (6.38) 


The second term is the mean-square ac output: 
+00 


a? = Sa| [Ho] fo) dw (6.39) 


-00 


277 


We now have the important results--the mean-square outputs in terms 
of the characteristics of the detector components. The terms in 
Equations 6.37, 6.38, and 6.39 will now be defined for additional 
clarity: 


ee. es 
=o +o 


the mean-square output voltage for 
oO ac dc q P g 


fo) 
the full-wave square-law detector of Figure 6-1, 
valid only for a Gaussian noise voltage Ve). 
oO : = Mean-square ac output voltage 
ae = Mean-square dc output voltage 
H(W) The steaqy-state transfer function of the post- 
detection low-pass filter 
H(o) = Transfer function at dc (w =0) 
R, (0) = The mean-square value of the noise voltage, Vv. (t) 
e (w) = Power spectral density function of the noise 
voltage vo (t) 
a = Square-law device amplitude scaling constant 
£ Cu) = Autoconvolution function of the power spectral 
density o (w). 
It is difficult to determine the ac output, O62 for any spectrum, 
® (w), because of the difficulty in evaluating the autoconvolution 
function £4 (4). Since this cannot be done in general, we will now 
specialize the analysis to the first case where the postdetection noise 


bandwidth, B is much smaller than the predetection noise bandwidth, 


B.- This is the most important practical case and the criterion 
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B « Be is almost always satisfied when making noise power measure- 
ments. 

When B,< B.) the mean-square dc and ac voltage outputs are 
obtained in the following way. The dc output is determined from (6.38) 


where the mean-square value of the noise voltage a (t) is 


2 
R,() - me kT. G| 9,0 | dw =kT.G Bh 


which gives: 
a LH) ICkT, GB,) (6.40) 


The ac output is evaluated from (6.39) where 


£,(w) = £,(0) for oo B, 


| G, (w) du 


-co 


and: 


f; (0) = | $,"(w" deo’ 


If the bandwidth of the low-pass filter is much smaller than the 
spectrum of the autoconvolution function, the function is essentially 


constant and is evaluated at zero frequency (6.39) becomes: 


I? 


2 
ome f, of l, (w) dw (6.4la) 


-& 
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The equivalent noise bandwidth of the low-pass filter is (Appendix, 


Part B): 
oo 


2 
B= -—~| [Hm] dw 
at |H(0)| 


The equivalent noise bandwidth is used in Equation 6.4la to give: 


2 2 
g* - 2% [HO] B £0) 


0 
22 IH Bie dv wm 


-co 


Finally, the equation for the power spectral density (6.25) is 


used to get the final result using (6.41b): 


Cr. = a hole, ool ky, (w) [dw (6.41c) 


The integral in Equation 6.4lc is an interesting result. It is not 
a noise bandwidth because the normalized transfer function is taken to 
the fourth power and not the second. To be able to get values for a 
it will be necessary to compute the value of the integral for several 
commonly used filter responses. Before doing this, however, it would 
be interesting to see if anything can be done to the form of Equation 
6.4lc which would allow us to interpret the integral in terms of a 
noise bandwidth. In fact, this can be done by defining a correction 


2 : : : ; F 
constant K, which will be interpreted as a factor which will correct 
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for the "distortion" of the predetection noise bandwidth caused by the 
square-law device. The factor may be introduced in the following manner. 


The equivalent noise bandwidth of the predetection filter is 


” 2 
B, = i 19, | dw (6.42) 


and a correction constant for the predetection filter noise bandwidth 


needed to account for various filter amplitude responsed is defined as: 


-/ 


fe) 
2a A 2 
K, = I9., (cw) | dw gu co» | dw (6.43) 
0 
The correction constant comes from the integration of the squared, 


filter power-amplitude response and is normalized by the predetection 


equivalent noise bandwidth by using (6.42) in (6.43) to get: 


eo 


2 | ae 
K. = an B, gu ceo du (6.44a) 


oO 


The correction constant is also used to define another predetection 


bandwidth, Bad by the following equation: 


+00 +o 
= "a - 9.) dul: lon Iq, dw (6.44b) 
‘oo feo 
Ba is considered to be an "equivalent" bandwidth of the predetection 


filter which is different from either the equivalent noise bandwidth or 


the half-power bandwidth. 
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Using the bandwidths of Equations 6.44b and 6.42. the ac output 


of Equation 6.4lc can be written in the alternate forms: 


2 


o* = ed? [Ho (kt) B, B, K; 


ac 


2 B 
2a° | He) | (kT, G)* B, B, By (6.45) 


od 


tl 


Tables for the actual predetection equivalent noise bandwidth Be and 


the defined predetection bandwidth B_, can be found in Kraus (1966. 


pd 
p. 245 and p. 265). 

The correction factor is affected by the shape of the filter pass- 
band but not by the magnitude of the filter bandwidth. This fact makes 
it convenient to make a table of Kp for various filter amplitude re- 
sponses as is done in Table 6-1. It is convenient to note that the 


limits on the correction factor. for the commonly used filters listed 


in the table. are: 


Since it is the RMS output that is measured and not the mean-square 
output we now can express the dc and ac output voltage for the detector 


(By << BL) as: 


Q | H (0)| k T, G B, volts, de (6.46a) 


Oa [cos kT, G K, 2 B, Bu volts, RMS (6.46b) 
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Table 6-1. Correction constant for the noise bandwidth of the 
predetection filter for various filter amplitude 


responses 
Type of Filter !gh( ye K 2 

o-O\2)-a 

n cascaded single-tuned stages E Pre <n 
3d 

n=1 (single-tuned stage) 1/2 .707 
n =3 .659 .812 
n=5 .685 .828 
n= © (Gaussian) .707 841 

w—-W -1 

: o \2n 

2n-pole Butterworth filters E +2 ey ] 
n= 1 (single-tuned stage) 1/2 .707 
hus 2 749 865 
n= 3 833 913 
n=* (ideal filter, rectangular passband) 1 1 


The voltage signal-to-noise ratio at the output (this indicates the 


relative deviation of a meter reading the voltage) is: 


Output VSNR = sc = 1 _B, (6.47) 


This analysis technique is also very useful in analyzing total 


power receivers as used in radio astronomy. Suppose that the input 
noise temperature T is the sum of a signal temperature AT and the 


system noise temperature ee 
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(6.48) 


+ AT 


If the dc voltage caused by the system noise is offset by a fixed dc 


= Tf 


sys 
voltage 


Vv, =a |H| kt .G B, 


then the voltage SNR at the output would be: 


G.- V, AT | B, 
degetOll K.. 2 BL 


If it can be assumed that the minimum detectable change in noise tempera- 


ture AT occurs when the VSNR is unity then: 


r 


sys 


oo l B,, few | | 


K. V 2B, 


But the derivation of all these last equations depends on the assump- 


tion Be « Be so we get as a final result 


ae 
A ; Se? (6.50a) 
min B,, 


x 
n 
fo 
ey) 
Pi 


or substituting (6.44b) gives 


AT... —_—_=—_ 
min Boa 


(6.50b) 
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where Bad was the defined or "equivalent" predetection bandwidth and 
BL is the actual noise bandwidth of the predetection filter. 

In some receiver applications, the minimum detectable change in 
input noise temperature, AT in’ is further modified by receiver designs 
which switch the receiver between the antenna and a calibrated noise 
source or other such schemes for improving receiver gain stability. 
These techniques are discussed in Chapter 7 in Kraus (1966). The use 
of switching introduces a correction factor into Equations 6.50a and 


6.50b so that the final equation for AT my becomes 


tL 
saat —— 
AG ee = K, K, B (6.50c) 
—h 
2B. 


where AT win = Minimum detectable change in input noise 
temperature, oK 
T = System noise temperature, oK 
B, = Equivalent noise bandwidth of the predetection 
filter, Hz 
Be Equivalent noise bandwidth of the post- 
detection low-pass filter, Hz 
Kp = Correction constant for the noise bandwidth of the 
the predetection filter, (.707 < Kp <1) 


K. = Receiver sensitivity constant, (1 < K. < ay 2) 


K. = | for unswitched receivers. 


and we have assumed a voltage signal-to-noise ratio of unity. 
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The following summary of minimum detectable noise temperatures 


for various types of postdetection filters was obtained with the help 


of Table 6-2 in Kraus (1966, p. 246): 


a) 


b) 


c) 


Ideal integrator, integrating time t 


se 2 sin ($+) 
B= a5 |H(w)| = rowers, 


AT. =KK sys (6.5la) 


AT... = K, SSS (6.51b) 
/ \/B, (2 RC) 


W, en ae 
P25 J H(o)| = (wi -wr) + @Soea)" 


where W) is the undamped natural frequency and 6 is 


the damping constant. 


The important equations for the noise characteristics of a full- 


wave square-law detector have been presented and can now be applied to 


a specific circuit that is widely used in practical applications. A 
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noise power detector that consists of a square-law device output and 


RC low-pass filter is shown in Figure 6-6. 


Figure 6-6. Schematic Representation of a Noise Power Detector 
with RC Low-Pass Filter 


The noise voltage output of the square-law device is represented 
by a Thevenin equivalent circuit where Ry is the output resistance 
3 F Die te 

and V4 is a noise voltage generator whose mean-square value, va "is 


determined by (Appendix, Part R) 


Vy," = Rg rs ¢, (w) dw (6.52a) 
— 0 
where o, (w) is the output power spectral density function defined by 
Equations 6.29 or 6.35. 
To determine ra we substitute Equation 6.35 into (6.52a) to 


give: 
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+00 


ves RT amok RIS ww). & fe) des 


— 4R,a° RX(o)| S(w) dw , a, ie dw 


2 2 ols i: 
- 4Ryo* (kT. GB.) +4Ry oR fy () dw (6.52b) 


The detector output voltage, as we have already seen (Equations 6.46), 


is the sum of a dc voltage and a low-frequency ac voltage: 
Ve = Ge+ Te 
G. = 0. IROTKT G By voits, dc (6.53a) 


qQ.= a | H(o)| kT, G K-72 B, By), volts, ac (6.53b) 


The dc voltage is proportional to the input noise temperature, predetec- 


tion gain and noise bandwidth and the dc attenuation of the post- 


detection filter. The postdetection bandwidth does not affect the 


dc output. The dc attenuation of the RC filter is simply: 


R, 
|H(0)|= Ry+R. 


On the other hand, the RMS ac output is proportional to the square root 


of both predetection and postdetection filter noise bandwidths. 
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Now with 


_ TT = R, Ry 
B = 2RC where R= R.+ Ry 


the ac voltage can be reduced to an arbitrarily low value by increasing 
the RC time constant. This can be done without affecting the relative 
dc output level by changing only the capacitance C and leaving R and 

Ry fixed. A change in R or Ry will affect H(O) which in turn affects 


the dc output. Substitution of the dc attenuation and low-pass noise 


bandwidth give as a final result for the ac and dc outputs: 


R 


Eells ioe 
R,+ Ry 


G,. = (a. K)T, G B, (6.54a) 


(ak) T, G K,>/B, ae aot (6.54b) 
o "Nd 


As a final topic, we will look at the output of a square-law detector 
when the input voltage is a Gaussian noise voltage added to a single, 
unmodulated sinewave. This result will be applied to the problem of 
measuring noise factor with a sinewave generator. The analysis will 
proceed in a manner completely analogous to that done previously for a 
"noise only" input. Because of this analogy, the steps in the following 
derivations will be abbreviated and the reader is referred to the 


previous discussion for many of the details. 
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The input signal for this case is 


x(t) - S(+) +n (4) 


where s(t) is an unmodulated sinewave. The autocorrelation function 
for the output of the square-law device is (Davenport and Root, 1958, 


p. 258) 


R, (t,,t,) =a E [cs.+n)? (s.+n¥] (6.55) 


and because the input noise is stationary we get (Davenport and Root, 


1958, p. 258) 
Ry(H) =OF IRQo +4R(4)R(t) + 205° 05° + R(e)| (6.56) 


where R(t) and R (1) are the signal and noise autocorrelation functions, 


o,2 and Bee are the mean-square signal and noise voltages and: 


R(t) = E (s?sy) 
(0:57) 


R(t) = E(n?nz) 


The output of the square-law detector consists of three types of terms: 


1. KoCt) = a°R.2(T), which represents the interaction 


of the sinewave signal with itself, 


om Rixn' = a°R 2(T), which represents the interaction 


of the noise with itself and, 
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a ed ye ame : 
3. Ro 6D = 4a R.(D)R (1) + 2a 0. 9) ,which represents 
the interaction of signal and noise. 
The autocorrelation function of the output can be written in the 


form: 
R(t) = [Ro (t) +R) eR] (6.58) 


Now since the input is Gaussian, the nxn part of the autocorrelation 


function is just that when the sinewave is absent (Equation 6.23): 


R(t) = QR, (0) + 2a R* (+) (6.59) 


nh 


The autocorrelation function of the input sinewave is determined 


from Equation 4A.50 in the last section as 


2 
R (:) - NY, "OS WT (ster=V, cosw,+] (6.60a) 


which is used to determine the autocorrelation function for the 


interaction of signal and noise: 


R (+) = 40° R. (WRT) + 20°G"G,* (6.6 1a) 


The mean-square value for the sinewave signal is the available power 


from the sinewave generator 
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(6.60b) 


but for simplicity we will represent the mean-square value with the 


autocorrelation function 


a 
O = Rio) = “5 


where the factor AR in the denominator of (6.60b) is normalized to 
unity. This factor will be re-introduced in Equations 6.82. The mean- 


square value of the noise signal is: 


o,* =R ©) 


Substituting these and (6.60) into (6.6la) gives: 


Ron tt) = 40 R,O)R,(t)Cos wr +20° Rie) Rio) (6.61b) 


Finally, the autocorrelation function for the square of the input signal 
is determined using the definition (Appendix, Equation A.3) and s(t) = 


V.“cos*w t to give (Davenport and Root, 1958, p. 260): 
R,,(t)= oF RIC) [1 + bcos aux é% 
Sxs s 2. bd ; 


We now have the three autocorrelation terms of Equation 6.58 and they 
can be used to determine the output of the square-law device when the 


input is Gaussian noise and a single, unmodulated sinewave. 
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The output spectral density function of the square-law device can 
now be determined by taking the Fourier transform of the output auto- 
correlation function Ry(t) . First express Ry(1) in terms of Rn? 
Riy(D> and Ro) by substituting Equations 6.62, 6.61b and 6.59 


into Equation 6.58: 


Rit) =+a° Rio) 1+ 7 c..08 2WeT 


+ 4a% Roo) R(t) c.0s wt + 20° R(o) R(0) 


+aFR(o) +20 R(t) 


Now apply the Fourier transform (Appendix, Part A) to get the output 


power spectral density function (analogous to Equation 6.26): 


+o 


2) . R(T) e- “dr 


-00 
bo *] 


wT 
Ile. (T)+R (1) . R (x)] Cj dr (6.63) 


The three separate integrals of Equation 6.63 can be associated 
with the following output spectral densities: 
1. The output spectrum due to the sinewave interacting 


with itself, 


€ (o) =F [Rc] 


Sxs 
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2. The output spectrum due to the noise interaeting with 


itself, 


$ (w) =F [R.(T)) 


nxn 


3. The output spectrum due to the noise and sinewave inter- 


acting, 
¢(0) =F [R.,.(r 


The following spectral densities are obtained 


f (w) _ atta’ R. (0) S (w) 4 Zo? Rio) IS @o-20%)+S(o 120.) 
(6.64a) 


2 
é (w) = 2Tr ar R‘(o) $ (as) + 4 ? (w) (6.64b) 


niin 


where f Cw) = FIR, (I and the results are the same as those obtained 


in Equation 6.35, and finally: 


£ (w) = 20° Ro» $@ ~W,) + P,(o-w.)] FATA ROR (0) Sw) (6.64c) 


The spectral density of the interaction of signal and noise, Equation 
6.64c, is obtained by applying the following Fourier transformation 


equations: 
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[40° R, (OR, (1) cosw.t +207 R (0) R, (0)| a T (6.65a) 


-CICI 


The second term in the brackets will transform to a delta function be- 
cause it iS a constant and the first term in the brackets contains the 
autocorrelation function of a sinewave (6.60) so the integral can be 


reduced to: 


+0 
-~jJwt 


£ (w) =4* Rw) Rime gdrv+4ra R(o)R(o) § (w) (6.65b) 


The Fourier transform of a product (6.28) reduces (6.65b) to: 


ro 


2 
2 (w= en P (wr) $.w- ws!) dw' + 47a? As(o) R,(0) § (w)  (6.65c) 


=o 


Equation 6.65c can be further reduced by substituting the expression 


for the spectral density of the input sinewave (4A.5]1): 


$ (w') = Ff [Riv)] = TT R{o) [S$ w'-w.) +¢ (w'+ we) | 


The autoconvolution integral in (6.65c) becomes 
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fa (w’) d (w-w') dus’ = TT Rs(o) [$.@-«.) + $,(w+on) (6.66) 


which is substituted into (6.65c) to give as a final result Equation 


6. 64c: 
$ (w) = 20 R,(0) F.o-w.) + F (ween) +4TA? ROR, (0) $@) 


We now have some useful equations for the spectral output of the 
square-law device. These spectral functions can now be used to obtain 


the spectral output of the detector by applying the relationship 


Pw)  F,(w)| Hwy] 


to give: 


- (w) = Exe + £ (w) + ¢ («| | H (w) i (6.77) 


The mean-square voltage output of a square-law detector with sinewave 
plus Gaussian noise input can be found by integrating the output power 


spectral density (6.77) over all frequencies: 
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+co 
7 


2 | 
0," = apt; dw 


+00 


= ER | H cw) des 


es ; a : 
+ Z| $09 | H(w) | dw fee P (w)|H(w| dw 


(6.78) 


A partial evaluation of (6.78) can be accomplished by substituting 
Equations 6.64 into (6.78) and evaluating those parts of the integrals 
which contain Dirac-delta functions. When this is done, Equation 6.78 
is reduced to: 


F 2 
* x R,@)|H(w.| + a? Rée) | H(o)| : 


2 
qa ah, 


+ Sie) |} wor Fw) dw 


2 figta ~W.) + ¢. (w+w.) | 


+ 20° R(0) Ro) vo) (6.79) 


Hw] dw 
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This form for the mean-square voltage output is the simplest that 
can be obtained without any simplifying assumptions about the transfer 
function of the low-pass filter, H(w). Assuming that the low-pass 
filter has a noise bandwidth much smaller than the predetection noise 
bandwidth (BL«B, ) we can evaluate the integrals in (6.79) using the 
same technique that was used to get Equation 6.41. The results of the 


integrations are summarized below 


+00 
rd 2 
conf dw ~ F, (0) 477 IHo 1B 


~cO 


+oco 


[F, (uw w.) + $(w+ur)| 


—c 


and 


2 
H(w)| dw 


2 
a. 8Tr (ws) H (0) | B. 
These values are substituted into Equation 6.79 to give an equation 


for the mean-square voltage output for the special case when BL«B, . 
a 2 . 
G* = a R,(0) | H(o)| 
2 +2? [HOB fo 
+ @Ri(o) [Ho] +F@ [H(O|B, £ 


2 e 
+8a R, (0) (we) fr (0)| B, +20. R.(0) R(0) Ho) l (6.80) 
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The term containing H(2w,) is dropped because the passband of the low- 
pass filter is too low to pass a frequency of 2w,- 
The dc terms of the output can be identified from (6.80) as those 


with no frequency dependence: 


2 


2 
- ao LHon | Riso) +2 RO Ro) + Rico | 


2: 


2 
=O Ho) | [Rs(0) + R{o)] (6.81a) 


The low-frequency ac terms are actually distributed in a narrow 


spectrum about zero frequency because IJH(w)1 7 is a narrow bandwidth: 


2 


= H (0) 


2 
B, [ £00) + 417 Ro) . (wr) (6.81b) 


These last two equations can be compared with the results obtained in 
the previous derivation for a "noise only" input. With ¥, = 0 (R. (0)=0), 
Equation 6.8la becomes identical to (6.38) while Equation 6.8lb be- 
comes (6.41). 

Assuming the noise voltage at the input to the detector is 
Gaussian and white, the double-sided spectral density function for the 
input is represented by Equation 6.25. The sinewave voltage at the 
input to the detector, ee is related to the voltage at the input to the 
square-law device by Ne = /e\v where both are peak voltages and G is 
the power gain of the amplifier. The factor in Equation 6.8lb which 


contains £ , (0) can be re-written in terms of the input power spectral 
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density function and noise bandwidth by using the techniques of Equations 
6.41 and 6.42. 
The power spectral density function, ? (wd, is simply the amplitude 


of the power spectrum at Wor: 


ol 
= 3kTl,G 


$ (we) = + kihe \g (we) 


The mean-square value of the sinewave signal, R, (O), is the available 
power of the source which can now be written in terms of the peak 
generator voltage MG and the source resistance 

V. 2 

Ye V. 


ts 
4+R, BR, 


R 0) - 


where the factor 4R un-normalizes the autocorrelation function (see 
Equation 6.60b). 

Equations 6.81 are now written in terms of circuit values by 
substituting in the following values for the mean-square signal, mean- 
Square noise, the noise power spectral density function and the auto- 


convolution function: 


V, 
R(0) - eal 


Ro) =kT,GB, 
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E,W - £kT.S 


2 2 
8) = ( ) 
fy ) 1 kT,G BK, 
Applying these substitutions, Equations 6.81 become: 
rs 


2, [(% 
GS SR *kT.8, I (6.82a) 


2 2 
Ge =a [Ho 


Bs P 2 3 MG kT 
0... = Q |H(0) B, 2 (kT, G) BK; + eo - (6.82b) 
The dc and ac RMS voltages for the detector output become: 
We 
G.=alHolG (se +kT,B 
de ae SR, n h (6.83a) 


2 V2 
0. =a | H (0) G4/(kT, K-) 28,8, +kT, rae) (6.83b) 


Equations 6.83 can be used to show how the predetection signal- 
to-noise ratio or average noise factor of a receiver can be determined 
using an unmodulated CW signal generator and by measuring the dc output 


voltage of the square-law detector. Let the dc output of the detector 
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with no sinewave input Ve = 0) be denoted by E where from (6.83a): 


E,=a | H (0)| GkT, By, (6.84) 


The predetectlon signal-to-noise ratio is the ratio of the available 


powers at the input: V2 
3/2 2 
G V. 
4R, 3/2 


mE kT, B, G 4R, kT, By 


(6.85) 


The ratio of dc output voltage with sinewave input to that without is 


ve 
‘o 
= : (I, can ¢ +5.) (6.86) 


obtained from (6.83a) and (6.84). Thus, a measure of ote gives 
the predetection signal-to-noise ratio using (6.86). For the average 
noise factor over the predetection noise bandwidth BL (Appendix, Part H) 


we have 
Ss fo le 
a = [+ r and Ty, = T, a (6.87) 


where the noise temperature Tr. is the sum of the source noise tempera- 
ture, which is the standard Ty: and the receiver noise temperature, T.- 
The mean-square value of sinewave voltage at the input is denoted 


by 


2 Vy 
E = (volts, RMS) e 
9 fa 
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so that Equation 6.85 can be re-written in the form: 


ES = Sp [4 kT, R, B, | Sp [4k (T.+T.) R, B, | (0.88) 


Solving (6.88) for the noise temperature of the receiver being tested 
gives: 


E* 
ged ip = ee =, OS (6.89) 


T= a 
"  S. [4k Rs Ba] ? 


Equations 6.89 and 6.86 are substituted into (6.87) to give the average 


noise factor of the receiver 


ES ES 
F Geer SY tee 9 Fee 
mean (6.90) 
Sp[4kT RB] (% 
PLAkKTR.B) (2 -}) 4k T Rs By 
E, 
where E. = RMS input voltage in hard volts RMS 
Pde _ : 
i dc output voltage ratio, generator-on to generator-off 
) 
2 aes Source resistance 
T = 290° K 
) 


B. Predetection noise bandwidth 

S Predetection signal-to-noise ratio. 
The ac noise voltage of Equation 6.83b will limit the resolution of the 
measurement and will determine the smallest signal-to-noise ratio that 
can be measured. This is a result of the fact that both Od. and E must 
be measured in the presence of a "noise" voltage S. that will cause a 


measurement uncertainty. 
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D. Linear Diode Detector 


The most widely used detector in communication receivers is the 
linear diode detector. When the input voltage is large enough, the 
response of tie detector is described by the relationships (see 


Chapter III-E) 


(6.91) 


where x and y can represent voltages or currents. Actually the diode 
is really only approximately linear but for large inputs the approxima- 
tion is valid. The ratio of detector dc output voltage with sinewave 
input to that without is determined by the predetection signal-to-noise 
ratio as given by (Blake, 1972) 
S 
Oye 


ce C2  (l+Sp) di (2) +S" 1,(S)| (6.92) 


where Ba = Predetection signal-to-noise ratio 


Oo 
Eszsa— » the dc output when the input sinewave is zero 


I) = Jy (ix) 
modified Bessel functions 
iS, (ix) 


Sac = Detector de output with input sinewave. 


Blake (1972) has solved Equation 6.92 and published tables of a6 as a 


function of 3, 1E. Using his results we can determine the average 
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noise factor in the same manner as was used to obtain Equation 6.90 


F= pee (6.93) 


where 5 Predetection signal-to-noise ratio 
E, = RMS input voltage in hard volts which produces 
the dc ratio Ta lE, 
B. = Predetection noise bandwidth, Hz. 
T, 290° K 
k = Boltzmann's constant 


R, = Source resistance. 


Table 6-2 shows the predetection signal-to-noise ratio for different 
values of the detector dc voltage ratio 04, /E, ° 
When the input signal to a half-wave linear detector is another 


noise voltage, the ratio of the dc outputs is determined by (Blake, 1972) 


Ge . [In tA 
E 7 2 (6.94a) 
° on 


2 ? : F ‘ 
where Ag. represents the increase in mean-square noise at the input 
due to the noise signal. In terms of noise temperature this becomes: 


T3e Tays + OT ae AT (6.94b) 


Ee whee Tess 
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Table 6-2. Solution to Equation 6.92 for use in measuring average 
noise factor 


20 log (04, /E, ) S 


i P 
2.00 6 db 2.60 
1.50 1.13 
1.412 3 db 915 
1.260 2 db .535 
1.123 1 db 254 
eee 3-2 [fe 

0 [e) 


When the linear diode detector is used for measuring noise factors, 
Equation 6.94b can be solved for the measured noise factor in the follow- 
ing manner. For noise factor measurements the source is at standard 


temperature so 
Tyg = T, +Tr (6.95) 


and substituting days into (6.94b) and solving for aS gives: 


= (%) - } ds (6.96) 
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Using Equation 6.87 gives the average holse tactor as: 


AT 


F= “2a — aa, (6.97) 
TE) | 
E. 
It is worth mentioning that the results obtained for the half-wave diode 
detector are equally valid for the full-wave detector. All outputs are 
doubled but since we are only concerned with ratios. the equations 


which use ratios remain valid. 
E. Phase-Sensitive Detector (Product Detector) 


The phase-sensitive detector is a mixer in which the local oscilla- 
tor frequency is equal to the input frequency (van der Ziel. 1954. 
p- 343). This is the type of detector used in direct conversion receivers 
(also called homodyne or autodyne receivers) and in single-sideband 
receivers (where it is called a product detector). The transconductance 


of this type of detector is time dependent as expressed by 


Gn) = 9,. +29, COS W,+ (6.98) 


where gma = Average Bn of the mixer device 
Conversion transconductance of the mixer 


Wy Input frequency or local oscillator frequency. 


Applying van der Ziel's results and using techniques analogous to those 
used in the square-law detector analysis, the mean-square dc and ac 


voltages are: 
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a 
T 


‘ nc | H (0 ( kT, G Bi) (6.99a) 


9 
Hl 


(kT, ay B, B, K- (6.99b) 


F 


ae = 2Gne | H(0) 


The voltage signal-to-noise ratio at the output is 


Ose | B.. 
2S. —s. (6.100) 
Os = K. fam BL 


which is identical to that for the square-law detector (Equation 6.47). 
This means that the results obtained for the square-law detector 
response to a noise input is equally valid for a phase-sensitive 


detector. 
F. Detector Dynamic Range 


As a final topic we will look at the dynamic range needed in an 
output power detector. In all measurements of noise voltages, the output 
power indicator must be capable of handling crest factors in excess of 
4 to 1. The crest factor, which is a ratio of the peak value of a volt- 
age to its RMS value, is not defined for a noise voltage because 
theoretically the amplitude is unbounded. Theoretical calculations 
(Landon, 1941) have shown that the number of crests exceeding four 
times the RMS value (40) have a probability of 3 x 10> and, if these 
peaks are clipped by the measuring instrument, their loss will have 


little effect on the reading. There are inexpensive meters which do not 
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meet this specification because their amplifiers saturate on large 
voltage peaks. Measurements made with meters of inadequate dynamic 
range will indicate RMS values lower than the true values. 

Meter response to high peaks causes needle flicker which makes the 
meter hard to read. This problem can be minimized by proper adjust- 
ment of meter damping. 

In concluding this section the reader is again reminded of the 
differences in instruments used for noise power detection and the 
errors involved. Each measurement problem should be carefully studied 


for factors which might affect measurement accuracy. 
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VII. METHODS OF SENSITIVITY COMPARISON 


There are several commonly used methods for comparing the sensitiv- 
ities of receiving systems. Each method has its relative advantages and 
disadvantages and no one method is satisfactory, or even meaningful, for 
every receiving system. The need for several methods arises because 
there are a variety of modulation techniques and detectors employed in 
communication systems. The most common specifications for determining 
the relative merit of noise performance for a receiving system are: 

1. Noise figure (Noise factor) 

2. Equivalent noise temperature 

3. Signal-plus-noise-to-noise ratio (AM sensitivity) 
4. Tangential noise sensitivity (Pulse code systems) 
5. Noise quieting (FM systems) 

6. Receiving system power sensitivity. 

The specifications of noise figure or equivalent noise temperature 
are most often used to specify the noise performance of "linear" systems 
such as single-sideband, AM, and total power receivers. Also, the 
"linear" portions of most receivers or at least those circuits closest 
to the antenna, such as RF amplifiers and mixers can be evaluated for 
noise performance on the basis of noise figure or noise temperature. In 
this context, the word "linear" is used to mean that the available power 
output is linearly proportional to the available power input. 

For AM systems, a very common designation of noise performance is 
the signal-plus-noise-to-noise ratio for a given sinewave input. It is 


referred to as AM sensitivity but this is really a misnomer as it is the 
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signal-to-noise ratio that is the ultimate specification for every 
system. The signal-plus-noise-to-noise ratio specification is meaning- 
ful for every system which is linear and which can be measured with a 


AM modulated sinewave input. Although AM sensitivity is probably the 


most common specification of noise performance, it is also probably the 
most abused and confused one. Since AM sensitivity is closely related 
to the information theory requirement of a specified minimum SNR, it 
seems to be a most meaningful and desirable specification, but it also 
can be very nebulous. This problem occurs because the AM sensitivity 
of a linear receiver depends on 1) antenna impedance, 2) receiver 
equivalent bandwidth and 3) the type and percentage of amplitude modula- 
tion used for the measurement. All of these variables must be stated 
along with the measured SNR and input level or it will be impossible to 
make meaningful comparisons among receivers. 

When testing receivers used in data transmission links, the specifi- 
cation of tangential noise sensitivity is usually the most meaningful. 
This specification relates the amount of peak RF signal needed at the 
input to produce an output pulse of a specified peak amplitude above the 
receiver noise level. It is desirable to use this specification when 
the receiver has nonlinear stages of amplification and the desired out- 
put is pulse coded. 

In the case of FM receivers, and especially when evaluating a 


complete system, the commonly used specification is noise quieting 


which relates the amount of RF signal required at the input to produce 
a specific reduction in audio noise at the output. Noise quieting is 


caused by the ability of the FM detector to "capture" the largest 
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signal and to suppress weaker ones. The problems associated with 
specifying noise quieting are similar to those of specifying AM sen- 
Sitivity because one also has to give, 1) antenna impedance, 2) FM 
bandwidth, 3) deviation ratio of the system. 

The specification of receiving system power sensitivity relates 
the amount of available signal power needed at the receiving antenna to 
achieve a specified signal-to-noise ratio at the output. This specifi- 
cation is valid for linear receivers and is an alternate way of express- 
ing noise figure or equivalent noise temperature. A definition of this 
quantity is given in Chapter IV-D. 

At this point, the importance of a specific signal-to-noise ratio 
at the output should be discussed and emphasized. In the information 
theory aspect of this problem, the output must meet certain user defined 
criteria or the system becomes unusable. This means that a specific 
minimum signal-to-noise ratio is desirable and must be achieved. Con- 
sistent with other requirements, there will always be design variables 
which allow the designer to maximize signal-to-noise ratio. Receivers 
having the highest ratio will perform the best for the user. The most 
basic system requirement is always the signal-to-noise ratio that can 
be achieved for a given level of input. Since the receiver is usually 
linear in the first stages of RF, where the noise factor can be meaning- 
fully specified, the system requirement can be determined knowing the 
noise factor of the RF stages and the type of detector to be used. 

The truth is summarized by the following statement: 


"System sensitivity is a function of noise figure and 
detector characteristic," 
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i.e., other factors being equal, the system with the lowest noise figure 


or equivalent noise temperature will always produce the highest output 


signal-to-noise ratio. 


A brief summary of the types of sensitivity specifications which 
should be applied to a given component will now be given. The theory 
of sensitivity measurements and how to measure and present data is 


presented in the following two chapters. 
A. Complete Receiving Systems 


The sensitivity specification of a complete receiving system must 
take into account the type of modulation employed and hence the kind of 
detector used. For "linear" systems such as SSB, AM and total-power 
receivers (Radiometers), the specifications of noise figure, equivalent 
noise temperature, AM sensitivity or receiving system power sensitivity 
are adequate. For systems employing pulse code modulation it is more 
convenient and meaningful to specify tangential noise sensitivity be- 
cause it is more closely related to the information theory requirement 
and because it can be directly measured. 

The behavior of the FM detector in marginal signal environments 


makes the specification of noise quieting the logical choice. 
B. Two-Port Devices 


The testing and specification of the noise performance of individual 
stages such as RF amplifiers, RF mixers, IF amplifiers, solid-state 
devices, filters, attenuators and feed system components is best done 


with noise figure or equivalent noise temperature. The concepts of 
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noise generation in amplifying and mixing devices are well suited to 
being described by these specifications. Individual electron devices 
such as vacuum tubes, bipolar transistors, field-effect transistors, 
and diodes are most often specified for their noise performance by 
noise figure. This is all right if the user will accept the fact that 
many circuit conditions and requirements must be met before the device 
will perform in an amplifier or mixer circuit with the stated noise 
figure. These conditions are discussed in Sections IV-C, IV-D, and IV-E. 
The specialized concept of Noise Measure (Appendix, Part K) was 
developed to overcome the limitations of noise figure in specifying 
the noise performance of low-gain or negative-resistance amplifiers. 
Noise measure is useful in choosing between two amplifiers to be con- 
nected in cascade but is not applicable to a single amplifier. A 
technique which helps choose among several amplifiers for a specific 


application is given in the Appendix, Part L and is called noise merit. 


C. Detectors 


The analysis of the noise performance of detectors will not be 
presented in any more detail than the theory that is given in Chapter VI. 
It has been demonstrated (Fubini and Johnson, 1948) that every type of 
practical detector will exhibit some kind of nonlinear threshold effect. 
By "threshold effect" it is meant that; when the predectection SNR falls 
below a certain level, the output SNR drops by a greater factor. This 
means that the requirement of linearity of input and output power, that 
was given at the beginning of this chapter, is not satisfied and this 


effect will introduce errors into the measurement. For example, in AM 
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detectors it has been observed that the presence of a low-level carrier 
will actually increase the noise output and thus make the output SNR 
worse than the input SNR. In FM detectors, the threshold effect is 

much more pronounced where predetection signal-to-noise ratio may change 
from 7 to 5 db and the output signal-to-noise ratio may drop from 15 db 
to 0 db. More information on this threshold effect will be given in 
Chapters VIII and X. For more information about the noise performance 

of detectors, the reader is referred to the following sources: Fubini 
and Johnson (1948), Middleton (1948, 1960), DeLano (1949), Bridges (1954), 
Baghdady (1961), Wakeley (1963), Beckmann (1967) and Davenport and 


Root (1958). 
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VIII. THEORY OF SENSITIVITY MEASUREMENTS 


Sensitivity measurements on receiving systems are made for one 
purpose--to compare receivers by measuring which receiver will produce 
the best output signal-to-noise ratio for a given input signal level. 
This fundamental measurement may be broken up into several sub-measure- 
ments such as measuring the noise performance of each component but the 
fundamental comparison criteria still remain the same. The results of 
any sensitivity measurement and how to interpret it correctly depends 
on an understanding of sensitivity measurement theory. It is the purpose 
of this chapter to present this theory and to develop the theory behind 
the commonly used measurement techniques which are presented in the 
next chapter. The essential components that make up a sensitivity 
measuring system are illustrated in Figure 8-1. This same diagram 
will be used for discussing the measurements on a complete receiver 
or any of its sub-components. 

Each block in the diagram will now be discussed and the essential 


characteristics listed. Circled numbers will be used for reference: 


@) The test signal source is a generator connected to 
the input of the device being tested. The generator 
has a nominal impedance equal to the impedance of 
the transmission line which is R., the source resis- 
tance specified for the device being tested. The 
generator impedance R. is at standard temperature, is 
The generator output will be made up of the noise due 


to R, at Ty and a controlled signal E, which may be: 


Predetection ee Ae a Na | 


Transmission ; 
@ Test Line d Amplifier ‘ O71 Bh le 
. Device or . 
Signal Source C : 
omponent Being | 
R, a Tested f, 
Tod G. 
{ 
A 
welay'/ 
T or F T1£ or Fif | Predetection 
e E Filter 
Detection System 
Paya sia aii 
5 | 
Postdetection m | S 
Amplifier 
(3) Audio or Video I 11 
sensory | Decector Device 
| 


Transducer 


Postdetection or 
ps Filter Demodulator 
re 
7 BOQ a ae 
Mi CSO = | 


Figure 8-1. Essential Components of a Sensitivity Measuring System. 


OTE 
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a. An excess noise signal which has a mean- 


square value of Eee =4k R. ATOE. 

b. An unmodulated sinewave with mean-square 
value B° 

c. An AM modulated sinewave with a mean-square 
value nv E,2 where ne will be used to account 
for the percentage of modulation. 

d. An exact reproduction of the input signal 
that will actually be used in the receiving 
system. 

The Thevenin's equivalent circuit for the signal source 
is the same as that used for the receiving antenna, 
Figure 4C-23 in Chapter IV. 


A transmission line connects the test signal source and 


the device being tested. The transmission line is 
characterized by a flat loss N, a physical temperature 
T , and a characteristic impedance Z =R._ For the 
theory presented in this section, the transmission line 
effects will be omitted by letting it be lossless (see 
Chapter IV-C). The errors caused by this simplification 
will be discussed in Chapter X. 

The device or component being tested can be a single 
device such as a transistor, a subassembly unit such 
as an amplifier or mixer stage, or a complete receiver. 


The predetection amplifier accounts for the gain 


preceding the detector or demodulator system and provides 
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a suitable termination for the device being tested. 
It also provides a known noise factor so that its 
noise contribution to the total noise factor, FP. 
can be accounted for. The important characteristics 
of the predetection amplifier are: 

a. Gain, G 

Pp 

b. Equivalent noise temperature, Ti¢ 

c. Bandwidth. 
It will be assumed that the bandwidth of the predetec- 
tion amplifier is larger than the predetection noise 
bandwidth which is determined by(3). The predetection 
amplifier represents the IF amplification in a receiver. 
The predetection filter determines the information band- 
width and also the equivalent noise bandwidth for noise 
factor measurements. It is this filter that regulates 
the spectrum of signals going into the detector device. 
The important characteristics of the predetection filter 
are: 

a. The shape of the passband response 

b. The equivalent noise bandwidth, BL 

c. The center frequency of the passband, Ea 
The predetection filter is used to represent the IF 
filtering in a receiver. Typical noise bandwidths 
range from 1 to 50 KHz for communication receivers and 
.1 to 1 MHz for radiometers. Typical IF frequencies 


include .050, .455, 1.6, 4.5, 9.0, 18.0, 30.0, 60.0 and 
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105 MHz. For more discussion on how to determine the 
noise bandwidth and the effect of passband shape on 
measurements, refer to the Appendix, Part B and Chapter 
VI-C. 
The detector device or demodulator is used to recover 
the information on the input signal in an actual 
application but in a measurement application it is used 
to modify the statistical character of the signal in 
such a way that measurements can be made to determine 
the nature of the input signal. Usually this is accom- 
plished by rectification to change a signal with a zero 
mean to one with a nonzero mean. The types of detectors 
or demodulators that are considered to be the most impor- 
tant for noise measurements are: 

a. Square-law detectors 

b. Linear diode detector 

c. Product detectors (Phase sensitive detector) 

d. Envelope detector (AM demodulator) 

e. Peak-reading voltmeter (Peak rectifier) 

f. Average-reading voltmeter 

g. RMS voltmeter. 
For more information on detectors refer to Chapters III, 


VI, and VII. 


The postdetection filter is used to filter and shape 
the output of the detector device or demodulator. This 


filter has a low-pass response and an equivalent noise 
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bandwidth B, The postdetection filter in a receiver 
is the audio filter or video filter and has a bandwidth 
less than the predetection bandwidth. It also deter- 
mines the output signal-to-noise ratio, Ss; The impor- 
tant characteristics of the postdetection filter are: 

a. Equivalent noise bandwidth, BE 
b. DC attenuation, IH(o0)j 


c. Passband shape. 


The postdetection amplifier is used to amplify the signals 


from the postdetection filter so that they may be used 
to drive the desired sensory transducer. This amplifier 
accounts for the audio or video amplification in a 
communication receiver. Its important characteristics 
are: 

a. Gain, G, 

b. Bandwidth 

c. Output impedance 

d. Flicker noise contribution 

e. DC response 

f. Linearity. 
The postdetection amplifier must have a bandwidth low 
enough so that it will not contribute an appreciable 
noise signal. It must be linear or it can seriously 
affect measurement data. It mayor may not have a 
response at dc as illustrated by the switched capacitor 


at the input. 


A | 


(9) The sensory transducer is a device used to display the 


outputs of the measuring system. It can be a meter, 
oscilloscope, loudspeaker or stripchart recorder. The choice 
of output display is up to the user butinmany applications 
the choice is obvious. Some of the common choices are: meters 
for the linear sensitivity measurements such as noise 
figure, noise temperature, AM sensitivity and power 


sensitivity, oscilloscope for tangential noise sensitiv- 


ity and loudspeaker and meter for FM noise quieting. 


A. A Theorem for Sensitivity Measurements 


All sensitivity measurements are based on the same fundamental 
truth: 


Postdetection information is used to determine predetection 
RF signal-to-noise ratio. 


This fact is used as a basis for the following theorem of sensitivity 


measurements: 


"The sensitivity performance of every receiving system 
can be specified by the input noise factor (or equiva- 
lent noise temperature) and the functional relationship 
between the predetection and postdetection signal-to- 
noise ratios." 


The receiver noise factor F and the predetection signal-to-noise ratio 
uniquely determine the predetection noise performance of a receiver and 
are related by the fundamental equation 

E 2 


Fo = (8A.1) 
r S$) (4k T, Ry By] 


*Predetection SNR is the SNR that exists in the linear portion of the receiver, prior to the 
detector. Postdetection SNR is the measured SNR after the detection stage. The detector 
may be either linear or non-linear. 
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A 
where F =the average noise factor, over the predetection 


bandwidth B of the device being tested. This 
is not the average noise factor for the device 
(see Appendix, Part H). 

E 2 =the mean-square value of the generator test 
signal used to measure the noise factor, Fe 
When E is a sinewave it is measured in hard 
volts RMS (Appendix, Part Q). 

BL = the equivalent noise bandwidth of the predetection 
filter. 

S_ = Predetection signal-to-noise power ratio. 

R, Specified source resistance for the device or 

component being tested. 


k Boltzmanns constant. 


Ty = Standard temperature, 290° K. 


The predetection and postdetection signal-to-noise ratios are related 


by some function: 


(8A.2) 
S =f -1 GS) 
m S p 
The study of the noise behavior of a detector is the study of this 
functional relationship. 


In actual measurements, the predetection signal-to-noise ratio is 


determined by a ratio measurement at the output which is usually the 


a25 


ratio of two ac or two de voltages. This relationship is expressed in 


the function: 


Ss f, (™ (8A.3) 


where Mis the ratio of the measured output when the test signal source 
is turned on €, # 0) to that when it is turned off €, =O). The 
various forms of fM(M) will be given later in this chapter. The 
functional dependence of predetection and postdetection signal-to-noise 


ratio is best represented in the graphs of Figure 8A-2. 
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Figure 8A-Z. Comparison of Output SNR to Input SNR for Typical 
Detector Types 
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The degrading of output signal-to-noise ratio at low input signal- 
to-noise ratio is illustrated for FM detectors and linear diode detec- 
tors. The ideal detector curve represents the response assumed for an 
ideal "linear" system where the total power at the output is directly 
related to the power input. Data on the functional dependence of input 
and output SNR for various types of detectors can be found in the follow- 
ing references; Davenport and Root (1958, p. 266), Fubini and Johnson 
(1948), Bridges (1954) and Middleton (1948, 1960). 

It must be kept in mind that the relationship aa = iS) is not 


of fundamental importance in sensitivity measurements but is for system 


specification. What is important is--how does the predetection signal- 
to-noise ratio depend on the ratio of measured outputs, Equation 8.3? 
The measured ratio at the output is usually the ratio of two dc voltages 
or two ac noise voltages. The postdetection SNR will affect the 
accuracy of the measurement. 

This concludes the introductory discussion of sensitivity measure- 
ment and the sensitivity measurement theorem. The next three sections 
will describe the application of sensitivity measurement theory to 
various systems and how they relate to the block diagram. The order of 


presentation is for convenience and has no other significance. 
B. Noise Quieting (FM Systems) 


A meaningful way to measure the relative sensitivity of FM receivers 
has been developed which takes advantage of the capture effect in an FM 
receiver. The capture effect is the ability of an FM receiver to favor 


the strongest signal in the passband and discriminate against the weaker 
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ones. A difference in input level of only 3-4 db can cause several db 
of output difference. Because of this effect, when the FM receiver is 
tuned to an unmodulated carrier, the output noise will decrease. This 
decrease in noise is called quieting and will be described shortly but 
first we need to present more information on the FM detector. Figure 
8A-2 is only meant to illustrate the threshold effect in FM detectors 
and does not give absolute information. A more complete story of FM 
detection can be given with the help of Figure 8B-l. This figure 
shows the threshold effect and how it varies with the deviation ratio, 
D, defined as: 


D = Maximum instantaneous frequency excursion from the carrier 
Modulation frequency 


In theory, the signal-to-noise ratio for an FM system compared to an 


AM system is given by (Cook and Liff, 1968, p. 49) 


(Ss_) 
Cnn = 3p2 
m’ AM 


valid when the input SNR is high enough to put the detector above the 

full FM improvement threshold. Notice from. the figure that this threshold 
depends upon the deviation ratio. The higher the deviation ratio the 
more FM improvement, but the threshold has to be reached with larger 

and larger input signal-to-noise ratios. What does one sacrifice for 

this SNR improvement? The answer is bandwidth. The higher the FM 


deviation ratio, the larger the FM bandwidth. 


50 
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Figure BB-I. 
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A study* of FM modulation and bandwidth requirements, based upon 
Bessel functions and output signal distortion, shows that reasonable 
bandwidth rules can be obtained for various ranges of deviation ratio. 


These rules are summarized below: 


FM Bandwidth Rules 


0<D<« 0.25 FMBW - 2f 
0.25 <«D< 1 EMBW > St. 
1<D FMBW - 2(D + Df, (Speech) 


2(D + 2)fn (music) 


where ips is the maximum audio frequency to be transmitted. 


For low deviations (D < .25), the FM bandwidth is equal to the required 
AM bandwidth, but for deviations which will give a signal-to-noise 
ratio imporvement (D < = ), the required FMBW is at least twice 
that of the AM system. For a deviation ratio of 2, the required FMBW 
for music transmission is four times that needed for AM. Feldman 
(1966, p. 27) discusses quieting in an FM receiver. The FM sensitivity 


of a receiver can be specified by measuring the required input signal 


level that will give a specified output quieting ratio: 


QR = Audio noise output with unmodulated sinewave signal 


Audio noise output without sinewave signal 


* 

These rules were developed for presentation in an FM Two-Way 
Radio Course taught by the author for Engineering Extension at Iowa 
State University, Ames, Iowa. 
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Figure 8B-2. Typical Quieting Curve for a Wideband FM Receiver 
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A typical quieting curve is shown in Figure 8B-2 (some of the terms 
shown in the figure will not be defined until Chapter IX). The quieting 
ratio is specified in db (usually 20 or 30 db) and is high enough to 
get above the FM threshold. 

Besides FM quieting there are methods of specifying FM sensitivity 
which employ the recovered audio of the system. These methods are 
designed to test the quality of recovered audio. The additional 


methods are discussed in Section IX-C. 


C. Tangential Noise Sensitivity (PCM Systems) 


For systems which employ pulse-code modulation (PCM) such as for 
radar and data transmission, the pulse receivers are probably best 
tested with a pulsed test signal source. This is a complete system 
test and takes into account the affect of the detector on signal-to- 
noise ratio. The minimum detectable signal is a hard criterion to 
define for any system and usually requires a knowledge of communication 
theory and detector operation. The best minimum detectable signal 
criterion that has been found for pulse receivers is the Tangential 


Noise Sensitivity measured using a pulse generator and an oscilloscope 


for a sensory transducer. The measurement is described with the help 
of Figure 8C-I. The sinewave test generator is pulsed on and off so 
that the output of the pulse detector is an ac noise signal superimposed 
on two de output levels. The output ac noise voltage is described as 
"grass" because, when the sweep rate of the scope is much slower than 
the reciprocal bandwidth of the predetection filter, the waveform looks 


like grass. The output of the pulse generator is adjusted so that the 
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Figure 8e-l. Waveforms Representing Tangential Noise 
Sensitivity Measurement 


bottom of the "grass" during the "pulse on" period is even with, or 
tangent to, the top of the grass during the "pulse off" period. 
Measurements taken by qualified observers showed (Montgomery, 1964, 
p. 228) that accuracies no better than 1 to 2 db can be expected with 
this method. Actual data taken showed a 2db standard deviation for the 
reported mean value for all observers. Repetitive measurements by a 


single observer showed a deviation from the mean of less than 1 db. 


The actual value of tangential sensitivity will depend upon the detector 
type and the subjective evaluation of the observer. The observer tests 
reported above also determined that the value of peak pulse input power 
needed to give a tangential signal was 9.2 db above that needed to give 
an output signal-to-noise ratio of unity. A square-law detector was 
used in these measurements. A discussion of sensitivity measurements 


for wideband pulse receivers is given by Klipper (1965). In his paper, 
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Klipper presents the power sensitivities for square-law and linear 
detectors based upon several criteria. The criteria of tangential 
sensitivity and unity output SNR will be summarized here. If the 


predetection bandwidth is much greater than the postdetection bandwidth 


(Bh»B, ), the sensitivity equation given by (8A.1) becomes 
E Z 
f —___2>__— (8C.1) 


“ 4k T) Ry [K)7/2 BBP] 

where SpBy = K) af2 BB). The factor Ky is a numerical constant whose 
value depends upon both the detector type and the measurement criteria. 
Klipper (1965) has given values of Ky for square-law and linear detectors. 
The values of Ky for unity SNR (So/No = 1) and tangential sensitivity are 
given in Table 8C-l. For the purpose of judging when the signals are 
tangent, Klipper employed a value of 3.5 oN as the practical top of the 
"grass". When tangential sensitivity and unity SNR are compared on this 
basis, the input signal required for tangential sensitivity is 8.5 db 
higher, or equal to the ratio of the respective KD's. This number 


compares favorably with the 9.2 db reported in Montgomery (1964, p. 228). 


Table 8C-l. Sensitivity constant, Ky? for square-law and linear 
diode detectors. 


Detector Type S/N =1 Tangential Sensitivity Ratio 


Square-law 1 7 ~ 8.5 db 


Linear diode 1/2 3.5 ~ 8.5 db 


332 


The power sensitivity of the receiver in terms of available input 


power in dbm, is from Equation 8C.1 


E2 
2 a Gi; So | : 
aR (dbm) = Si(dbm) 114 + 10 log F + 10 log K,) + 10 log y28,B 


(8C.2) 


where and are in MHz. From this equation and the values we see 
q 


that the linear diode detector is 3-db more sensitive than the square- 


law detector. 


D. Noise Factor and AM Sensitivity 


In Chapter VII a special definition of "linear" receiver was used 
when talking about noise factor and AM sensitivity. Montgomery (1964, 
p. 233) uses the term "linear-gain receiver" to describe the same 
property. The linear-gain receiver is defined to be one in which the 
output power is proportional to the input power. This distinction is 
important to sensitivity measurement theory. The sensitivity of a 
linear-gain receiver is completely specified by Equation 8A.I. When 
this equation is applied to a linear-gain receiver the measured sensi- 
tivity can be specified by two factors; the predetection signal-to- 
noise ratio and the mean-square value of test signal needed to obtain 
it. Each measurement technique that is presented in the following 
sections will follow the same procedure; the type of test signal source 


is specified which determines EB then the detector type is specified 
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which determines the functional relationship between the measured output 
ratio, M, and the predetection signal-to-noise ratio, S 

The special forms of Equation SA.l which apply to each measurement 
will be derived along with information on how to determine the functional 
relationship between M and ms (Equation SA.3). The theory will be 
discussed by detector type and test generator type. The fundamental 
quantity of noise factor will be used throughout this section because 
it is fundamentally related to the actual measurements and because 
equivalent noise temperature and receiving system power sensitivity 
are related to noise factor through definitions. To better define the 
concepts involved, the first two articles of this section will deal 
with the definition of noise factor and how to specify the test signal 
generator. Figure SD-l is a simplified block diagram for sensitivity 


measurements. 


1. Noise factor measurement theory 


The noise factor method of specifying receiver sensitivity is 
completely independent of the widely variable factors of receiver band- 
width and gain or, as in the case of AM _ sensitivity, signal generator 
characteristics such as modulation percentage and distortion. Also, as 
an added bonus, the noise factor specification is independent of the 
input impedance of the receiver. The attractiveness of the noise factor 
specification has resulted in its use to specify not only receivers, but 
a wide variety of active electronic amplifying devices. Various defini- 
tions for noise factor exist and are successfully applied to many 


devices but one has to be cautious to avoid applying them incorrectly. 


Test Signal Source 


Figure 8D-I. 


Device or Detector 
Component Being or 
Tested Demodulator 


Simplified Block Diagram for Sensitivity Measurements 


Sensory 
Transducer 


HEE 
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After becoming familiar with these gefinitions, it is possible to 
simplify many calculations by choosing the one most appropriate. It 
is to this end we now discuss the definitions. 

North (1942) defines noise factor as, "the ratio of actual noise 
power to that developed by an ideal receiver". Taken out of context, 
the definition sounds nebulous but when the ideas which are presented 
are correlated, the definition may be stated as: 

Noise factor is the ratio of actual noise power 
output from a noisy receiver connected to an 
antenna to the noise power output from a noise- 


less but otherwise indentical receiver connected 
to the same antenna, or 


= Total noise power at the output _ (8D.1) 


Noise power at the output due only to the antenna 


Applying North's definition exactly was a problem however, because it 
left too much room for interpretation when trying to define such things 
as "antenna" and "noiseless receiver". The definition also was dependent 
upon assigning a particular reference temperature, Ty to the antenna. 
This is equivalent to saying that we don't want the denominator of the 
noise factor definition to go to zero because: 


Lim F = @& 


eer (8D.2) 
oO 


To remedy these difficulties, more strict definitions have been developed, 
including an IRE(IEEE) standard in 1963b. 
The explicit definition of noise factor can be best illustrated by 


the use of Figure 8D-2 where the source could be an antenna, a noise 
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Figure 8D-2. Circuits for Noise Factor Definition 


generator, or the Thevenin's equivalent of the output of a previous 
stage. 

Figure 8D-2a shows the noisy receiver with equivalent noise 
generators referred to the input. Figure SD-2b is the same circuit 


except the receiver noise generators have been omitted. 


Jai 


The quantities in the figure are defined as follows: 
R. = Source resistance (may be antenna radiation resistance, 
test generator resistance, or the Thevenin's equiva- 
lent resistance of the previous stage) 


ee = RMS voltage of the test signal generator 


2 : 

¥. = 4k R, ay Af, the mean-square value of noise voltage 

for R 
s 
gil ee = Equivalent noise generators for the noisy receiver or 

amplifier, undesired noise (see Section IV-E) 

Noo = Noise power output when the noisy receiver is in the 
circuit 

No) = Noise power output when the noisy receiver is replaced 


by an ideal noiseless receiver. 
The noisy receiver is actually any noisy two-port, described by its 
noise parameters and its noiseless two-port matrix coefficients. The 
exact definition of noise factor, dependent upon the reference tempera- 


ture Ty > is (see also the Appendix, Part H): 


b= NOISE FACTOR (8D.3) 


Several restrictions and definitions subtle to the definition are 
listed for clarification: 
1. The noise factor definition is dependent upon the 
reference temperature qT, which is now generally 


* 


accepted to be 290° K. 


*This value has been adopted by the Institute of Electrical and Electronics Enginners 
as a standard, so that all receivers can be evaluated and compared to each other based 
on their noise and sensitivity characteristics. 
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2. The ideal noiseless receiver is derived from the 
noisy receiver by letting all internal noise source 
temperatures go to zero so that a ae =I =0. 

3. The result of simply "turning off" the noise sources 
to obtain the ideal receiver is that all of the 
noiseless two-port parameters remain the same, so 
that the receiver gain Gand the terminated two-port 
admittances Yon and Yere unchanged. 

4. The restriction that the entire system remain linear 
is still needed and it must be emphasized that noise 
factor is only meaningful for a linear two-port. 

5. When specifying the noise factor of a two-port, it 
is necessary also to specify the source resistance R.. 

An alternate, and very useful definition for noise factor is obtained 
using the idea of signal-to-noise ratio. 

The source in Figure 8D-2 includes a noise voltage, Vv and a 
signal voltage, a The ratio of ae to v2 defines the signal-to- 
noise ratio available to the receiver and it is surmised that an 
ideal receiver would preserve this ratio; certainly we could not 
expect to improve it! The definition is derived as follows; the 
signal power output So is Gtimes the signal power input Ss. and 
from the previous definition of noise factor (Equation 8D.3 or 8D.I) 


GN.+GN, 
pS: c (8D.4) 
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where N = Available noise power at the receiver input 
due to V 
n 
N. = Available noise power at the receiver input due 


to the internal noise of the receiver. 


Divide the numerator and denominator of (8D.4) by GS, to get 


GN, + GN, GS, 
GS, GN (8, IN.) 
—_ iret (8D.5) 
GN, GS Po 
GS GN, + GN 
i i xr 


which is the ratio of available input SNR to available output SNR. For 
a noiseless receiver (F = 1) the signal-to-noise ratio is preserved. 

It is impractical to measure noise factor directly using the signal-to- 
noise ratio definition but we use this definition to obtain measurement 
techniques which are practical. 

The IRE definition of noise factor is taken from two standards 
published in 1957 and 1963b. To quote the definition, "Noise factor 
(Noise figure) of a two-port transducer; at a specific input frequency, 
the ratio of: 

1. The total noise power per-unit-bandwidth (at a 


corresponding output frequency) available at the 


output port when the Noise Temperature of its input 


is standard (290° K) at all frequencies (Reference: 


Definition for average noise factor) to, 
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2. That portion of 1. engendered at the input frequency 
by the input termination at the Standard Noise 
Temperature (290° K). 

Note 1: For heterodyne systems there will be, in principle, 
more than one output frequency corresponding to a 
single input frequency, and vice versa; for each 
pair of corresponding frequencies a Noise" Factor is 


defined. 2. includes only that noise from the input 


termination which appears in the output via the 


principal-frequency transformation of the system, i.e. 


via the signal-freguency transformation(s), and does 


not include spurious contributions such as those from 


an unused image-frequency or an unused idler-freguency 


transformation. 


Note 2: The phrase "available at the output port” may be re- 
placed by "delivered by system into an output termina- 
tion. 

Note 3: To characterize a system by a Noise Factor is meaningful 


only when the admittance (or impedance) of the input 


termination is specified. 
The underlined words in the definition were added in the 1963b Standard 
for increased clarity. 
The available input signal-to-noise-ratio is simply the ratio of 


available powers of ae and +‘ or 
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Br 

ee: E 2 
S; AR g 
== = ar, (8D.6) 
N, ve 4kT R BL 

4R 


where Be is the noise bandwidth of the receiver. The output signal- 
to-noise ratio is really the predetection SNR, Sp' and is only related 
to the actual receiver output SNR, Sm’ Substituting (8D.6) and Sp 


into the definition of (8D.5) gives 


-F =O 
[4 k q. R, BL 


which is the same as Equation 8A.1. 


2. Test signal sources 


There will be three types of test signal sources to consider: 

1. A noise voltage generator which produces an equivalent 
mean-square value, E,” =4k R. AT Bee AT is the excess 
noise temperature of the generator. 

2. An unmodulated sinewave voltage generator with mean- 
Square value os 

3. An amplitude modulated sinewave generator with modulation 
index m which produces a mean-square voltage of nv E,” 

when only the recovered audio produces an output. 


The noise factor equation of the form of (8A.1) is modified by the type 


of generator employed. The following equations are obtained for noise 
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factor by substituting in the mean-square values of test signal 


voltages: 


1. Noise Voltage Generator 


F = —f_ (8D.7a) 


2. Unmodulated Sinewave 


E 2 
g 
— 8D.7b 
r Sp [4k qT; R, BhJ ( ) 
3. AM Sinewave 
m2E 2 
F (8D.7c) 


& g 
r as [4 k T, R, BhJ 


Notice that the measurement of noise factor using a noise source 

(8D.7a) has eliminated all considerations of effective predetection 
noise bandwidth. This is the primary reason why noise sources are 
preferred for test signal sources when very accurate noise factors 


must be measured. 


3. Detectors for noise factor measurements 


The following presentation of the characteristics of detectors for 
noise factor measurements represents the most commonly used techniques. 
Others which are not presented may be equally valid. 


The square-law detector will be presented first. For a measurement 


where the test signal is a noise voltage generator the ratio of the 
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output dc voltages with and without noise signal is given by (Chapter 


VI, Equation 6.86) 


oO 
s i (EE - 1) (M,. = 4) (8D.8) 
(0) 


where 


Detector de output with generator "on" 
Detector dc output with generator "off" 


The measured noise factor then becomes: 


(8D.9) 


When the test signal is an unmodulated sinewave, the mean-square voltage 
is ES and the predetection SNR is still given by Equation 8D.8 and the 


resulting noise factor becomes: 


2 
E 


(8D.10) 
c 1)[4 k qT R, Bd 


r (My 


Since the ac output voltage of a square-law detector is proportional to 
the input noise temperature (Equation 7.46b), the ratio of ac output 


voltages also determines the predetection SNR i.e. 
S =(M._.- 1) (8D.H) 
where 


= Detector ac output noise voltage with generator "on" 
ac Detector ac output noise voltage with generator "off" 
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The measured noise factor then becomes 


AT 
r @&- DT, ene 
ac re) 
which is the same form as Equation BD.9. The square-law detector with 


a modulated sinewave input will not be discussed. 


The linear-diode detector is the next most useful detector for 


sensitivity measurements. When the test signal is noise, the predetec- 


tion SNR is related to the measured de ratio by (Equation 6.97) 
‘= (me - 41) (8D .13) 


which gives a resulting noise factor of: 


FE = AT (8D.14) 
- 1) T, 


When the input is an unmodulated sinewave, the measured output dc ratio 
is related to the predetection SNR by the transcendental (7.92). 

Data for the solution to this equation was given in Table 6-2. For the 
special case where the measured dc ratio is two (Mac = 2), the predetec- 
tion SNR is 2.60. For larger predetection signal-to-noise ratios, the 


approximation given below is valid 


ie 


S 


: i gM, avi Gi. S52 (8D .15) 


de — 
which gives for a measured noise factor: 
E 2 


F os :———q« (8D .16) 
2) [47k TR BBY 
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The product detector behaves the same as the square-law detector 


when the test signal is noise. This means Equations 8D.9 and 8D.12 are 
valid for the product detector. The product detector with a sinewave 
input will not be discussed. 


The peak-reading voltmeter can be used for noise ratio measurements 


i.e. the ratio of two ac noise voltages but should not be used for 
measuring sinewaves-plus-noise. The corrections which apply to noise 


measurements of absolute voltages are discussed in Section VI-A. 


The average-reading voltmeter can be used to measure noise voltage 
ratios and signal-plus-noise-to-noise ratios for large ratios (SNR>6 db). 
At large SNR's, the 1.05 db correction factor discussed in Section VI-B 
must be applied. 


The true-reading RMS voltmeter or power meter can be used to measure 


predetection signal-to-noise ratios for either noise voltages alone or 
sinewaves-plus-noise. This instrument is capable of direct noise factor 
measurements provided the gain of the system is large enough to produce 
measurable powers (usually around -20 dbm). 


Sensitivity measurements using an AM demodulator can be made using 


either a noise source or a modulated sinewave generator. When the noise 
source is used as a test signal, the output SNR of the detector is 
assumed to be the same as the input SNR. This is valid when both the 
receiver noise and the noise of the source have the same spectral and 


statistical properties, hence 
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or 


8 8 IN, (8D.17) 


where 8, is the power output due to the test signal and N, is the power 
output due to receiver noise and source noise. The measurement at the 
output is the ratio of the noise power output with test signal to that 


without or the signal-plus-noise-to-noise ratio which is: 
= a (8D.18) 


Combining (8D.16) and (8D.15) we get the relationship between input SNR 


and measured signal-plus-noise-to-noise ratio, 


s, +N 
8, [== one 1 (8D.19) 


N 
fe) 


which gives a measured noise factor of: 


F 5 ee (8D.20) 
F o tN T 


—N IT 


0 


The input excess noise temperature, AT is that which produces the ratio 
(8 +N )/N * 
) 0 0 

When the test signal generator is an AM sinewave, the mean-square 
input voltage which determines the recovered audio is mE, 2 where m 
is the modulation index. For large predetection signal- 
to-noise ratios (SNR > 6 db) the detector threshold effect can be 
neglected but the equivalent noise bandwidth must be determined. The 


noise signal measured at the audio output depends upon both the 
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predetection and postdetection noise bandwidths. In high quality 
receivers of modern design, the IF bandwidth determines the informa- 
tion bandwidth of the system and is approximately equal to twice the 
audio bandwidth. Quite often, however, the audio bandwidth is smaller 
than one-half the IF bandwidth. When this is the case, the average 
noise factor is determined by the audio bandwidth. If the noise con- 
tribution of the audio stages can be ignored compared to the IF noise 
output, the effective noise bandwidth for AM sensitivity measurements 
is determined for three conditions: 
1. The audio noise bandwidth is smaller than one-half 
the predetection or IF noise bandwidth, Be < ; B.° 
2. The audio noise bandwidth is larger than one-half 
the predetection noise bandwidth, Be > > Bh’ 
3. The audio noise bandwidth is nearly equal to one- 
half the predetection noise bandwidth, Be = 5 Bh: 


The measured noise factor determined by AM sensitivity is 


ie 
2 ee Be 
Fe =a +N, (8D.21) 
[ N, -1] (eT, RBI 


where B. is the effective noise bandwidth of the receiver. The effective 


noise bandwidth is, for the first two cases above: 


a i 
1. B, = 2B, when B <> 8B 


L h 


1 
2. B. BL when BY > 2 B, 


348 


For the case where Be si ; Be the composite bandwidth of the predetec- 
UOH and postdetection filters must be used. This composite or effec- 
tive noise bandwidth can be determined by measuring the total receiver 
frequency response from RF input to audio output. It usually has a 
value very close to the predetection noise bandwidth, B 

Figure 8D.3 is a summary of the results in this section. The 
following quantities are defined for additional clarity: 

AT = Excess noise of the noise source used as a test 


) 
generator, -K. 


Mean-square value of sinewave voltage. 


ok! 
i) 
tl 


m = Modulation index for amplitude modulation, 0 < m< 1. 
M,. = Ratio of detector dc output voltage with test source 
on to that with test source off. 


= Ratio of detector ac output voltage with test source 


ac 
on to that with test source off. 
S. N, 
i ees Ratio of output signal-power-plus-noise-power to noise 
) 
power alone. 
R. = Test generator source resistance, ohms. 


B, = Predetection equivalent noise bandwidth of the measure- 
ment system, Hz. 

B. = Composite or effective noise bandwidth for an AM 
receiver. In special circumstances it is equal to 
either predetection or postdetection noise bandwidths. 


T = Standard Temperature, 290° K. 


Test Signal Type 


Noise 


Fae = 4kATR Be 


Unmodulated 
Sinewave 
E 2 
g 


Modulated 
Sinewave 


m2E 2 


Notes: S +N a 
M wo , ac output ratio in db =10 log ( N mo) = 2Q log (Mio) 


0 


Detector Type 


AM Demodulator 


Not Meaningful 


aa oD Not Meaningful 
2 Bae) [4kT RBI 


(0 ° _1)[4kT RB J 
——No osc 
S_+N 


0 


Figure 8D-3. Summary of Measurement Equations 
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When making sensitivity measurements, one must distinguish between a 


measured output voltage ratio, M. and a measured output power ratio 


(8 _ +N )/N. If the output level change is measured in db, this must 
Oona 
be converted to a numerical factor by one of the conversions: 


8 +N 
Ratio in db =10 log (0 N o 


oO 


20 log (M,.) (8D.22) 


The results of this chapter will now be applied to practical techniques 


for measuring sensitivities. 
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IX. SENSITIVITY MEASURING METHODS 


The purpose of this chapter is to present the commonly used tech- 
niques of measuring sensitivity. It is not possible to enumerate all of 
the various combinations of measuring systems and specifications so 
only the most common ones will be presented. Much of the basic theory 
underlying these techniques is presented in other chapters and will not 
be repeated. The details of measurement accuracy will not be given here 
but are reserved for Chapter X. No amount of detailed theory can sub- 
stitute for good common sense when it comes to making accurate sensitivity 
measurements. The paramount consideration in all of the techniques that 
will be discussed is: how can measurement errors be minimized by care- 
ful technique? The techniques are grouped according to the type of 


generator used to make the measurement. 


A. Using Noise Generators 


The use of a noise generator to measure the noise factor or equiva- 
lent noise temperature of a linear-gain receiver or linear two-port 
network is popular because the noise bandwidth of the system does not 
have to be known and noise generators are capable of giving the best 
accuracy. These reasons account for the fact that high accuracy noise 
factor measurements are made using commercially available noise sources 
and automatic noise-figure meters. It is recommended that, whenever 
possible, the sensitivity of "linear" systems should be measured using 


a calibrated noise source. 
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1. Noise sources 


There are four noise sources which are commonly used to make noise 
factor measurements. They are: 
1. Hot-cold noise source 
2. Temperature limited noise diode 
3. Gas-discharge noise source 
4. Solid-state diode noise source. 


The hot-cold noise source is constructed using two calibrated 


resistive terminations, one at a "hot" temperature and one at a "cold" 
temperature. This arrangement allows the receiver noise to be measured 
using two different source temperatures. The schematic representation 
of a hot-cold noise source is shown in Figure 9A-] (adapted from 


Pastori, 1967). 


The temperature-limited diode noise source was discussed in 


Chapters IV-B and IV-F. The deleterious effects of stray reactance and 
transit time in noise diodes will be discussed in Chapter X. 


The gas-discharge noise source produces broadband microwave noise 


by current flow in a gaseous plasma. The noise produced by the plasma 
is coupled to a coax or waveguide to be used as a noise source. The 
construction and operation of gas-discharge noise sources is discussed 
by Hart (1962), Pastori (1967), and Trembath (in Mumford, 1968, p. 709). 


The solid-state diode noise source uses the noise produced in the 


breakdown of a diode junction. The solid-state noise source can produce 
much higher levels of noise than the other types of sources. Excess 
noise ratios of 25-40 db are typical. 


The important characteristics of any noise source are: 
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Figure 9A-l. Schematic Representation of a Typical Hot-Cold 
Noise Source 


1. The characteristic impedance, R.° 
2. The value of the two characteristic noise temperatures, 
qh and Ty: 
For noise diode and gas-discharge noise sources, the "cold" tempera- 
ture is Ty and the "hot" temperature is the effective noise temperature 
of source due to the added noise. The added noise is referred to as 


excess noise (Appendix, Part G). Thus for these types of noise sources, 
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the important characteristics are impedance, R.. and excess noise ratio. 


The excess noise ratio is defined as 


ENR = 10 log R..? (9A.1) 
Ts Tae 
where Ro ==>—- = 7 * 
ex T T 
) ) 
T, = T)> the "cold" temperature 
T,. = Th-T.' the excess noise of the source 
ex ) 
Th = the "hot" temperature. 


Table 9A-1 summarizes the typical characteristics of commercially 


available noise sources. 
Table 9A-1. Typical noise source characteristics 


Source Type R, ohms VSWR ~~ ENR,db Pe ce ie T_, oK 


Noise diode 50 1.2 5.2 1250 290 
10-30 MHz (+0.2) 4 
(+46) 
Noise diode 50 1.3 6.6 1616 290 
600 MHZ (+0.5) ere 
-145, 
Hot-cold 50 1.2 373.3 771.8 
0-6 GHz (+2.0) (+2.0) 
Gas-discharge 1.2 15.6 10,819 290 
0.4-18 GHz to (+0.6) (+1560) 
3.0 -1358 
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2. Y-Factor method 


The so-called Y-Factor method of measuring effective noise tempera- 
ture or noise factor is the most general method for linear-gain receivers. 
It is based on the fact that if the predetection output power is measured 
at two different levels of input source temperature, the effective noise 
temperature can be determined from the resulting power ratio. Figure 
9A-2 is an idealized schematic representation of the measurement tech- 
nique. 

Y-Factor is the ratio of output noise power with the source at 


effective temperature T, to the noise power output when the source as 


2 


at temperature Ty * Y-Factor is essentially a predetection signal-plus- 


noise-to-noise ratio for two noise sources. 


Noisy 
Linear-gain 


Power 
Detector 


Device 


G 


Hot-Cold 
Source 


Figure 9A-2. Simple Representation of Y-Factor Method 


Applying the definition with the help of Figure 9A-2 we get 
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N kK Wd,+T) BG T, + T, 


Y= 2 ————— (9A. Z) 
Noi k (T, + T.) B, G qT) aT 
where Noz = available output noise power when the source at 


temperature Tr, is connected. 


Nor = available output noise power when the source at 
temperature T is connected. 
T effective input noise temperature of the device 


being measured. 

Be = predetection noise bandwidth of the RMS power 
meter or the equivalent noise bandwidth of the 
measuring system. 

G = Transducer gain of the device being measured. 

T, = Noise temperature of source #Z. This is the 
"hot" source (T 7 > T))- 

T Noise temperature of source #1. This is the 


"cold" source (T, < Tz)’ 


The effective input noise temperature of the device is determined by 


solving (9A.Z) for To: 


(9A.3) 


Noise factor is obtained by substituting T. into the defining equation, 


Ti =(F - 1) Ty» to obtain: 
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T. AE 
oe 
To 
F=14 *—* (9A.4) 
(Y - 1) 


When a hot-cold source is used, equations 9A.3 and 9A.4 cannot be 
simplified but when a noise diode or gas-discharge source is used, the 


"cold" temperature T becomes standard temperature. For these sources 


ee 5 (94.5) 


where Toy is the excess noise temperature. Substituting these relation- 


ships into Equations 9A.3 and 9A4 gives: 


eee. eee 
tee te (9A.6) 
a 
T 1) i R 
@) ex ex 


F= (9A.7) 


Cay Say: ea) 


Equation 9A.7 can be compared to Equation 8D.17. We see that AT = Tes 
and the measured Y-Factor is simply the measured predetection signal- 
plus-noise-to-noise ratio. 

The simple test setup shown in Figure 9A-Z is usually unpractical 
because it requires a very accurate RMS power detector and a device gain 
high enough to give usable readings. A more practical test setup is 


obtained by a modification of Figure 8-1. This scheme is illustrated 


in Figure 9A-3. The key to this system is a calibrated variable 


Noise 
Source Noi |__| Calibrated 
T oisy 
2 = ; : Variable 
T Linear-Gain 
oe R 
1 : 0 Attenuator 
T Device 
ex ; 2 ng 
1 2 3 


Noise 
Power 2 


Detector 


SG 


Relative 


Indicator 
(Output Meter) 


Figure 9A-3. A Practical Test Setup for Measuring Effective Noise Temperature or Noise 


Factor by the Y-Factor Method 
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attenuator of high resolution. The measurement procedure is as follows 
(assume T, > TD: 
1. The input is connected to source #1 (the "cold" 
source) and the attenuator is set for a convenient 
reference power output, Nor: 
2. Next, the input is switched to source #2 (the "hot" 
source) and the attenuator is adjusted until the 


same relative output is again achieved. 


3. The attenuator will now indicate the ratio of the 


two output powers as the Y-Factor: 


Y-— I, 22) 


The accuracy of the measurement will depend primarily on the 
accuracy of the noise source and the attenuator. The detector used 
does not have to be linear in power because it is used for only relative 
indications, any type of ac voltmeter is satisfactory. The location 
of the calibrated Y-Factor attenuator in the actual measurement circuit 
is not critical as long as the following three criteria are observed: 

1. The attenuator must be in a constant impedance circuit 
and the reflection coefficients of its terminations 
must be very low. 

2. The attenuator must be inserted far enough after the 
noise factor determining elements so its’ loss will 
not affect device noise factor. 

3. The attenuator must be inserted before the detector 


to eliminate detector errors. 
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In a few special cases, the attenuator can be inserted after the 
detector but only when the detector is nearly linear in power and when 
the errors introduced by detector power nonlinearity can be tolerated. 
Since Y-Factor is really a predetection signal-plus-noise-to-noise 
ratio, it can be related to the SNR's developed in Chapter VIII-D. 

With the help of Figure 8D.3 we can relate Y-Factor to the postdetection 
measured quantities for the following detectors: 


Sgquare-law 


Y=M 
oe (9A.8) 


Y=Ma 


Linear-diode 


Y =M, 2 (9A.9) 


AM Demodulator 


5 +N 
ye 2 (9A.10) 


N 
Ce) 


For the AM detector we must assume a linear power characteristic before 


(9A.IO) is valid. 


The noise figure in terms of Y-Factor is obtained by taking the 


log of both sides of Equation 9A.7 to get: 
R 
10 log F = 10 log ly ex, ] 


NF = 10 log R.x - 10 log (Y - 1) 


NF = ENR - 10 log (Y - 1) (9A.11) 
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The excess noise ratio in db is defined by Equation 9A.1 and can be 
related to excess noise temperature. Figure 9A-4 is a plot of Y-Factor 
V.S. noise figure as given by Equation 9A.1]]. The dependence of 
measured Y-Factor on excess noise ratio is clearly illustrated. These 
curves also show the steep slope for small values of Y and indicate 
the poor measurement accuracy for Yab less than one db. The actual 
error is given by Equation 10E.46a in Chapter X. 

When a hot-cold noise source is used in the Y-Factor technique 
the concept of excess noise ratio is no longer meaningful if the cold 
source is not at standard temperature. When this is the case, Equation 
9A.3 is used to determine effective input noise temperature. The 
"hot" temperature is limited to values which will not destroy the 
resistive termination and yet are high enough to give usable Y-Factors. 
Possible hot temperatures which can be produced with good accuracy are: 

1. Steam point at STP, 373.16 OK 
2. Melting tin, 504.35 OK 
3. Melting lead, 600.46 oK 
4. Sulphur point, 717.76 
Possible cold temperatures are: 
I. Water triple-point, 273.16 ok 
2. Freezing mercury, 234.30 ok 
3. Dry ice (CO, ), ~ 195 oK 
4. Boiling liquid oxygen, ~ 90.2 ok 
5. Boiling liquid nitrogen, ~ 77.3 oK 
6. Boiling liquid hydrogen, H,. ~ 20.4 OK 


7. Liquid helium, ~ 4.2 oK 


NF — Noise Figure in db 
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Yap - Measured Y-factor in db 


Figure 9A-4. Noise Figure as a Function of Y-Factor for Various 
Values of the Excess Noise Ratio of the Noise Source 
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The selection of termination temperatures for Y-Factor measurements 
depends upon the relative value of qT, to be measured. This can be seen 


by factoring (9A.3) into the form: 


Y Tl 
Z 


TZ 
ue pease Om Ue (9A.1Z) 
Because qT. is always positive we can observe the following limits for 


(9A.1Z) : 


Ty 
1<Y = (9A.13) 
] 


The upper limit for Y and hence the accuracy of the measurement is 


determined by the ratio of TZ/T For typical equivalent noise tempera- 


1: 
tures of 100-500 aK. the ratio TZ/T, needs to be greater than about 1.5 


to get reasonable accuracy (actually T, also affects the accuracy as 


will be discussed in the next chapter). Based upon these criteria, 


reasonable choices for hot and cold temperatures are: 


1 T, = 373 oK 
TZ/T | = 1.91 
T2195 oK 
Zi Te 373 oK 
T/T, = 4.82 
T 77.3 oK 


— 
ll 


These temperatures are selected because they are the ones most likely 


to be available in a lab. Effective noise temperature as a function 
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of Y-Factor for these two hot-cold sources is given in Figure 


9A-5. 


3. Noise diode method (3 db method) 


A special case of the Y-Factor method that is commonly used to 
measure noise factor is the noise diode method. This method is 
probably the simplest and most readily available manual technique for 
measuring noise factor. The noise source is a diode noise generator 
terminated with a source resistance, R. The excess noise of the 
source determines the hot temperature T, and the cold temperature is 
the temperature of the source resistance which is at standard tempera- 
ture. The ratio of noise power output when the diode is on to that 
when it is off is the Y-Factor and in terms of the excess noise tempera- 


ture, the noise factor is, from Equation 9A.7 


-F =—_—— (9A.14) 


where the excess noise temperature of the diode is (from Figure 4F.2) 


q!. 
pS 9A.15 
Tex 2k G, 
where T. = excess noise temperature of the noise 


ex 


diode source, ok 
Y = measured Y-Factor 
T = standard temperature, 290 oK 


| diode saturation current, amperes 


=) 


K 


Effective noise temperature, 


N 


@) 


Nn 


Figure 9A-S. 
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Y-factor in db 


Effective Noise Temperature vs Y-Factor for 
Two Hot-Cold Noise Sources 
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G =source conductance of the noise source, mhos 
k Boltzmann's constant 


q electronic charge. 


The circuit of Figure 9A-6 illustrates two possible techniques 
for measuring noise factor using a noise diode. 
The following measurement procedure is recommended for the circuit 
of Figure 9A-6a: 
1. The noise diode is turned off Cd, - 0) and a relative 
noise power output Noy is noted. 
2. The noise diode is turned on and the diode current is 


increased until a reasonable increase in noise power 


output is obtained. The noise power output is now Ny - 


3 
ae. I 
=2 
n 4 
N 
Diode Noise 1 Transmission 2 
Generator Line 
(a) 
a 
3 O------— 
O-—-O.s > > --- 

. C) F 
Linear ‘ és My 
Noisy 

R 
Receiver © 
3 Attenuator 


(b) 


Figure 9A-6. Circuits for Measuring Noise Factor with a Diode 
Noise Generator 
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The measured noise factor for both the receiver and transmission 


line can be computed from the combination of Equations 9A.14 and 9A.15 


as 

F a Re s 

a eae Te Wd) 4) (9A.16) 
where R, is the source resistance and Y =Ny/No} - 


The quantities q, k, and Ty are physical constants. If these 


constants are substituted into (9A.16) the result is T, = 290 °K): 


—_S__ 
Be, 20UR ee ay (9A.17) 


When the receiver is designed to operate with a source resistance 
of 50 ohms and the output power level change is predetermined as 2 to 1 
(a 3db change), Equation 9A.17 is simplified further by substituting 


R. = 50 ohms and Y=2. Doing this gives 
F = Ie (ma.) [R. 50n, Y = 2J (9A.18a) 


where the measured noise factor, for a Y-Factor of two, is numerically 
equal to the noise diode d.c. current in milliamperes. Equation 9A.18q 


is also seen in the alternate form: 


F_ = 1000 I (9A.18b) 
m s 
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There are many assumptions which are made to get the simple expressions 
of Equations 9A.18. These are: 
1. The noise diode is ideal so that (9A.15) is valid. 
2. The temperature of the source resistance is T, : 
3. The generator source resistance is 50 ohms. 
4. The power output increases by a factor of two when 
the diode is turned on. 
5. The diode filament temperature is variable so 
that the saturation current can be adjusted to 
give a Y-Factor of exactly two. 
It is easy to see from Equation 9A.18b that the minimum diode current 
is 1 mao corresponding to an ideal receiver with unity noise factor. 
Because the measurement involves the ratio of two noise voltages, 
the characteristics of the power detector are not critical and practically 
any ac voltmeter can be used. The circuit of Figure 9A-6b is recommended 
when the highest possible accuracy is needed. This technique eliminates 
any nonlinear-gain characteristics the detector may have. This circuit 
is analogous to Figure 9A-3 where the attenuator is switched in and out 
instead of being variable. When the diode is off, the attenuator is 
switched out and a relative power output, Noy is noted. Then the 
attenuator is switched in and the diode current is increased until the 
same relative output, No is noted. The noise factor is then computed 
from Equation 9A.17. For the special case where R. = 50 ohms and Y is 
2 (a 3db pad) the noise factor is determined from Equations 9A.18. 
The most important assumptions used in obtaining these simple 


measurement techniques are listed below: 
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1. The transmission line is assumed to be matched (R, = Z) 
to the noise source. For most situations, a VSWR of 1.1 
or less is adequate. 

2. Assume a linear-gain receiver. 

3. The transmission line output impedance at 2-2 presents 
the receiver with its specified source resistance. 

4. The attenuator, Y, is inserted into a constant impedance 
signal path so that reflection coefficients will not 
cause an error in the attenuation factor. 

The errors caused by source VSWR and attenuator reflection coefficients 
are discussed in Chapter X. 

The precise value of Y greatly affects the measurement accuracy and 
it is important that Y is neither too large or small. It is recommended 
that values of Y between 2 and 4 be used. Smaller values cause larger 
measurement errors and larger values require too much diode current. 

The effect of transmission line loss on measured noise temperature 
was discussed in Chapter IV-C. In terms of the true receiver noise 


temperature T > the measured noise temperature is 


= 9A.19 
Tea Neo, No 2) ( ) 
where die = receiver noise temperature 

T physical temperature of the transmission line 


Cc 


N= flat loss of the line, = P, Ip . 
n* out 


Solving 9A.19 for receiver noise temperature gives: 
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Fa 
eee iis qd -p a. 2) (9A.20) 


The noise factor of the receiver is obtained by substituting the 


relation, T = (F - 1) To: into (9A.20) to give 
(Foe i) == 1 = s) (9A.21) 
and if the temperature of the transmission line is nearly equal to 
standard temperature then qT = T, and the noise factor is reduced to, 
En 
Fini (9A.22) 
N 
or in terms of noise figure: 
NF. = 10 log r - 10 log N (9A.23) 


From this equation we see that when the transmission line is matched 
to the source (R_= Z) and is at standard temperature ([T_= _T ) the 
soa <—-xo 


line loss in db is simply subtracted from the measured noise figure 


to obtain the actual noise figure of the receiver. 


4. Gas-discharge noise method 


The use of a gas-discharge noise generator for measuring noise 
factor is similar to using a noise diode except that the excess noise 
temperature (or ENR) of the generator cannot be varied. The measure- 
ment setup needed is shown in Figure 9A-3. The noise factor is deter- 


mined by Equation 9A.7 or the noise figure is determined from the excess 
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noise ratio and Y-Factor using (9A.11). Figure 9A-7 is a plot of noise 
figure as a function of Y-Factor for an excess noise ratio of 15.6 + .6 
db. Tke dotted lines show the error limits resulting from the uncer- 
tainity in excess noise ratio. The gas discharge noise source is used 
at microwave frequencies where noise diodes cannot be used because of 
transit time effects. A problem unique to gas discharge noise sources 
is that the source impedance changes when the gas is fired (Pastori, 


1968b). The error introduced by this effect is discussed in Chapter X. 
B. Using an Unmodulated 8inewave Generator 


1. Power meter 

The use of an unmodulated sinewave generator for measuring noise 
factor is at best a "tricky business". The threshold effect in detectors 
is most pronounced when the signal is an unmodulated sinewave and the 
predetection signal-to-noise ratio is low. This creates a large 
potential for error because of the detector nonlinear power gain. The 
test setup of Figure 9A-6a can be used if the noise diode generator is 
replaced with an unmodulated sinewave generator and if the noise power 
detector is either a power meter or true-reading RMS voltmeter. For 
these conditions, the noise factor is computed from Equation 8A.1 where 
the predetection signal-to-noise ratio, > is written in terms of the 
predetection signal-plus-noise-to-noise ratio, (8 + NN. 

E 2 
cE (9B .1) 


m 8, +N 
~ ta a)te eT R B,J 
o's h 
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Figure 9A-7. Noise Figure vs Y-Factor for a Typical Gas Discharge 


Noise Generator 
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and 


B, ¢ effective noise bandwidth 
So * measured sinewave signal power 


No * measured sinewave noise power 


0 = Sinewave power plus noise power. 


No Noise power 


For a given receiving system, R,! B. and Fy are parameters of the 
system while Fe and the output signal-to-noise ratio are related by 
Equation 9B.1. The measured noise factor, Fy of the receiver is 
treated like a dependent variable in measurement theory equations. 
Because ae iS a system parameter, the signal oe and the signal-to-noise 
ratio cannot be considered as independent variables but rather that Es 
determines the SNR. When applying equation 9B.1] it is better to think 
of E as the input voltage that will produce a given output SNR subject 
to the constraints imposed by pe 

The predetection signal-plus-noise-to-noise ratio is measured by 
either turning off the generator or, better yet, tuning it off frequency. 
If the output ratio is doubled and the source resistance is 50 ohms, 


Equation 4B.1 can be reduced by making the following substitutiona 


4k Te. a 16x 10°79 watt-sec 


R= 50 ohms 


N 
0 = 2 (3 db) 


n 
|O 


which gives 


where 


Typical values of r range from .05 to 5 RMS microvolts. 


For an output signal-plus-noise-to-noise ratio of 10 db, 


(S_+ N )/N 
<a> 


<a> 
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BL = predetection equivalent noise bandwidth, Hz. 


(9B.2a) 


a = RMS sinewave voltage of the generator in hard 


microvolts. 


= 10, the noise factor is: 


E2 
F =1.39 x 105 —& 
m 


B, 


(9B.2b) 


When a power meter cannot be used for the measurement, it is possible 


to use a square-law detector or a linear-diode detector. 


2. Square-law detector 


The de output level of a square-law detector changes when an un- 


modulated sinewave is applied to the input. 


The measured noise factor 


can be determined from these dc ratios by applying Equation 8D.10: 


gE? 


F = 
m Ma. 


-1)C4k i: Ro BA 


A typical test setup for measuring noise factor using an unmodulated 


sinewave generator and a square-law detector is shown in Figure 9B-1. 
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Figure 9B-l. Test Setup for Measuring Noise Factor with a 
Square-Law Detector 


3. Linear-diode detector 


The dc output level of a linear diode detector will change when 
an unmodulated sinewave is applied to the input. The measured noise 


factor for de level changes greater than or equal to two (M 


> 
a 


is given by Equation 8D.14: 


E 2 
~ = = 


m , G Mio? - DI4kT, RB, 


F 
] 


The test setup of Figure BB-l can also be used for the linear-diode 
detector. 

The technique of putting a calibrated attenuator in the signal 
path cannot be used for the square-law or linear-diode detector because 


of nonlinear effects. 


C. Using a Modulated Sinewave Generator 


The use of a modulated generator implies that the output measure- 


ments will be made after some low-frequency amplifier which will amplify 
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the recovered audio signal. Because of this, the detector and audio 
amplifiers become an important part of the measurement problem. It 
will be assumed that the receiver is a linear-gain receiver and that 
the audio stages are linear for all levels of recovered audio. Some- 
times the audio stages are not linear, as for example when crossover 
distortion occurs, and this will introduce large errors in the measure- 
ment. The detector threshold effect must be accounted for or else the 
measurement must be made at a sufficiently high SNR to insure a linear- 
gain characteristic. As a general rule, the audio gain should be 
turned up as high as possible (1/2 to 3/4 of full) to insure that the 


noise generated in the audio stages will not affect the measurement. 


1. AM sensitivity 


In the AM sensitivity test, the test signal generator is amplitude 
modulated by a single audio tone and the output signal-plus-noise-to- 
noise ratio is measured as a function of input signal level. The actual 


measured quantity is 


S. +N ; 
fe) Oa Recovered audio power plus noise power 
N, Noise power 


because the recovered audio cannot be measured independently from the 
noise. The level of noise will be determined by the receiver noise 
factor and the temperature of the generator resistance. 

We now consider the test procedure and equipment necessary to 
make accurate and meaningful signal-plus-noise-to-noise ratio measure- 


ments. A typical AM sensitivity test setup is shown in Figure 9C-1. 
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Figure 9C-l. Test Setup for AM Sensitivity 


Before discussing the measurement, the minimum performance requirements 


on the test equipment will now be described. 


Signal generator 


The AM signal generator must be capable of AM modulation to at 
least 30% and preferably to 70% while maintaining low distortion and 
spurious output. In addition, it must have a calibrated RF output that 
is adjustable in the sub-microvolt region and the output must have a 
known impedance and VSWR. Finally, the frequency stability must be 
adequate to allow several measurements to be made without the inconveni- 
ence of stopping to reset frequency. Table 9C-l summarizes some typical 
values of the important AM generator specifications. 

The output level must be accurate because it determines the AM 
sensitivity measured. Regardless of the optimistic statements made by 
manufacturers of signal generators, it is very difficult to get accurate 
output levels much below one microvolt. The cause of this is seldom the 
attenuator calibration but most often is RF leakage. The high level RF 
voltages inside the generator leak out of the case and around coax con- 
nectors to upset the receiver input. This problem is solved either by 


very careful generator maintainence and calibration or by receiver and 
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Table 9C-l. Important AM signal generator specifications 


Specification Typical Values 
Output Level: 0.1 microvolts to 0.2 volts + Idb 
Output Impedance: 50 ohms, VSWR 1.1 - 1.2 
Modulation Percentage: 0-30%, 0-50%, 0-95% 
Modulation Frequency: 400 and 1000 Hz + 5% 
Modulation Distortion: Less than 10%, typical 2% at 30% AM 
Spurious AM: At least 30db down from the carrier 


and typically 60db down 


Drift: 5-50 parts in 10° per 10 min. 


generator isolation with a shield room. The generator impedance must be 
compatible with the receiver because the receiver is designed to give 

the best sensitivity with a specific antenna impedance. Attempts to 
measure the receiver sensitivity at impedances other than that specified 
will often result in measured signal-plus-noise-to-noise ratios that are 
very pessimistic. For more information about the effect of antenna 
impedance on receiver sensitivity, refer to the sections on RF translator 
noise and noise theory of two-port networks. 

The modulation characteristics of an AM signal generator are very 
important in determining the reliability and accuracy of AM sensitivity 
measurements. For example, the percentage of modulation is actually a 
measure of the AM sideband power in relationship to carrier power. 
Changes in the modulation percentage directly affect the sideband power 


which determines the recovered audio level. Because most published data 
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and methods assume sinewave modulation, it is important to realize that 
the real criteria is percentage of sideband power and that distortion 
can cause this power percentage to differ from that obtained assuming 

an ideal sinewave. When using other types of modulation, it is important 
to consider a correction factor for correlating the data with that for 
sinewave modulation. Large ratio measurements require the RF signal to 
be relatively free from spurious AM output. Hum and incidental AM may 
degrade the pure RF carrier from the generator and limit the St NN. 
ratio at the receiver input. In any case, the signal generator should 
have spurious AM that is 10db better than the Sot YON ratio to be 
measured. 

The last specification to be discussed, and often the most frustrat- 
ing problem, is that of frequency drift. The RF carrier must be stable 
enough so that the signal and AM sidebands will remain inside the re- 
ceiver passband long enough to make careful measurements. This means 
that, in a typical AM receiver with 6 KHz IF bandwidth and a RF carrier 
with I KHz audio sidebands, the carrier frequency must not drift more 
than + 2 KHz from center frequency or serious envelope distortion will 
occur. A good signal generator will remain within 200 Hz of the received 
frequency for at least one minute which is enough time to get two or 


three ratio measurements. 


Detector 
Since all AM detectors will not exhibit the same threshold char- 
acteristics it is important that threshold effects be minimized. To 


insure this, it is necessary that the signal-to-noise ratio for the 
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measurement be considerably larger than unity. It is recommended that 
a ratio, at the output, of at least 6 db be used. For more information 


on AM detector requirements refer to Chapter VIII-D. 


Measurement technique 


The setup of Figure 9C-l can be used to make Sot WN ratio 
measurements. Before taking data, the user must check receiver operation 
to make sure it is operating linearly in power and with sufficient 
dynamic range to measure the desired ratio. This means that receiver 
AGC must be disabled and total gain must be low enough to prevent 
saturation on signal peaks. The procedure is as follows: 

a. Set the signal generator RF to a level well above the 
threshold response of the receiver, usually a 20db 
excess. 

b. Modulate the carrier at the desired percentage and 
frequency. Record the audio output power level. 

c. Turn off the modulation and note the decrease in 
audio output power. 

d. This measured ratio of modulated carrier audio power 
to unmodulated is the Sot N IN, ratio. 

e. Adjust the RF carrier level until the desired ratio 
is achieved. The value of RF input voltage that 
provides this ratio is called the sensitivity of 
the receiver in microvolts for a given signal-plus- 


noise-to-noise ratio at the audio output. 
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2. Tangential noise sensitivity 


The tangential noise sensitivity of a pulse receiver or radar re- 
ceiver is measured using a pulsed sinewave generator and an oscilloscope 
for an output transducer. This test is a complete system test and takes 
into account the threshold effects of the detector. Tangential noise 
sensitivity can only be related to noise factor by the subjective 
evaluation of a human observer (Chapter VIII-C). A typical test setup 


for measuring tangential noise sensitivity is shown in Figure 9C-Z. 


Oscilloscope 


Sinewave Noisy 
Signal Pulse 
Generator Receiver 


Pulse 


Generator 


Figure 9C-2. Test Setup for Tangential Noise Sensitivity 


The appearance of the noise signal depends upon the sweep rate of 
the scope relative to the effective noise bandwidth of the receiving 
system. The ratio of sweep rate to noise bandwidth is important but 
not the absolute values (Baxendall, 1968a). A reasonably "grassy" 
appearance can be obtained with a sweep rate that is 1l/lOooth of the 
noise bandwidth. 


The measurement procedure is as follows: 
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1. Tune the signal generator off frequency and set the 


h rd vertical deflection 


oscilloscope for about 1/8' to 1/3 
on the noise signal. The sweep speed of the scope should 
be slow enough so that the randomly fluctuating noise 
voltage looks like grass. 

2. Tune the generator on frequency and adjust the peak 
amplitude so that the bottom of the grass on the pulse 
is tangent to the top of the grass on the baseline. 
Figure 9C-3 illustrates the appearance of the noisy 
pulse on the scope display. 


3. The carrier level measured in dbm available power or 


hard microvolts to achieve a tangential signal is the 


Pulse 


me = Approximate Line 
of Tangency 


Baseline 


Figure 9C-3. Oscilloscope Display of a Tangential Signal 
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tangential sensitivity of the receiver. It is 
unambigous to report tangential sensitivity in 
available power but if the sensitivity is reported 
in microvolts it must also be stated as hard or 


soft microvolts. 


3. FM sensitivity 


There are three methods of measuring and specifying FM sensitivity 
that are in common use. These are: 
1. Noise quieting method 
2. IRE quieting method 
3. 12 db SINAD method. 
The last two methods are closely related to the first method which is 
true noise quieting. 
When an unmodulated sinewave generator* is tuned into the passband 
of an FM receiver, the audio output is observed to decrease (Chapter 
VIII-B). This audio noise power decrease is used to specify a figure 


of merit for FM sensitivity called the noise quieting sensitivity. 


A typical test setup for measuring noise quieting sensitivity is 
shown in Figure 9C-4. The loudspeaker is helpful for audio monitoring 
of the quieting signal to make sure the receiver output does not contain 


any stray signals. 


*Noise quieting was not included in the section on sensitivity 
measurements using unmodulated sinewave generators because it is de- 
sirable to include all FM sensitivity tests in the same section. 


AC 
Voltmeter 


Sinewave 
Signal 
Generator 


FM Receiver 


DC Voltmeter/ Loudspeaker 


Null Indicator 


Figure 9C-4. Test Setup for Measuring Noise-Quieting Sensitivity 


The test procedure is as follows: 

I. Tune the signal generator well off frequency and 
set the audio output level to near maximum. Note 
the reading on the AC voltmeter. 

2. Tune the signal generator to center frequency by 
observing a null in the discriminator output. 

3. Record data of carrier level VS reduction of audio 
noise level. 

4. The input signal required to give a specified amount 
of audio noise reduction at the output is referred 
to as the noise quieting sensitivity. 

A widely used quieting ratio for specification purposes is 20 db. 
Typical 20 db noise quieting sensitivities are 0.3 uv for narrowband 
FM and 2.0 pV for wideband FM. Since the audio noise output is 
proportional to predetection noise bandwidth, the measured quieting 


sensitivity is meaningless unless the FM bandwidth is also specified. 
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Typical FM bandwidths are 15 KHz for narrowband FM and 210 KHZ for 
wideband FM. 

Notice that an AC voltmeter is specified for the output indicator. 
Any voltmeter that is linear over a 20 db range is satisfactory be- 
cause a noise ratio iS measured, not absolute values. If better 
accuracy is needed, the test setup of Figure 9A-6b is recommended 


where Y is the quieting ratio. 


The IRE (Institute of Radio Engineers) quieting method is similar 
to noise quieting except that the signal generator is FM modulated and 
the ratio of recovered audio to quieting level is measured. This test 
measures the ability of the FM receiver to supply a given output SNR 
but it is not as simple to make as noise quieting and requires an FM 
generator. A typical test setup for measuring IRE quieting is shown 


in Figure 9C-5. 


FM Signal 
Generator 


Noise Power 
Detector 


FM Receiver 


DC Voltmeter/ ag Loudspeaker 
“— Generator Null Indica- 
tor 


Figure 9C-5. Test Setup for Measuring IRE Quieting Sensitivity 


The quality of the FM generator is important to the accuracy of the 


measurement. Considerations of generator performance are similar to 
those listed for the AM signal generator except modulation percentage 


becomes a deviation ratio and incidental AM becomes incidental FM. ' 
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The test procedure is as follows: 

1. The deviation ratio of the generator is set for 30% 
of the deviation ratio rating for the system. 

2. The generator is tuned to center frequency by nulling 
the discriminator output. 

3. The modulation is switched on and off and the ratio 
of recovered audio-plus-noise to noise is measured 
for various levels of input signal. 

4. The input level in hard microvolts that gives a 
specified output ratio (usually 30 db) is called 
the IRE quieting sensitivity. 

Figure 8B-2 shows an IRE quieting sensitivity of 0.62 KV for a 30 db 
output ratio. 


The 12 db SINAD (signal-plIus-noise and distortion) method is used 


in specifying narrowband FM voice communication systems. This is really 
the best method for specifying the least usable sensitivity (Feldman, 
1966, p. 25) of a two-way FM radio system because it takes into account 
both background noise limitations and distortion. The 12 db SINAD test 
is the most difficult to make because it requires both a high quality 
FM generator and an audio distortion meter for the measurement. A 
typical test setup for measuring 12 db SINAD sensitivity is shown in 
Figure 9C-6. 

The distortion analyzer is needed because it has a very selective 
audio notch filter that is used to "notch out" the audio tone when 


measuring only noise and distortion. 
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Figure 9C-6. Test Setup for Measuring 12 db SINAD Sensitivity 


A recommended test procedure is as follows: 


1. 


The generator modulation is adusted for a frequency 
of 1 KHz and a frequency deviation of 2/3 the maximum 
rated deviation. 

A large RF signal level is applied (usually 1000 yV) 
and the generator is tuned to center frequency. The 
audio level is adjusted for near maximum output. 

The 1 KHz notch filter of the distortion analyzer is 
alternately switched in and out while the RF signal 
level is decreased. The RF signal level which gives 
a 12 db ratio at the output is the 12 db SINAD 


sensitivity of the receiver. 


The measured output ratio is: 


12 db SINAD Ratio = 


—_ Recovered Audio Plus Noise and Distortion 
Noise and Distortion 
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The audio frequency must be carefully tuned to be exactly in the notch 
of the audio filter or a measurement error will result. The depth of 
the audio notch should be at least 20 db when measuring a 12 db ratio. 
A typical 12 db SINAD sensitivity for a 15 KHz FM bandwidth system is 
0.25 HV. 

Figure 8B-2 illustrates the typical quieting ratios and sensitivities 
which have been presented in this section. From the data on a typical 
FM receiver one can see the relative values of input level for the 
different sensitivities. It is usually true that the 12db SINAD sensi- 
tivity yields the smallest microvolt level and that true noise-quieting 


yields the largest. 
D. Antenna Noise Measurement 


A knowledge of the effective noise temperature of the receiving 
antenna is helpful in determining the total receiving system performance. 
There are two simple techniques that can be used to measure the noise 
temperature of the antenna and both are modifications of the Y-factor 
technique. Figure 9D-] illustrates the first technique. This technique 
employs a receiver with known effective noise temperature and a refer- 
ence termination of known resistance and temperature. 

The receiver input is switched between the antenna and the known 


reference and the change in output power is measured: 


Nog 
= No , the change in output power levels. 
1 


389 


Output 
Indicator 


Antenna Receiver 


Reference 4 


R @T 
s s 


Figure 9D-1. Test Setup for Measuring Antenna Noise Temperature 


*In radio astronomy, this configuration is called a Dicke Radiometer and us used 
for measuring cosmic radiation noise is low-noise receivers. 


The change, M, can be written in terms of the mean-square noise voltages 


at the input: 


4kT,R, df +4k TR. Af 


M=4kT_R 4£+4kT R Af 
SSS eS 


T, R, +T R 
es 


ee ea eae (9D.1) 
7. Re ae ER 
ss es 
Solving for the antenna noise temperature gives: 
RS 
a a Z 9D.2 
Ty Re [M T. cans (m - 1)] ( a) 


Since the receiver effective noise temperature, TT. depends upon the 
source resistance used in the measurement, errors can be minimized if 


Ry and Ro are equal. This condition reduces (9D.2a) to: 
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Ty = MT, + Ty (M - 1) (9D.2b) 


The use of a calibrated noise generator for the reference can be 
very useful in making precise antenna noise temperature measurements. 
For this technique, the reference temperature, Ty! is adjusted so that 
no output level change (M = 1) occurs when switching from antenna to 
reference. When M- 1, the antenna temperature and the reference 
temperature are equal. 

When a noise generator is unavailable, the antenna noise can still 
be measured by using a reference termination which is near standard 
temperature (T¢ = To)' For this condition, the antenna temperature 


(9D.2b) is given by the equation: 


T 


.=MT,+T, M- 1) (9D.3) 


A plot of Equation 9D-3 for three different values of receiver effective 
noise temperature is shown in Figure 9D-2. The curves show that, for 
low values of antenna temperature, the receiver noise temperature must 
also be low or the measurement accuracy will be very poor. As the 
slope of the curve increases the measurement error also increases. 

A third technique is sometimes used for the measurement of antenna 
noise temperature whereby the receiver is never disconnected from the 
antenna during the measurement. When it is important that the receiver 
be enabled at all times, this technique is very useful. Also the system 
can perform the useful, and sometimes vital, self-test function for the 
receiver. If the receiver were to fail or the sensitivity were to be 


seriously degraded, the measurement would indicate an abnormally high or 


o 


t ta Antenna ncise temperature in K 
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Figure 9D-2. Antenna Noise Temperature vs Output Noise 
Power Ratio 
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infinite noise temperature. The measurement system shown in Figure 9D-3 
shows a 20 db coupler between the antenna and receiver. This coupler 
is used to couple in the noise signal from the noise source and yet 
keep the antenna connected to the receiver at all times. A large 
coupling ratio such as 20 db is needed so that noise generator loading 


of the antenna circuit can be neglected. 


ne 
Ry @ qT, 
Receiver 
| 20 db Coupler | G 
Output 


Antenna___ : 
a Indicator 


Noise 
Source 


Figure 9D-3. Antenna Noise Measurement Setup Using High- 
Loss Coupler 


The ratio of available noise powers when the noise source is 


turned on and off is simply the ratio of the noise powers at the 


input 
7 Ny est es + (T, + Tay) 
Ce © T +0 Coe) 
OL A e 
where Ts = excess noise temperature of the noise source 
® = the numerical attenuation factor for the coupler 


(4 = 1/100 for a 20 db coupler). 
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Solving Equation 9D.4 for the antenna noise temperature gives: 


(T_+T_) 
= oa 7 (M > 1) (9D.5) 


e 


= 10 
1 
ok 
— 


This test setup can also be used to measure noise figure if the 


antenna is replaced with a source resistance at standard temperature. 


Letting Ty ide and solving Equation 9D.5 for noise factor gives: 
ur - Tex) 
qe Nes Mie aye 
CL ox) 
2 0 
PEI ery: (9D.6) 


The noise figure in db is 


T 
NF = 10 log (1 + T°) 
) 
= (ENP - 43,) - 10 log (M- 1) (9D.7) 
where Cap = coupler attenuation in db 


ENP = 10 log (1 + Tf T), the excess noise 
power of the noise source i.e. the noise 
power above kTAf in db 


M= output power ratio, NO02/NO1. 


This equation for noise figure differs only slightly from that of 
Equation 9A.11 and excess noise ratio (ENR) and excess noise power (ENP) 


are closely related. Excess noise power is always greater than zero db. 
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The noise source used for this technique must have an excess 
noise power greater than the coupler attenuation. A typical excess 
noise power for commercially available units is 25 db (Th = 91, 416 ok) 
a value that can only be obtained with a solid-state noise source. 

Better insight into the results of making an antenna noise 
measurement can be obtained by examining a different form of Equation 
9D.3. The desired equation is obtained by solving (9D.3) for Mand 
introducing noise factor. First, solving for M gives: 

qT. eT 


A (9D.8) 


ae aE ie 
e ie) 


Factor out the equivalent noise temperature in the numerator and the 


result is: 
o ae 
M = (e- + 1) cae (9D.9) 
e e (0) 


Substituting the relationship between noise temperature and noise 


factor, T, = (F - 1) T)> gives the final result: 


T 
M = A + 1 pp (9D .10) 
e Tt 


This form for the equation more clearly illustrates the dependence of 
the measured power ratio, Mupon receiver noise factor and the ratio 
of antenna noise temperature to receiver noise temperature. 

A graph of Equation 9D.10 with noise factor expressed as noise 
figure is shown in Figure 9D-4. The figure shows how a wide range of 


antenna noise temperature affects the measured power ratio. Generally, 
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Figure 9D-4. Effect of Antenna Noise Temperature on Measured 
Output Power Ratio 
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the smaller the value of M, the better the system noise temperature. 
Since the system noise temperature is the sum of the antenna noise 
temperature and the effective noise temperature of the receiver, 
Equation 9D.8 gives the system noise temperature as: 


gee Me) (9D.'1l) 


and it is readily apparent that smaller values of Mindicate lower 
values of system noise temperature. 

A criterion of good noise performance for the antenna is difficult 
to obtain and depends a great deal on the needs of the user. If the 
criterion is adopted that the antenna noise increase the system noise 
temperature by no more than ten percent, then we have the same require- 
ment that was specified for noise merit (Appendix, Part L). 

If this criterion is adopted then 


1 
Ty = 10 tes 


and Equation 9D.10 can be used to set the upper limit on Mwhich is 


determined by receiver noise factor: 


Ms 1.1 (1 - 7? (9n.12) 
r 


The limits on receiver noise factor and Mare (from Equation 9D.12): 


(9D.13) 
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This indicates that the wide range of noise factor is compressed into 
the measured power ratio range of 0 to 1.1. The accurate measurement 
of Mwill determine if the antenna noise is seriously degrading system 
performance. Other criteria such as T, < 5 T, and Ty < Ts can be 
adopted if the requirement for low-noise is not severe. A graph of 
Mas a function of receiver noise factor for these three criteria is 
shown in Figure 9D-5. The measured power ratio must be below the line 
or the criterion is not met. For convenience, both measured power 
ratio and receiver noise figure are expressed in db. 

Measurements of ratios very nearly 0 db (M = 1) can be confusing 
because when the output power does not change it can be interpreted 
as either a large receiver noise figure or an antenna temperature 
equal to T. In other words: if M®#= 1 then, 

1. Ty = To' or 

Qi rN and To» Z- 
The problem of receiver noise figures so high that they produce noise 
power ratios of nearly 0 db begins when the noise figure exceeds 10 db. 

As a rule, the optimum receiving system design is one in which 
the antenna noise temperature and receiver noise temperature are nearly 
equal. This usually results in the simplest design and lowest cost. 
When the antenna noise temperature is larger than the receiver noise 
temperature it is better to try to reduce antenna noise than to expend 
effort on reducing receiver noise. On the other hand, if receiver 
noise temperature is larger than antenna noise temperature then the 
effort should be expended to reduce receiver noise. Some discussion 


of the trade-offs to be made is given in Chapter V. 


Map ~ Measured cutput noise power ratic in db 
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Figure 9D-5. Measured Output Power Ratio as a Function of 
Receiver Noise Figure for Three Values of 
Antenna Noise Temperature 
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X. UNCERTAINTIES IN SENSITIVITY MEASUREMENTS 


The sources of error in measuring the sensitivity of a receiving 
system are legion. It is difficult to get good agreement among various 
methods and even among various test setups. Typical accuracies for 
commercial noise figure measuring equipment are 5-10% for noise tempera- 
ture and +0.25 to +1 db for noise figure. Accuracies better than +0.25 db 
for noise figure are not possible under ordinary laboratory conditions. 
For better accuracy one must conduct the tests with extreme care and 
use only equipment which is laboratory-standards quality. The informa- 
tion given in this chapter is intended to aid in the accurate measure- 
ment of receiving system sensitivity. Interrelationships of system 
parameters make error analysis difficult and preclude all possibility 
of considering every situation. 

Some amusing comments on the frustrations of making accurate noise 
figure measurements have been given by Cohn (1959), in a technical 
editorial titled "The Noise Figure Muddle", and by Greene (1961) in a 
correspondence titled" 'Noisemanship'--the Art of Measuring Noise 
Figures Nearly Independent of Device Performance". Cohn relates his 
discovery of image noise errors in noise figure measurements while 
Greene compiles a partial list of experimental procedures which are 
designed to produce any noise figure the experimeter desires without 
regard for the actual device. Although given in a somewhat humorous 
vein, these papers do illustrate many of the sources of error in the 


experimental procedures. 
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The results of measuring noise figure using three different methods 
is reported by Matthews (1967). His results show variations of 0.2 to 
1.2 db at a nominal noise figure of 7.5 db. These variations are 
typical of what can be expected after taking into account the various 
system inaccuracies. 

The most important sources of error in a sensitivity measuring 
system are those due to the detector and signal source. These errors 
are usually caused by detector nonlinearity and reading error and by 
source SWR and output calibration. Other errors which occur in the 
system can usually be compensated but errors in sources and detectors 
are usually of such a fundamental nature that they cannot be easily 
corrected. The organization of topics on measurement error is dif- 
ficult because no scheme seems logical. The best approach is to 
present the essential errors which occur in a measuring system 
(Figure 8-1) and then consider the errors which occur with various 


noise sources and measurement techniques. 
A. Sensitivity Measuring System 


The following is a brief discussion of the possible sources of 
error and the resulting measurement uncertainties that can occur 
in each component of a sensitivity measuring system (Figure 8-1). 
The discussion will be mostly qualitative in this section as the 
quantitative information will be given in the appropriate sections 


later in the chapter. 
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1. Test signal sources 


The measurement of sensitivity using a noise source depends upon 
knowing both the noise temperature and characteristic impedance of the 
source. When a hot-cold noise source is used, the accuracy problem is 
compounded because two reference temperatures and two characteristic 
impedances are involved. The SWR of the source tends to increase the 
receiver noise factor and temperature errors cause the measured Y-factor 
to be in error. Also, if the source is connected by a transmission 
line to the device being measured, the losses in the line will tend 
to make source temperatures above Ty appear colder and source tempera- 
tures below Ty appear hotter. If the noise source is a noise diode, 
the excess noise temperature is changed by stray reactance and transit- 
time effects. Also, the cold temperature is assumed to be Ty = 290° K 
in most measurement schemes but generally the source resistance tempera- 
ture is 3-5° K higher (Appendix, Part 0). A gas-discharge noise 
source has a characteristic impedance which changes when the source 
is fired (Pastori, 1968b). This error complicates the measurement 
problem still further. The accuracy to which the manufacturer has 
specified excess noise temperature must also be considered in measure- 
ment accuracy because the error in excess noise ratio adds directly to 
the error in measured noise figure (see Equation 9A.1I). 

When a sinewave test signal source is used to measure sensitivity, 
the measurement depends upon knowing the impedance of the generator, 
its output level, and the percentage or index of modulation. Genera- 
tor VSWR causes the receiver noise figure to increase while the 


percentage of modulation affects the level of recovered audio. The 
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generator output level in the sub-microvolt region is difficult to 
calibrate because of leakage problems. For the highest possible 
accuracies, the test setup must be carefully calibrated and shielded. 
It is usually better to measure the percentage of modulation by 
external means rather than depending upon modulation meter accuracy 


(usually +5%). 


2. Device being tested 


When measuring the sensitivity of any device, one must be sure 
that it is operating properly and that the specified power and terminating 
impedances are applied. It has been demonstrated several times in 


previous chapters that the source impedance for lowest noise figure 


is not the same as that for impedance matching. This must be kept in 


mind because the designer of the device has specified a certain source 
impedance for minimum noise figure. Typical source impedances are 
50-, 75-, 100-, 200-, 300-, 400-, and 600-ohms but, by far, the most 
common system impedance is 50 ohms. If the device noise figure is 
measured with a source impedance other than the one specified, the 
resulting measured value will be higher than the minimum value. 

If the matching network circuits at the device input are mistuned, 
a serious noise figure degradation can result. Generally the input 
matching network does not power match or resonate the device input 
because its function is to provide the optimum source resistance for 
lowest noise figure and to provide noise tuning. For high-frequency 
circuits, the input matching network is tuned below resonance for 


minimum noise figure. 
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Since it is not possible to tune the input circuits for maximun 
gain it is usually necessary to have an automatic noise figure meter 
to tune for minimum noise figure. The point should be emphasized 
that the noise figure of any device must be measured using the source 
resistance specified by the designer. 

For devices with gains low enough that the noise contribution of 
the predetection amplifier must be considered, it is necessary to have 
an accurate measurement of device gain. To be able to accurately 
apply the Friis equation (Appendix, Part J) the transducer gain must 
be used but most often it is the insertion gain which is measured. It 
is shown in Equation D.9 of the Appendix that the tranducer gain is 
always smaller than the insertion gain. When applying the Friis equa- 
tion, the noise figure calculated using insertion gain is always larger 
than that obtained using transducer gain and thus will give pessimestic 
noise figure values for the device. 

Problems can occur which are not directly involved in device 
sensitivity measurement but nevertheless have a deleterious affect on 
the results. Two of the more common problems are spurious oscillations 
and power supply noise. A large SWR at either the input or output will 
cause a marginally stable device to oscillate. If these oscillations 
occur off frequency they will severely degrade the noise figure of the 
device. On-frequency oscillations are more obvious. Noise introduced 
into the signal path from a noisy power supply will also degrade noise 
figure. This can frequently occur where zener diodes are used for 
regulation and the zener noise is not adequately bypassed. The solution 


to these problems is usually better design stability and adequate 


404 


bypassing and filtering. Stray RF signals from external sources such 
as transmitters or grid-dip meters will cause measurement errors. 

For many radio-astronomy and radar receivers, the RF filter will 
pass both the signal and image frequencies. When noise figure measure- 
ments are made on this type of receiver, the noise input at the image 
frequency will add to that at the signal frequency to give noise figure 
measurements from 0 to 3 db lower than the spot noise figure. Reporting 
and measuring the sensitivity of multiple-response receivers must be 
done carefully and full details of the circumstances should be re- 


counted. 


3. Predetection amplifier 


The predetection amplifier usually has a gain that is high enough 
to overcome all the noise contributions of succeeding stages and 
provides the device being tested with a suitable impedance termination 
and a known noise figure. The bandwidth of the predetection amplifier 
is assumed to be large enough to give uniform amplification to all 
signals within the passband of the predetection filter. Inaccuracies 
in noise figure and bandwidth can have a serious affect on sensitivity 
measurements. 

The noise figure of the predetection amplifier is usually measured 
from a specified reference impedance but when it is connected to the 
device output it is usually not operating with the specified source. 
This will cause the noise figure of the predetection amplifier to in- 
crease. The larger noise figure will introduce an error into the 


Friis equation calculation and cause the calculated noise figure to 
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be larger than the true value, which will give pessimistic noise 


figures. 
Bandwidth errors, and especially those due to a bandwidth which 


is too narrow, were discussed in Part J of the Appendix. 


4. Predetection filter 


The predetection filter bandwidth is used in many noise calculations 
and sensitivity measurements. Errors in the noise bandwidth used in any 
of the calculations will cause errors in the measured sensitivity. In 
some cases the shape of the passband response (see Section VII-C) is 
important. The bandwidth of the predetection filter determines the 
bandwidth over which the noise figure is measured. This bandwidth must 
be smaller than the bandwidth of the device being measured or serious 
errors can result. The equivalent noise bandwidth for many types of 
predetection filters is given in Kraus (1966, p. 265). For most prac- 
tical filters, the noise bandwidth is a factor of 1 to We times larger 
than the 3 db bandwidth. For the best precision, the noise bandwidth 
should be determined graphically. A graphical method for the determina- 
tion of equivalent noise bandwidth from the filter amplitude response 


is given by Vigneri et al. (1968). 


5. Detector device 


Errors in sensitivity measurements which are caused by the detector 
device are due to threshold effects, nonlinear gain effects, and 
detector-law disparities. Threshold effects occur in all detectors and 
cannot be eliminated but are usually compensated for by either direct 


measurement correction or a clever measurement scheme. If the detector 


is nonlinear in gain, the output level will not change db for db with 
input level change. This introduces errors in the measured-ratio 
output. Variations in the detector-law characteristics affect the 
spectral character of the signals and analytical techniques such as 
were used for a perfect square-law device are extremely difficult to 
apply. 

There is little excuse for letting detector errors limit the 
accuracy of the sensitivity measurement because there are so many 
techniques available for eliminating these errors such as operating 
above threshold or making comparative measurements or using a calibrated 
attenuator as is done in the Y-factor method. This is not to say, 
however that detector error is eliminated in every practical measure- 
ment. Many times detectors are used in a manner suchthat their errors do 


affect accuracy. 


6. Postdetection filter 


The postdetection filter is most important in determining the 
measurement resolution limit at the output of the detector. For square- 
law detectors, the limit is determined by the ratio of predetection and 
postdetection filter bandwidths as given by Equation 7.47 in Chapter VI. 
In general, the smaller the noise bandwidth B. the more resolution 
there is in the measurement. This fundamental limitation applies to 
all dc measuring devices. In AM systems, the postdetection filter 
determines the audio noise bandwidth and thus affects the noise factor 


measured by AM sensitivity (Equation 8D.18). The determination of 
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postdetection noise bandwidth by graphical techniques is the same as 


discussed previously for the predetection filter. 


7. Postdetection amplifier 


The postdetection amplifier must amplify the signals from the 
detector so they may be used to drive the output indicator. If the out- 
put is a dc level, the dc stability and linearity of the amplifier must 
be good or measurement errors will result. DC level changes with 
temperature or signal level cannot be tolerated. Gain stability is 
important in both ac and dc measurements because gain changes cause 
errors in the measured output level change. The bandwidth of the 
postdetection amplifier may be wide enough to give a significant noise 
contribution to the output. This noise will tend to "mask" the detector 
output and introduce a large error. 

In many instances, the most critical problem in the postdetection 
amplifier is the flicker noise output. This limits the resolution of 
the output indicator because low-pass filtering cannot eliminate the 
problem. The real-time resolution of the system can never be better 
than that dictated by flicker noise. Flicker noise error can be 


minimized by numerically averaging several data points. 


8. Sensory transducer (output indicator) 


The effect of the output indicator on the accuracy of the sensitiv- 
ity measurement is determined by the dynamics of the indicator, its 
relative accuracy, and the bias of the human observer. Such problems 
as needle flicker and parallax are always present when using a meter 


indicator. Needle flicker is determined, to a large extent, by the 
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dynamics of the meter movement. The accuracy of the meter movement Ls 
the important factor because most often, relative accuracy is needed 
and not absolute accuracy. The relative accuracy depends upon scale 
calibration and meter linearity. The accuracy of a meter can be 
specified in three ways: 

1. Percent of full-scale 

2. Percent of reading 

3. Percent of reading plus percent of full-scale. 
Typical percent of full-scale accuracy is +2% while percent of reading 
accuracy is expressed in db and is typically +0.2 to +04 db. These, 
however, are absolute accuracies and not a true indication of the 
accuracy of a ratio measurement. 

For output ratio measurements, the significant errors are due to 
scale non-linearity and human observer error. Experience by this author 
has shown that ratio measurements better than +0.0S db for a 3 db ratio 
are difficult to achieve. Switching scales on the meter to make a large 
ratio measurement should be discouraged because this introduces an 
additional error in the measurement that can be as high as the absolute 
accuracy specification. The crest factor (ratio of peak amplitude to 
RMS amplitude) capability must be greater than S to | at full scale or 
clipping effects will cause the meter to read lower than true value. 
This tends to make noise ratio measurements smaller than actual measure- 
ments which results in pessimistic noise figure values. 

When making tangential noise sensitivity measurements with an 
oscilloscope, the error involved is nearly all due to the subjective 


evaluation of an observer (see Figure 8e-I). Trying to line up the 
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"tangencies"” of the two noise outputs is difficult. Measurements by 
qualified observers (Montgomery, 1964, p. 228) show a 2 db standard 
deviation of the reported sensitivity for all observers and a standard 
deviation of 1 db for a single observer. These results indicate that 
measured noise figures using this method would also show the 2 db and 
1 db standard deviations. 

Strip chart recorders are used primarily for taking data over a 
long span of time and generally for poor signal-to-noise ratios. The 
accuracy of a strip chart recorder is really very adequate for sensi- 
tivity measurements, especially for measuring noise ratios. The data 
can be recorded and then averaged to give a very accurate ratio measure- 
ment. Scale accuracies are an order of magnitude better than for a 
meter. Accuracies of +0.2% of full scale and linearities of +01% are 


possible. 
B. Test Signal Sources 


The most fundamental errors occurring in a sensitivity measuring 
system are those due to the test signal source. In this section, the 
causes of test signal errors and how they may be calculated are 
presented. The equivalent circuits approach is used extensively to 
obtain the error equations and the reader will have to be proficient 
in the application of Thevenin's theorem, the available power theorem, 
two-port parameter theory and transmission-line equations. Also it is 
recommended that many of the referenced papers be read prior to or 


concurrent with this chapter. 
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The test signal source of any sensitivity measuring scheme is 
usually separated from the device being tested by a transmission line. 
It is of fundamental importance to know the available powers, impedances 
and reflection coefficients for the combination of transmission line 
and source. Figure 10B-1 is a schematic representation of the circuit 
showing the various quantities. For the sake of generality, the trans- 
mission line is replaced by a passive two-port described by a flat loss 


N, a physical temperature Ty and scattering parameters, [sJ. 


O 

i 

Passive Two-Port 

@T. 

N = Flat Loss | , zy 
i} 

| 

I 

C) 


[sJ 


Source Receiver 


Figure IOB-I. Circuit Used to Illustrate the Effects of a 
Passive Two-Port between Test Signal Source 
and Receiver 


The following quantities are defined: 


R ci Reference impedance of the system, usually 50 ohms 


S 

[SJ : a $12) ,the scattering matrix for the passive 
821 22 
two-port measured with respect to R 

Z =R. + iX,. the impedance of the load 


la 
ns 
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A 
=R, + JX,» the impedance of the two-port output 


A : 
R, + jX,; the impedance of the source 


7 4k T, Re Z.) 4f, the mean-square noise voltage of the 
source 
the mean-square sinewave signal voltage of the source, 
[volts RMS] 2 
noise temperature of the source 
= physical temperature of the two-port 
A ZS - Ro aN 
z + R: the reflection coefficient of the source 
s 0 
4 Zt - Ry ; 2) 
Z +R' the reflection coefficient of the output of 
0 


the two-port 


Ae KR, 
7 +R" the reflection coefficient of the load 
r 0 
A E2R 
——-— the signal power the source will deliver to 
IZ +r F 
s 0 
a reference impedance load (see Appendix, Part D) 
Vo 2R 
4 ns 


e the noise power the source will deliver to 
IZ. +R, f: 


a reference impedance load. 


Livingston and Bechtold (1968) have considered the effect of imped- 


ance mismatch on antenna noise temperature and many of their techniques 


and equations can be applied to this problem. First, the output 
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reflection coefficient of the two-port network can be written in terms 


of the source reflection coefficient and the scattering parameters 


Pos S22 * T Sic S34 = Su Sea) (1OB.1) 
t 


(, aa Sy) 


and the output impedance is written in terms of R, and a as: 


t+ Te (10B.2) 


Z.- R, 


The signal power delivered to the load is given by Livingston and 


Bechtold to be: 


2 2 2 
las] [Sal Ci- (nD) 
(¢ 7 Site JCI ~ Sz2Ty) = Ye srr eal " 


(10B.3) 


F, 


The available loss (defined as the ratio of available input power to 


‘ 


available output power) is: 


— |s,,(1- aie + Siz Sy ls 


FC 


The available loss, £, is a positive real number greater than or equal 


(10B.4) 


Sa 


to unity (X> 1). 
In Section IV-C, the noise temperature of a noise source as seen 
through a lossy transmission line was derived in terms of the flat loss 


of the line, N, and the physical temperature, T- Equation 4C.55a 
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actually has more general applicability than indicated. It is generally 
applicable in calculating the two-port output noise temperature for any 
source temperature and VSWR. To obtain the more general form, the flat 
loss, N, is replaced by the available loss, &. This gives the general 


result (Livingston and Bechtold, 1968) 


Se eee (1OB.5) 
where T, is the effective noise temperature of the real part of Zt or 
the available output noise temperature. The equivalent circuit for the 
two-port output, showing mean-square noise and signal voltages and 
impedances, is given in Figure 10B-2. 

The mean-square noise voltage is obtained by applying Nyquist's 


Theorem and using the effective noise temperature of (10B.5): 


= 4AkT, Re (Z,) AF (10B.6) 


The two-port output impedance is given by Equation 10B.2. The mean- 
Square signal voltage has to be obtained by considering the signal power 
delivered to the load. 

The power delivered to the load is given by (10B.3) but it is more 
meaningful to express this power in terms of the available loss and the 
available signal power at the input (Livingston and Bechtold, 1968): 


2 
icy ie (1OB. 7) 
al | 


Pais 
R= ¥ 
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Figure 1OB-2. Equivalent Circuit for Two-Port Output and 
Load 


From circuit theory and Figure IOB-2 we know the signal power delivered 


to the load is (Appendix, Part D): 


P = II*Re(2,) 


Ess 
lz, ra z,|* e ( r) (1OB.8) 


Combining (IOB.7) and (IOB.8) we get the mean-square signal output 


voltage as: 


las} |Z. + Z,[ 


a (1 -[Ta|*) Re 2y) 


(1OB. 9) 
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The effects of two-port loss and VSWR on available signal power, 
noise power and loss have now been described by various equations which 
will be used later in the chapter. 

It is convenient to derive an alternate expression for the signal 
power, la. [2 delivered to Ro° The reflection coefficient for the 


source is defined as 


Zs ae 
Zee, 


(10B.10) 


and its absolute value is determined by complex algebra to be 


2 Z R £ R . 
* ‘ei ° Ss °o 
A eae gE = (Gf | a ace 


or: 


i 4R, Re(z,) 


| . (IOB.1Ib) 
Z, + R. 


The signal power delivered to a load R, from a source impedance Z, is 


la,| = (1OB .12) 


which can be combined with (10B.11) to give the desired result: 


2 ES 2 
la,| = zee Ut -|T| ) (10B.13) 
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This expresses the signal power delivered to R, in terms of the available 
power from the source (Appendix, Part C) and the reflection coefficient, 
Ts: A similar equation can be written for the noise power delivered to 
R: 


oO 


2 
) (IOB .14) 


Jon] = kT OF (1-|t 


The ratio of available signal power to available noise power from 


the source is independent of the reflection coefficient of the source: 


ES ue 2 
“hie (25) = Os] 
Ve 4kT, Re (2s) Af |Ons|° 
4 Re(z;) 


(1OB.1S) 


The ratio of available powers at the output of the two-port is determined 
by using the delivered power equations for P and Fs and a conjugately 
* 


matched load (Ji - V0 or Z = Zt). The available signal power is 


determined from (1OB.3): 


Q 2 on 2 
P exatt) =e iad fs, @- In) (IOB .16) 


AI-S.T)/- $22") = 55,1 Te 12 


The available noise power is computed from the circuit of Figure IOB-2 


and using Equation 1OB.6: 
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P. (avail) = fz.+z 2 Re (Z) (z,=22 ) 


We kT.’ AF (OB .17) 
4Re(zZ,.) * 


The ratio of available signal-to-noise power at the source to that 
at the two-port output is the definition of the noise factor of the 
two-port. The two-port noise factor, Fo. is determined using Equations 


10B.17, 10B.16, and 10B.15 as: 


[Qns[“ PB Qvail) 

2 
a us 5.%)(1- Se2Te”) - SST Th (10B.18) 
$s 


[s..[ @ -1RP) 0 - itp) 


It should be remembered that ve and Bi are related through Equation 


10B.L 

If the two-port has been designed so that its characteristic 
impedance (the reference impedance for which the scattering parameters 
are measured) is the same as the reference impedance R- the input and 
output scattering parameters will be zero (SI] =S22 =O). For the 
condition (SIl = S22 =O), the equations for the available loss, output 
reflection coefficient, available signal power, and two-port reflection 


coefficient can be simplified. Upon simplification of these equations 


418 


and applying (10B.19) to get all quantities in terms of Ty these equa- 


tions become: 
1 T= $,5,,75 = (Saf lSf (TE cos.19 
21 (a1) 


| aes 
3. KR (avail) - F- is, 8 ty) (10B.21) 
12 ~21 °S 


D. t= 


(10B.20) 


/ 


F . L , (1 a: IS,SaT|) 
ody (s.,[° (1 - s T°) 


(IOB .22) 


If we define 815 and 841 for a transmission line, the above equations 
can be further specialized in terms of the transmission-line parameters. 


From transmission-line theory we know that the output impedance is related 


to the input impedance by the equation 


h 
Z, Cos YL +2, 5inh EL 


Zz,=2 10B.23 
* Zi CoP¥R + By 5 smh YL ery 
or in terms of exponentials 
¥R ~¥4 
_, et+pPe 
Zy ~ Zs (10B.23b) 


evt. ev 
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where 25 is the characteristic impedance of the line, y = %+ j8 is 
the propagation constant, and £ is the length of the line. 

Equation 1OB.23b can be written in an alternate form which is more 
suitable for this discussion. If the line is distortionless then the 


characteristic impedance is real (2, = R + jO) and multiplying both 


numerator and denominator by gee gives: 
2X 
2 eC + 7 
+= 2YR (1OB.24) 
e -- ji} 


For the distortionless line, the scattering matrix for a reference of 


R is 
0) 
-¥2 
O € 
[s] =e ieee (OB .25) 
e O 
and: 
—¥L -aQ -) 
S.=S 2x=e” = @*~e Pt (IOB .26a) 


The absolute magnitude squared of 815 or 844 is determined from (IOB.26a) 


as: 


~2afh 


ra 
{S.2| = i Ss. -e (IOB.27a) 


By comparing (IOB.26a) with (4C.48) we see that 815 and 854 can also be 
written in terms of the line attenuation factor (numerical flat loss), 


N. 
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S,=S,-—e (10B.26b) 


(s..{ = Ise ; = : (10B.27b) 


Finally we can use these equations to specialize Equations 10B.19 


through 10B.22 for a distortionless transmission line: 


-jegh 
i. %T- NC Bi (IOB .28) 


2. Ee = N jj (10B.29) 


(10B.30) 


1o%) 
«0 
o™ 
se) 
< 
P 
a 
I 
i 
=) 
| 
+ |- 


A ee s f£ 1 +(£-1) LF (OB .31) 


For a lossless line or one so short that the line attenuation factor is 
unity (N = 1) the available loss becomes unity (&= 1) and the available 
noise temperature becomes that of the source (To = TD: When the 
source VSWR is unity, the absolute magnitude of the source reflection 


coefficient as given by 
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or, 


VSWR 1 
| . (1OB.32) 


VSWR +1 


[T: 


becomes zero and the available loss becomes N. These limiting cases 


can be summarized with the expressions: 


dim F- | 
1. pe (1OB.33) 


Lim A - N 


(1OB.34) 
[Tz [/—» 0 


The assumption of unity VSWR was imposed in deriving Equation 4C.55a 
and if we use the result of GOB.34) in CIOB.5) we see that (IOB.5) 
reduces to (4C.55a). 

The equations that have been presented in this section will now 
be applied to the problems of determining the sources of error in 
sensitivity measuring systems and particularly the available power 


of test-signal sources. 


1. Hot-cold noise source 


Under ideal conditions, the hot-cold noise source is characterized 
by two known temperatures, and a single source impedance with unity 


VSWR. In reality, the source is characterized by two temperatures of 
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specified accuracy, two source impedances of specified VSWR and a section 
of transmission line. The line is needed to connect the hot and cold 
terminations to the device being measured. Figure IOB-3 shows the 
circuit elements for an ideal and nonideal hot-cold noise source. 

The ideal hot-cold source has unity VSWR for both hot and cold 
terminations and the transmission line is lossless. For these ideal 
conditions, the ratio of the available powers for the two sources is 
simply the ratio of the noise temperatures. For the nonideal source 
the effects of source VSWR and transmission-line loss must be taken 
into account. The powers delivered to the load impedance, Zz for the 
T, (hot) and T, (cold) sources are obtained by applying Equations 10B.6 


1 
and 1OB.8 to the circuits of Figure IOB-3 to get: 


2- 


lz, rn zZ, ae Re (Z,) 
= kT, me eee (1OB.35) 


2 


V, 
Pa Se 
, fz +2.. Re (2,) 


kT ag 4 Re (2: )Re (2.41) 


10B.36) 
[z+ 2)" = 
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Mie 
R—FR kT Af 
V2 
P=—, Ki, At 
AR, 
| 
eee? 
(a) Ideal Hot-Cold Noise Source 
5 re a 
N,T t2 3 ‘2 
zy 
FR 
Zui ae 


(b) 


Nonideal Hot-Cold Noise Source 


Figure 1OB-3. 
Hot-Cold Noise Sources 


Schematic Representations of Ideal and Non-Ideal 
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where 


| 
2 ee [T, + (<, = NT] (1OB.37a) 


T-> [T, ee) T,| (1OB.37b) 


= (LOB .37c) 


(1OB.374d) 


The equations for available power, when the line is lossy and the 
source has a VSWR greater than unity, will reduce to those for the 
ideal case when qT, = qT =0 and N=1. 

The available output noise powers for the T, and T sources can 


be determined from (1OB.35) and (lOB.36) by impedance matching at the 


output: 
P (avai J) =k’: Af (Z,= Zio ) (1OB.38a) 
Fi (avaiJ) - KT, Af (2, = Zi, ) (IOB.38b) 


The error in available noise power is determined by the error in 


available noise temperature. Letting the subscript on T' be s so 
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the equations that follow can apply to either T,' or T ", we get 


Equation 10B.5: 
T- 2 [% +(e-nT| 


which can be factored to give an equation that is suitable for error 


determination of T. Factoring (10B.5) gives 


T= t, il + (I 7 =) (=: “I (10B.39) 


which is written in an alternate form 


ie a [I + Kj) (OB .40) 


with K. representing the two factors in parentheses. Equation 10B.39 
could be used to determine TS! if all the variables were known exactly 


but since they are not, (10B.40) is written in a second alternate form 


7 = 7 [1 + K,] (10B.4la) 


where the tilde denotes a measured quantity which is known only to a 
specified accuracy. We will now take Equation 10B.41 and determine the 
uncertainty in qT! by looking at the uncertainties in the other paraj 
meters. Each variable in (10B.41) can be represented as the sum of a 


true value and an error value 
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Oe es Fa j 

T; 7 T, + AT, (IOB .42a) 
Ae te ea, (10B.42b) 
K, - K+AK, (OB .42c) 


which are substituted into (lOB.4la) to give: 
' ‘ 
T,+4T, = 7 [ + K, + AK, T, + AT; [I+k,+Ak,| (1OB.4Ib) 


. . . ~ . . 
The maximum error or uncertainty in qT, is determined from the absolute 


value of AT! (see Appendix, Part S) 


[AT | 4 |AK,| T, + [ATs [I+ ks + 1Aks|] (10B.43) 


~ 
where | AK | is the maximum uncertainty in K, and [AT. | is the maximum 
uncertainty in Be K. and a are nominal values. 


The uncertainty in K must now be determined. First let 


| 

= = (10B.44) 
a 

and: 

co~ 

L- L+raAzst (10B.45a) 
E - B+AE (10B.45b) 
F\. To + At (OB .45c) 
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Using (IOB.42c) and Equations 10B.45, 10B.39, and 10B.41, we get 
Ao 

K, = I z | (=) = | (IOB .46a) 

K, = [ - 4] (+ -/] (1OB.46b) 

K, + AK, = [ « +0e)| (2 + Az - | (1OB.47) 


and the error in K becomes: 
LF T, Te 
AK, = Az (I-B) +AE (1-3) -AE AF (10B.48) 


If the uncertainty criteria (Appendix, Part S) are applied to (IOB.48) 


in a term by term manner, the resulting uncertainty is 
LF T T T 
lak,| < laz|+ laz| E + lag| + 3 [de] Hagl|az 


but this gives a bound which is unrealistically high. A smaller upper 
bound has been calculated by factorizing (10B.47) into the form of 


(1OB.48) which gives an uncertainty of 
Le qt T, 
lak,| 4 ed (\-=)+ Jae||!- 7 + |AE| =| (1OB.49) 


which is a smaller value than given by the equation above. What we are 


striving for is the most realistic value for uncertainty, not the largest. 
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We have been determining upper bounds on AK | but not a least upper 


bound. The least upper bound, for small increments, is (see Appendix, 


Part S) 
ee eee 
|AK,| 4 yz att ye [Az| 


which is evaluated using (IOB.46b) as: 


|AKs| € C1- €) loz + + | |Ae| (1OB.50) 


For small errors, (1IOB.50) and (1OB.49) are very nearly equal. The 
error in § is evaluated from the equation for & which is obtained using 


(1OB.29) and (1OB.44): 


= SS (1OB.51) 


For small errors we can evaluate [AB] from (see Appendix, Part S) 


2 (E, 
37s! 


Ag Jarer|+ [S=] fon! 


which gives, using (1OB.51): 
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N (N*-1) 2 
Cola 


|Ag| ¢ 


> 2 
2) Né+ IT 
$+ ([- [T:| ) ————___1_ |AN| (OB. 52) 
$s 2 nr) 
N°- | s 
From (OB.52), (1OB.50) and (OB.43) it is determined that the uncertainty 
t fn 
in Ty: | 47. ‘|, is a function of the following variables: 
di, [Te the squared absolute value of the source reflection 
coefficient 


2. N, the line attenuation factor (also called the flat-loss) 


3. TIT,. the ratio of transmission line temperature to source 


temperature 
4. Tr. the source temperature 


5. and the uncertainties in each of the above variables. 


The functional dependence of lar, ‘| is expressed in the equation: 


; Tk 2 TK 
For source VSWR's less than 1.5, B and its uncertainty become: 


Est 


N 
agl= Sp lant|+ 4M 
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This simplifies Equation 10B.50 to 


lak,| = g- £)[oe 


2. 
N°. 1) ral [+ N lanl \ (10B.53) 


aie 


which can then be used in (10B.43) to determine the uncertainty in 
Ty. the available output noise temperature. 

For day-to-day work one would like to be able to use equations 
which are simplier than those just presented. These equations can 


be simplified by using a low source VSWR approximation which is quite 


good for practical sources. For low source VSWR 


and if it is assumed that T.»jAT,| then the following simplified 


equations may be used: 


Tt 7 JAN! 
[AK,| = (1- “i A+ me —| ae (1OB. 54) 


E -_= = | (lOB. 55) 


N 


K= (l- x) (+ - 1) (108.56) 
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i 
[AT |= T, [Ak.| + |AT,| [| = Ks] (10B.57) 


Tos (i+ Ky + [ATI 


= Ty + |AT,| (10B.58) 


As a numerical example, consider a noise source of 373° K and a 
coaxial cable of 1 db loss at 298° K. The actual system specifications 


are: 


J = 373 t 5K 
N - 1.26 to.0e (1.0 + 0.2 db) 
F = 298 + SOK 


From this data,we can compute the following quantities: 


|AT| = 5 °K [AN| = 0.06 
Ly _ Te]. 
A = 0.80 la = 0.024 


Calculating ax. | and K. we get: 


[4k] = (1- re) ) @o24) + [ 0.2 ose. = 0.0125 


K, = (1- 7) (0.80 - |] = 0.041 
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Finally, using (1OB.57) and COB.58), we can compute IAT. | and oe 


AT, | = 373 (0.0'25) +5 (l-0.04,) = 9.50K 


|! - 373 (1-0.041) + [Ate | 


T - 358 * 9,5 ok | 


The effect of the cable loss has been to reduce the apparent 
source temperature and increase the absolute error in noise temperature 
caused by the uncertainty in iT: and iT - The nominal noise temperature 


of the source is lowered by 15° K. 


2. Noise diode 
For many purposes, the errors which occur in a noise diode test 

source are just simplified versions of those for the hot-cold noise 
source. The errors that are unique to the noise diode are those associ- 
ated with diode operation. The errors inherent in the noise diode 
source are: 

1. Space-charge shot-noise reduction 

2. Transit-time shot-noise reduction 

3. Reactive loading 

4. Source VSWR 

5. Transmission line loss 
The first three error sources result in a net error in the excess noise 
temperature of the source while the remaining two cause errors in avail- 


able output noise temperatures. 
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All noise diodes are operated in the temperature-limited region of 
operation (Lawson and Uhlenbeck, 1950, p. 83). This means that the 
electric field between plate and cathode is strong enough to cause every 
electron emitted from the cathode to be attracted to the plate. If for 
some reason the electric field drops below a critical value where all 
electrons are not attracted, the diode current will be limited by the 
space charge cloud of electrons around the cathode. This space charge 
suppression lowers the mean-square noise current of the diode. A space- 


: 2. : 
charge-suppression factor T'~ is used to account for the reduction where: 
2 
Oo€ T € | 


The factor qT? is very nearly unity for a good diode noise source. Space 
charge suppression is discussed by van der Ziel (1954, p. 134) and by 
Quate (in Smullin and Haus, 1959, Chapter 1) but it is not easy to 
arrive at a good experimental equation forT’. Hart (1962) discusses 
the effect of plate voltage on the space-charge-reduction factor and 
gives experimental values. Data on a typical noise diode indicates 
less than 1% reduction in shot noise when the plate voltage is greater 
than 100 V. 

Transit-time error has been analyzed by Fraser (1949) and by van der 
Ziel (1954, p. 126). Fraser derived an equation for the transit-time 
reduction factor by applying Fourier analysis and statistics to the 


shot noise current. Fraser's equation is 


a ae [wor y+ 2 (\-coswt -~WT cosw)| (1OB. 59) 
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where W = Operating frequency, rad/sec 


electron transit time, sec. 


The electron transit time in a planar diode is (van der Ziel, 1954, 


p. 372) 


2d 34x10 d 


a (10B.60) 
yo wy VWs 


where d = plate spacing in meters 


1 = 


q = electronic charge 
m= electronic mass 


Va = plate voltage. 


For small values of @t) the transit-time reduction factor is 
approximated by expanding the sin and cos terms in (10B.59) in terms 
of a power series and ignoring higher order terms (van der Ziel, 1954, 


p-. 128): 
Je 2 | 
ig (WT) Wt) l= (10B.61) 
After substituting (10B.60) into (10B.6l1) we get, 
2 
2 
a 1-74 f < (10B.62) 


as the transit-time reduction factor where f is the operating frequency 


in MHz. 
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The third source of error is caused by stray reactances in the noise 
diode circuits, Figure IOB-4 is a circuit model of a diode noise source 


showing parallel diode capacitance C,. series inductance L. and termina- 


tion admittance Yoo 


Figure 1OB-4. Diode Noise Source Illustrating Noise Current 
Generator, Stray Reactances, and Termination 
Admittance 


Applying Fourier analysis techniques to the noise generator circuit, and 
assuming that xX is adjusted so the source impedance, Yo" is real, we 


get the equivalent circuit of Figure IOB-5. 


t 
Nop 
—_ 


R,@ T, °k 


Figure IOB-5. Reduce Equivalent Circuit for Diode Noise Source 


The mean-square noise current is 
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a 
(J Go \2 (10B.63) 
where w2 Se is the resonant frequency of the series-tuned circuit. 
00 


The error due to stray reactance can be accounted for by yet another 


reduction factor defined as: 


/ We 
a ee is Lj (10B.64) 


When all three reduction factors are taken into account, the 


equivalent mean-square noise current for the noise diode becomes: 
2 2 
IF = 291.5% 7 Of (10B.65) 


A circuit model for the practical noise diode can now be given in 

terms of the source resistance R, and the effective noise temperature 

of the diode. Figure 10B-6 is analogous to Figure 4F.2 in Chapter IV 

and illustrates how to account for shot noise reduction or modification. 
The effects of shot noise reduction and stray reactances are 

reflected in manufacturers specifications on noise diodes. Figure 10B-8 

shows the frequency dependence and error limits on both excess noise 

ratio and effective noise temperature for a VHF noise diode source. Note 

the tendency for both the excess noise and the error limits to increase 


with frequency. The upper frequency limit of 600 MHz is determined by 
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I =4kT, a Of 
3b s 
Tess = aE Rs ts % Lome +, 
2 
a =a eK eT 


Noise Diode Source 


Figure 1IOB-6. Circuit Model for a Practical Noise Diode 
which Accounts for Excess Noise Temperature 
Errors 


transit-time effects. For measuring the noise figure of low-noise 
amplifiers, the ENR accuracy of +O0.S db at the higher frequencies is 
really not very good and, if better accuracy is desired, one must 
resort to hot-cold sources or more accurately calibrated diode sources. 
The available output noise power for a noise diode source with 
transmission line is determined the same as it was for a hot-cold noise 
source. The noise-diode source equivalent circuit used for error 


determination and measurement of noise figure is shown in Figure 1OB-7. 


Figure IOB-7. Equivalent Circuit for a Diode Noise Source 
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Figure IOB-So Frequency Dependence of Excess Noise and Error 
Limits for a Typical VHF Noise Diode Source 


439 


The available output noise temperature is (similar to Equations 10B.37 


or 10B.39) 


7 _ ie [ je (! a +) (z -1) (1OB.66) 


and the output impedance Zt is determined by Equation IOB.24. The 
available loss is computed from (1OB.29). The uncertainty in available 


output noise temperature is given as (similar to Equation 10B.43) 
’ 
AT. ] € [AKs| Tose + [OTe [I+ Ke + JK] conor 


where K. is computed from (IOB.46b) and | AK. | is computed from (IOB.49). 
The approximations discussed for the case of low VSWR which resulted 
in Equations 10B.54 through 10OB.58 are also valid for the noise diode 


source. 


3. Gas-discharge 


The errors which are inherent in the operation of the gas-discharge 
noise source are: 

1. Output coupling of gas-discharge to transmission line 
or waveguide 

2. Errors in electron temperature of the discharge column 
caused by variations in pressure, physical size and 
current (see Olson in Mumford, 1968) 

3. Change in output impedance between fired and unfired 


conditions 
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4. Transmission line loss. 

The situation involved in analyzing the error in the excess noise 
temperature of a gas-discharge noise source is the same as that for 
the hot-cold source. The only difference between the two is the mech- 
anism of noise generation. The "hot" or fired noise temperature T, is 
the sum of the excess noise temperature and 290° K. Typical uncertain- 
ties in the excess noise ratio of coaxial and waveguide noise sources 
are +0.25 to +0.6 db. The uncertainties in measured noise figure 
associated with VSWR changes and ENR uncertainties will be discussed 


in Section E of this chapter. 


4. Sinewave generator 


The errors associated with an AM signal generator were discussed 
in Section C of Chapter IX but they will now be summarized along with 
those for FM and Pulse generators. The sources of error common to all 
generators are: 

1. Output level errors caused by attenuator inaccuracy 
and level detector error 

2. Generator VSWR 

3. Modulation errors and residual modulation 

4. RF leakage 

5. Generator excess noise 

6. Output indicator interpretation. 

The absolute accuracy of the output level is determined by the 
accuracy of the variable output attenuator and output level detector. 


The output level detector is some type of rectifier circuit which 
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samples the RF level input to the output attenuator and feeds a 
proportional dc level to a meter for accurate level setting. This 
scheme cannot have a better accuracy than the components used in its 
construction and usually has a +5% error caused by resistor and meter 
errors. The attenuator accuracy depends upon mechanical tolerances 
used in its construction. These two errors determine the output level 
accuracy of the generator. The accuracy obtainable in high quality 
laboratory signal generators is +0.25 to +1.0 db. Output level speci- 
fications should be carefully checked on any signal generator used 
for sensitivity measurements. 

The VSWR of the generator will affect the available output power 
if a lossy transmission line is used to connect the generator to the 
receiver. The available signal power from the transmission line can 
|2 


be computed from Equation IOB.7 with la written in terms of the 


open circuit RMS voltage of the generator, Eo: 


3 Ee 
-"£ FR, 


P (1OB.68) 
The available loss, ee is computed from Equation 1OB.29. The un- 
certainty in P. is obtained from Equation 1OB.52 because P. is 
proportional to %. If we assume VSWR's of less than 1.5, the uncer- 


tainty in P. due to the uncertainty in & becomes 


2 
|AP| é wt [Alt |*| + lant] : _Es (1OB.69) 


442 


where N= the line attenuation factor 
Eft 7 = the squared absolute value of the source reflection 
coefficient 
IANI = uncertainty in N 


jal ty? |? 


= uncertainty in i\ 


The uncertainty in P. due to an uncertainty in E.2 is simply a db for 
db relationship. 

As an example, consider a signal generator with an output level 
accuracy of +1.0 db and a coaxial cable with 1.0 + 0.2 db loss. The 
maximum VSWR of the generator is 1.2 at the frequency of consideration. 
The uncertainty, in db, of the available output noise power is the sum 
of the generator output level accuracy and the logarithmic uncertainty 


in P 
S 


1.0db + 10 Jog [ x a (1OB.70) 


and: 


ae = wo) loiter] + ANT (IOB. 71) 
s 


We compute the following quantities: 


N- 1.26 [AN| = 0.06 
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2 


2 
= ee — 0.83 x10" 


VSWR +! 


2 
- | : 
AR ree (o.83x107?) + “3% = 0.05! 


The total uncertainty in available output power is computed from 


(1OB.70): 


+ (1.0 4, +0.22db) - + 1.22 db 


Modulation index errors and residual modulation cause errors in 
the measured level of recovered audio. In AM signal generators, the 
recovered audio power is proportional to the product of the available 


input power and the modulation index squared: 


Audio Power, R~m*P (1OB.72) 


The modulation index is characterized by some actual value plus an 


error term 


: Zw 
or squaring TM we get: 


~2 


™m m* +2mam +(Am)2. 
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If the term (Am) ° is neglected, Equation 10B.72 becomes: 
G B ; 
~tOR) ER ~ [m RP +2mam P| 


The relative error is obtained by normalizing the measured value of 
recovered audio power with the true value: 


tT 


rr AP, Am 
—_-z = | r a «| > + 2=— (1OB.73) 
A Fi 


The uncertainty in recovered audio power due to an uncertainty in the 


modulation index can be expressed in db as: 


$m = Io dor, ite lAm a (1OB.74) 


The a-notation will be used to denote uncertainty in db (see Appendix, 
Part S). For a high quality laboratory generator, a typical modulation 
accuracy is +5% at 30% AM. This results in an uncertainty in the 


recovered audio power of: 
[-05] Los + 1.25 db 
10 2ox lite -{t Godb 


This error is of considerable significance in any scheme involving the 


use of a sinewave generator to measure the noise figure of a receiver. 


445 


From the FM theory of Chapter VIII, we stated that the input and 
output signal-to-noise ratios were related to the deviation ratio, D, 


by the equation: 
Output SNR = Input SNR + 10 log 3D” (1OB.75) 


If the deviation ratio is represented by a nominal value plus error 
term, the same technique that was used for modulation index can be 
used for deviation ratio and the uncertainty in output SNR due to the 


uncertainty in deviation ratio becomes: 


laol1 
§D- 10 Seq | 1:t 2 D i (1OB.76) 


Typical accuracy for the devation ratio of an FM signal generator is 
+5% for a deviation ratio, D= 2. This results in an uncertainty in 
the output signal to noise ratio or output recovered audio of: 

Jo Loy | 1 2 ae) = t 0.22 db 
This magnitude of error is not as important as that for the AM case 
and is of minor importance when compared to the output level accuracy 
of +1.0 db. 

Residual AM and FM must be kept low because they represent modula- 
tion on the carrier which is not under control of the user. Their 
presence will result in low-level audio outputs which interfere with 
signal-to-noise ratio measurements. These spurious audio outputs must 


be well below the normal recovered audio for accurate measurements. 
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Spurious FM should be down at least 40 db and spurious AM down 25 
db. 

RF leakage from the high level circuits within the generator 
can couple to the receiver and make the attenuator readings very in- 
accurate. The amount of RF leakage will vary with test setup and 
with the physical condition of the generator. Most signal generators 
designed for general laboratory use have enough RF leakage that they 
cannot be used for sensitivity measurements below 1 s&V. Generators 
specifically designed for measuring sensitivities can be used down to 
levels of 0.1 wv. If levels lower than this are required, a special 
test setup using shield rooms and careful layout is usually required. 

In some special cases, the generator may contribute noise to the 
system which is above the thermal noise of the source impedance. 
When this occurs, this excess noise will add to the receiver noise 
temperature so that it will appear to have a higher noise figure. 
Although this is a rare problem, the possibility of generator excess 
noise should by examined when making sensitivity measurements. 

A very common error which is usually committed by the newcomer 
to sensitivity measurements is that of misinterpreting the output dial 
reading. The RF output of most signal generators is not calibrated in 
open circuit voltage (hard microvolts) but in output voltage across a 
matched load (soft microvolts). If the open circuit voltage is measured 
it will be 6 db higher than the output dial reading. Sensitivity 
measurements are usually stated in open circuit or "hard microvolts" 
sO a measurement using soft microvolts will be 6 db too optimistic. 


To eliminate this conversion problem, a 6 db pad can be connected at 
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the generator output and then the output dial will read the open circuit 
output of the pad. A further discussion of hard and soft microvolts is 
given in Part Qof the Appendix. A common method of avoiding this 
problem is to state all sensitivities in available power (usually in 


DBM). 
C. Detectors and Output Indicators 


The sensitivity measurement errors which are caused by the detector 
or output indicator are attributed to: 
1. Detector power gain nonlinearity 
2. Detector threshold effects 
3. Fundamental detection limits 
4. Flicker noise in the low-frequency amplifiers. 
Quite often the measurement of noise involves the use of two detectors, 
the detector in the receiver and the detector in the AC voltmeter used 
to measure the audio noise. When considering the sensitivity measure- 
ment problem it is important to account for both detectors. This situa- 
tion will not receive special treatment because it can be accounted for 
by the detector theory that is presented in Chapter VI and this chapter. 
A nonlinearity exists between the power input and the indicated 
power output for all detectors. This power gain nonlinearity introduces 
an error into any ratio measurements. 
The effects of power gain nonlinearity are difficult to determine 
and about the only thing that can be done is to calibrate the detector. 
Figure 1OC-l shows qualitative data on the linearity of a typical 


detector. 
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Figure 10C-l. Power-Gain Linearity for a Typical Power 
Detector 

The discontinuities at each 10 db increment are caused by scale 
changes on the instrument which introduce different components into 
the signal path. It can be seen from this curve that a given output 
change in db does not generally correspond to an equal change at the 
input. 

Detector errors due to threshold effects are more obvious and 
often more detrimental than nonlinearity errors. Threshold effects can 


occur because of a very nonlinear characteristic such as the diode 
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detector at low levels or from statistical effects when a sinewave and 
noise are both present at the diode input. The threshold effect in a 
diode detector is discussed by Golding (1968) and the reduction in output 
SNR for low input-SNR is presented by Fubini and Johnson (1948), Middleton 
(1960) and Davenport and Root (1958, p. 266). The threshold effect 

for a noise signal is illustrated by Figure 10C-2. The output noise 
power v.s. input noise power is very nonlinear until a threshold is 
reached. In the vernacular language of the communications engineer, 

the detector is said to be "saturated" when the threshold is exceeded. 
When a diode detector is operated above the threshold it can be char- 
acterized by a linear detector. For very small signals, the diode 


detector behaves like a square-law detector. 


The region of linear operation, between threshold and limiting, is 
not very wide and illustrates that the use of a diode detector should 
be limited to the known region of linear operation. In many situations 
the gain of the IF section of a receiver can be adjusted to bring the 
detector into the linear region. Usually the gain of the receiver is 
high enough to bring the detector into "saturation" on just the thermal 
noise of receiver and source. 

The reduction of the signal-to-noise ratio for low inputs is 
illustrated with the help of Figure 1OC-3. These are curves for 
theoretical and experimental data on a square-law detector (Fubini 


and Johnson, 1948). The carrier-to-noise ratio is defined as: 


Ef, 
Available Carrier Power _ 4R 


Predetection Noise Power k (T. ee ) B 
° é h 
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Figure 10C-2. Threshold Effect in a Diode Detector 


where E = Input sinewave signal in hard volts 
R, = Source resistance 
To = Effective noise temperature of the receiver 


B. = Predetection noise bandwidth 


The output signal-to-noise ratio depends on the modulation index, m, 


and the postdetection noise bandwidth, Be The output SNR has been 
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Figure 10C-3. Theoretical and Experimental Curves for 
Determining Output Signal-to-Noise Ratio 
of a Square-Law Detector 


normalized to account for variations in predetection and postdetection 


noise bandwidths. To get the true output SNR a factor 


B 
looy =p, (Ba B,) 
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must be added to the normalized value given by Figure 10C-3. For the 
data given in the figure, the carrier was 50% modulated and the IF and 
AF noise bandwidths were 1.7 MHz and 1.06 KHz respectively. The reader 
is reminded that all of this discussion is valid only when the post- 
detection noise bandwidth is much smaller than the predetection noise 
bandwidth. For an AC voltmeter this criterionis almost always satisfied 
because the response time is usually larger than 1/lOth sec. 

A single reading of the output detector will always have an error 
caused by noise on the DC level being measured. This noise comes from 
two sources, the low-frequency noise output of the detector and the 
flicker noise in the audio or DC amplifiers. The RMS deviation due to 
detector noise can be calculated from the noise bandwidths but the 
flicker noise cannot. Flicker noise cannot be filtered because it has 
a spectrum which goes to DC. The simplest method to use in reducing 
flicker noise effects is to average out the flicker noise contribution. 
This can be done by numerical signal averaging. 

The actual measurement situation is best illustrated with the 
help of Figure 10C-4. The detector output to a sensory transducer will 
consist of the following: 

1. A nominal de output voltage level, Vy determined by the 
total power input to the detector 

2. Achange in de output level, AV,» caused by a change 
in the input signal 

3. A superimposed noise voltage due to flicker noise 

4. A superimposed noise voltage due to the low-frequency 


noise output of the detector. 
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Figure IOC-4. Output Voltage of a Detector Showing DC 
Levels and Superimposed AC Noise Voltage 


The information really needed is the nominal output Vo the change AV 
and the error caused by the noise. In most situations, the nominal 
value of DC output is known and can be subtracted from any measurement 
data. In some detector applications, the nominal DC output is subtracted 
from the total by a DC level shifter so that the recorded output is 
AV, plus the noise. For these reasons we will not include vs as part of 
the explicit output data. The schemes that will be used to determine 
measurement errors will be concerned with AV and noise. 

The simplest method of determining the average output and probable 
error is to determine the mean and standard deviation of several data 
points taken from the output. A commonly adopted technique of reporting 


error limits is to report the standard deviation. The numerical 
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techniques for analyzing data can be found in any text on data analysis 
or statistics. The basic equations for computing the mean and standard 
deviation will now be given. The following terms are defined where X 
will represent the measured quantity (in this case AV): 

N =number of data points or voltage measurements taken 

at equal time intervals 
X =mean value of the voltage change 
Xi = data point voltage. 


Mean Value 


Se cee: (IOC.1) 


Variance 
N N 
SXi-X) BR | 
Bet, comes, JE x2 (IOC.2) 


we N ON 


The standard deviation is the square root of the variance or simply o. 
This method of reporting the error in a voltage measurement is by no 
means complete but it does serve as a basis for comparing the relative 
accuracy of a variety of measurements. 

To be more specific on reporting this error, it is convenient to 


define a quantity called the relative error of a single measurement. 


This quantity is the ratio of the standard deviation of the noise 


divided by the mean value: 
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(lOc ..3) 


The notation Ya is used by van der Ziel (1954, p. 338). This relative 
error is not an absolute one and thus any particular measurement may 
be in error by more than this amount. The relative error of a single 
measurement f°, gives the expected RMS deviation between a single 
reading and the average reading. The concept of relative error and 
RMS deviation is used in radio astronomy and noise measurement theory 
to specify the accuracy of a noise temperature measurement. 

It is common practice to report the lowest measurable value of a 
voltage or current as that which gives a voltage signal-to-noise ratio 
of unity. This gives a value of unity for the relative error, Va’ » and 
means that the RMS deviation of the noise is equal to the voltage level 
being measured. This idea was used to determine the minimum detectable 
noise temperature discussed in Chapter VI-C. 

The RMS deviation caused by flicker noise cannot be calculated on 
a theoretical basis but that caused by low-frequency detector noise can 
be calculated. The equation for the output VSNR of the square-law 
detector (6.47) has more general validity than was indicated in Chapter 
VI. It can be used to calculate the relative error because the VSNR 


defined in this way is a relative error. Using the reciprocal of (6.47) 


we get the relative error for a single measurement as: 


456 


F 


AS 
Va K =o. (1OC.4a) 
h 


where Ky = shape correction factor defined in Chapter VI 


Be = predetection noise bandwidth 


Be = postdetection noise bandwidth. 


Since the low-pass filter actually performs an integration on the output 
signal, it is conceptually easier to define an equivalent integration 


time, tT as 


T = 2B, (1OC.5) 


which is substituted into (lOC.4a) fo give: 


K- 
Vo = —_ (lOC.4b) 


To obtain the relative error for any particular detector is now a 
matter of finding the predetection and postdetection equivalent noise 
bandwidths and the shape correction factor, Ko Kraus (1966, p. 246) 
has given a table of equivalent integration times for simple low-pass 
filters and van der Ziel (1954, Ch. 13) has derived expressions for ya! 
for various detector types. For a square-law detector, Table 10-1 
gives the equivalent integration times for several filter types. 

The relative error computed with (IOC.4b) is only that error due 
to detector noise output and not that due to flicker noise. In a well 


designed system, the error limit should only depend on detector noise 


4S7 


Table 10-1. Equivalent integration times of several low-pass filters 
Type of Filter Equivalent Integration Time, T, 


Ideal integrator 


Ideal low-pass filter 1 
(low-pass zonal filter) 2By 
Single RC filter 2RC 
Two RC filters in cascade ARC 
Second-order filter 4s 
) 


Critically damped galvanometer with 
time constant Ty 


and not on flicker noise but, on the other hand, flicker noise always 
determines the ultimate limit. 


The minimum detectable change in detector output voltage based on 


the unity VSNR assumption and the RMS deviation is: 
(Av, ) = Vivo (10c.6) 
min 


As an example, consider a noise power detector with a single tuned 
circuit for a predetection filter and a single RC filter for a post- 


detection filter. The relative error is: 


Se 0.707 
-(B,(2RC) 
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If the relative error is to be less than 1%, ¥e&* must be less than 0.01 


or by manipulation of the above equation: 


B, (2Rc) > 5x lot 


For a predetection noise bandwidth of 10 Khz, the RC filter time constant 


must be greater than 2.5 seconds. 
D. Attenuators 


Variable and fixed attenuators are used in the Y-factor and noise 
diode methods of measuring noise figure. When an attenuator is inserted 
into the signal path, the resulting attenuation is generally not equal 
to the attenuation determined by the flat loss or matched attenuation. 
This error or uncertainty in insertion loss has a large effect on noise 
figure measurement accuracy. The uncertainty in insertion loss can be 
determined with the use of the equations developed in Section B of this 
chapter. The equivalent circuits for determining insertion loss are 
shown in Figure 10D-1. 

The power delivered to the load when the attenuator is inserted 


is obtained by combining Equations 10B.3 and 10B.13 to get: 


ef Sal’ G-12P)0- if) 
+ 4 Re@) [(1-5, 71) (-5eT) -5,.SeT. T 


2 (lOD.1) 


When the attenuator is removed and the source and load are connected, 


the power delivered to the load is computed from (JOD.1) by substituting 
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Attenuator 


N = Flat Loss 


(b) 


Figure 10n-l. Equivalent Circuits for Computing Insertion 
Loss and Insertion Loss Error 


the scattering matrix for a direct connection eral = 599 = 0, 


om : C “RPO 2|0|) (10n.2) 


Be 4Re(Z,) W_oaTe 


s 


The insertion loss of the attenuator, L, is determined by the ratio 


of the power delivered to the load with the attenuator to that without: 
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2 2 
R _|Sel [1-7 TI 
Fe | ( i 5.7) ( ~ S,2T+) pe Si2 Sat Ui 


2 (10D.3) 


The flat-loss of the attenuator is the loss measured when the source 


and load reflection coefficients are zero: 


Flat loss, N= qt ‘|s.1° O£E S| 
2l 


The insertion loss, L, in terms of the transmission efficiency, €, is 


[i- ERI 


[=F 
\(i- 5.73) (Cie Sze tR)-5 rT ST Th" 


(10D.4) 


where both Land e are less than unity. 
The terms containing the scattering and reflection coefficients 
can be grouped together into a single term which will be called the 


insertion loss error factor, Yi 


ee ee te 
‘~  (-s.t) (1-5,.0) - 5.8.1 T | | 


The insertion loss error factor is a positive real number which is close 


to unity but can be either larger or smaller. If all the parameters of 
(lOD.S) are known then the error factor can be computed directly but 
usually only the magnitudes of the errors are known. Before attempting 
to derive the uncertainty in insertion loss it will be necessary to 


make some simplifying assumptions: 
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1. The VSWR of the attenuator is low so that 811 = 
ya 
2. The attenuator is symmetric and the transmission 


coefficient is: 


1 
Iz 


Then (OD.5a) becomes: 


i- RT] 
3 (lOD.5b) 


¥ Ce fae 
: I —~ S257. TS 


The range of values of Yy, can be obtained by using some complex 


algebra on Equation 1OD.5b. First let 


RY =[Rel eo 


where ©, is the sum of the phase angles of T. and Tl. Substituting 


this expression into (lOD.5b) gives 


~ _t-2itit|cose, + inital 
+ | -2E [RIM] cos@,+e,) +E [TY [TY 


(lOD.5c) 


which is in terms of the magnitudes of the parameters and the phase 
angles of S21' Ts? and qT The phase angles are generally unknown so 


b] 
the limits on Y, are determined by worst case values of the @ s__ The 
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maximum, minimum and impedance matched values of 4 are determined 


from (JOD.5c) as follows: 


1. CoS @, = =1 Cos (@n + 6.) = +1 
2 
¥ (max) - [+2 IA +ITI inf Z ene 
mm Eee lt +e TRE TT | 
2, Cos @n - +1 Cos (On +aS) ==1 


}-2 [RIT] + ITP TI 


if in) = (IOD.7) 
Gorin) = Tee tnynjre [Rl ar 
3. Cos O, =0 R= Tr 
1+ | afin 
(IOD.B) 


i (match) = Tee Tafileosa, TR TEE 


If the reflection coefficients are small, the factors containing 
squared terms can be neglected. Applying a binomial expansion to the 
denominators of (OD.6) and (laD.?) and neglecting higher order terms 


gives the approximate solutions: 
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¥. (max) = [+2 (I +E) In| In| (1OD.) 
Bo (min) . 1-2 (ite) |T] IT | (10D.10) 


The total uncertainty in insertion loss can be computed by adding 
the uncertainty due to the accuracy of the specified flat loss with 
that due to mismatch. The result, in db, is given in the following 


equation: 


§L =t$e + 10 Leg [12 Cire) mT] (1OD.11) 


The $-notation is used to denote uncertainty in db (see Appendix, Part 
S). As an example, consider a typical fixed coaxial attenuator with a 
flat loss of 3 + .3 db inserted into a circuit where the SWR of both 


source and load is 1.5. The following values are computed: 
=< + fs ms 
sé =to3db |[T=|TJ-o2 E=h 


.The uncertainty in the insertion loss is: 


SL= 50.3 db + lotey E 2(s+42)[.2|L-2]] 


gL a + O.80db 
- 0.85db 


Finally, the insertion loss or change in receiver gain by the insertion 


of the 3 db attenuator is 
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a = 3.0db +0.80 
db - 0.85 


So that the actual insertion loss or change in gain can range from 
2.15 to 3.8 db. This error is very significant when measuring noise 
figure by the 3 db method. 

In many circumstances the VSWR of a source or load can be improved 
by adding a calibrated attenuation without introducing other deleterious 
effects. The improvement in VSWR obtained by this method depends upon 
the flat loss of the attenuator and attenuator VSWR. The attenuator 
parameters are accounted for by its scattering parameters. The reflec- 
tion coefficient at the attenuator output, Ty» is related to the reflec- 


tion coefficient of the generator by Equation 1OB.1 


So2 + TCS Se: - 5 Sez) 
(I 7 ib Si) 


na 
i 


(10D.12) 


where T. =reflection coefficient of the source 
qT, = reflection coefficient of the attenuator output or 
"improved" coefficient 


[S] = scattering parameters of the attenuator. 


If we are concerned with just the magnitudes of the reflection coeffi- 
cients and if Sll and S22 are sufficiently small then (10D.12) reduces 


to: 


[T,| 7 Siz ail \T| (10D.13) 
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For a symmetrical attenuator, Is,,S, 1= e (the attenuator flat loss), 
and after substituting Equation 10B.32 into (100.13) and solving for 
the output VSWR we get: 

(VSW R,+1!) +E (VSWR. - \) 


VSWR, = (100.14) 
(VSW R, +1) - E(VSWR. -1) 


Equation 100.14 is not valid for low values of VSWR because the output 
scattering coefficient of the attenuator was neglected in deriving 


(100.14) from (100.12). Practical limits on the output VSWR are: 


+ |S,.| 
~ |S..| 


£ VSWR, £ VSWR, (100.15) 


where the lower limit is the output VSWR of the attenuator when the 
source VSWR is unity. For a typical fixed coaxial attenuator the 
VSWR is less than 1.25. 

A useful upper limit on output VSWR for large input VSWR is 


obtained from (100.14) by using the approximation VSWRI»] to give: 


1+E: 
VSW Ro Z a (100.16) 


This also is an upper bound for (10D.14) as can be proved by a ratio 
test. As an example; if a 3 db attenuator (e = 1/2) is used to improve 
the source VSWR, the upper bound on the output VSWR is 3 regardless of 


the value of VSWR, e 
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The effects of attenuator errors on insertion loss uncertainty can 
be quickly estimated using typical attenuator characteristics. The 
following typical specifications are included for convenience: 


a. Variable attenuator - Flat loss accurate to +2% of 


reading in db or +0O.1 db, whichever is greater. The 
VSWR is less than 1.2 at both ports. 


2. Fixed attenuator - Flat loss accuracies, 


3 db + 0.3 db 


I+ 


10 db + 0.5 db 


I+ 


30 db + 1.0 db 


+ 


The VSWR is less than 1.2 at both ports. 
E. Measurement Methods 


A groundwork of theory and techniques has been laid in this chapter 
and many other chapters to be used in this section. The concepts in- 
volved in describing errors in sensitivity measurements are difficult 
because of the large number of variables needed in each equation. The 
ideas and equations developed in previous chapters will be used exten- 
sively in this section. It will be necessary to use many approximations 
to arrive at reasonable uncertainty equations. The most tangible 
approach to error analysis will be to develop uncertainty equations 
with respect to a single variable. 

The distinction needs to be made between the effects of circuit 
losses and errors on the measured sensitivity and the actual sensitivity. 
For example, a lossy coax cable will degrade the noise temperature of a 


receiver and will also introduce errors into any attempt to measure the 
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noise temperature. The equations which describe these two effects are 
quite different. To distinguish these cases, the following notation 
will be used: 
a. The use of a tilde, for example fs will denote a 
measured value. 
b. A primed quantity, for example T, » will denote a 
quantity modified by losses or VSWR. 
c. The unprimed variable is used to denote a true value 


or a value that is known, without error. 


1. Y-factor 
The equivalent noise factor or noise temperature of a two-port 
network can be written as (Equation 4F.57 or IRE Subcommittee on Noise, 


1960b) 
fe 4 fee Pitan 
min G, $ s a) B, = B. és) (10E.1) 


it 


B 2 
i (xo + GB!) | (10E.2) 


where ‘os and T, correspond to two-port noise when the input is both 
noise matched and noise tuned e.g., Y, = Ysopt’ Definitions for the 
terms in these equations are found in Chapter IV. The double-primed 


notation will be used to indicate the two-port noise is increased by 


not being noise matched and noise tuned. 
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When a lossy transmission line (or any lossy two-port) is used to 
connect the receiver and antenna, a degradation of sensitivity or in- 
crease in receiver noise temperature will result. A block diagram 
illustrating the measurement system is shown in Figure IOE-l. The 


total receiver noise temperature, Tet? is obtained from Equation 4c.60c 


where the line loss factor is now replaced by the available loss, (IOB.4): 
a“ 
Te = Se t(Z-NT (1OE.3) 


The total receiver noise temperature is expressed in terms of the avail- 
able loss, PG (which accounts for flat loss and source mismatch), the 
transmission line noise temperature Tos and the effective receiver 
noise temperature Til. The effect of source impedance on receiver 
noise temperature is accounted for in . by Equation IOE.2. 

When the scattering parameters of the lossy two-port and source 
VSWR are known, the total receiver noise temperature can be calculated 
by using Equation IOE.3 but any attempt to measure the noise temperature 
is hindered by measurement errors. Suppose the Y-factor of the receiver 
in Figure IOE-l is measured according to the scheme of Figure 9A-2. The 


ratio of output powers would be: 


Vis Ma Kk [T. + (Te),] BG 
Mou k [T, + (7,.),] B, G, 


(1OE.4) 


If we assume the gain and bandwidth of the system do not change during 


the measurement, the Y-factor is simplified to: 
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Noise Transmission 


Noisy 


Y-Factor 


Source 


Receiver Indicator 


Ale 


Figure 10E-1. Block Diagram of a Measurement System for 
Measuring Total Receiver Noise Temperature 


or Te elas 


= (10E.5) 


T, + (T.), 


The total receiver noise actually changes from source #2 to source #1 
because of the difference in source impedances. For this reason, a 
unique value of noise temperature cannot be determined by simply measur- 
ing the Y-factor. The noise temperature of the receiver can only be 
specified by specifying a unique value of source reflection coefficient. 
The situation is not as dismal as it appears because in many 

practical situations the total receiver noise temperature does not 
change significantly for small changes in source impedance. Using 


Equations 10E.3 and 10E.2, the Y-factor can be expressed as 


7 +2, [TL +@k) 1. -0T 
T +2, [Te + @T),]+G&-) K 


(10E.6) 


Se 


where 


Grn )e a ae ile + Te), | + C.-T (10E.7a) 
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(Te), dK, [Te + @te),] +(£,-T. (10E.7b) 


ii 


(Te), ws ai [( G, - Gaps) + (B, - Bop) | (IOE .8a) 


B 
(Aq), = T E. [« G, - Gres) +(B,- Baap) | (1OE.8b) 


The admittances Y = G + j B and Y5 = G, + j B, are the output 
admittances of the transmission line for sources 1 and 2 respectively. 

The fundamental quantity in Equation IOE.6 is the minimum effective 
noise temperature of the receiver, T. If this is known, any total 
noise temperature can be calculated using (1OE.3) and (IOE.2) but it 
is difficult to measure T. accurately. 

Before proceeding with Equation 1OE.6 it will be comforting to 
verify that the complicated expression can be reduced to the more 
familiar form. If the noise source provides the optimum admittance 
to the receiver so that noise matching and noise tuning is achieved, 

Y =Y, = Yeopt and (AT) 5 — (AT), - O. Also if the transmission line 
is lossless, ty =%, =1 and (IOE.6) is reduced to the familiar form 
of (9A.2): 

ee ll 


sf 7, + Te 


The minimum effective receiver noise temperature, T,. may be 
obtained by solving Equation 1OE.6 and factoring in the following 


form: 
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(1OE.9) 


t (T,-¥T) ar (¥-1) |- eee 


“@y-n) “G8” “(2.5 =25 


This equation completely describes the functional dependence of T. 
on all of the parameters of the circuit but is not very suitable for 
making error calculations. Generally, one or more approximations can 
be made which will yield simpler forms of (lOE.9). 

The most useful approximation is to assume that the reflection 
coefficients of the hot and cold noise sources are equal i.e. v5 — ut 
Then from (1OB.4) we can conclude that x, = 4, = X and from (1OB.2), 
(1OB.1) and (IOE.B) that (ATL) 5 = (AT) 4 — AT. These equalities can 


be substituted into (IOE.9) to give: 


From this equation it is possible to get the receiver noise temperature 
Te » which includes the effect of a nonoptimum source admittance, by 
simply adding Te and AT.° 

Applying the error and uncertainty criteria discussed in Part S 
of the Appendix, the following uncertainty components, of the total 
uncertainty of To» are obtained: 


a. Uncertainty due to To» 


3 can laT,| (IOE.11) 


A different approach has been used by Pastori (1968b) and by 
Harris (1966) which evaluates the uncertainty, in measured noise factor 
or noise temperature, caused by mismatch errors. Harris has derived 
an equation for measured Y-factor in terms of reflection coefficients 
and total receiver noise temperature. The effective temperature that 
is used by Harris is different than that used here. Harris works with 
the effective noise temperature defined when the source reflection 
coefficient is zero and the receiver is presented with the optimum 


noise admittance. Using (IOE.3) and (OB.29) with T, = 0 gives: 


T, - NT. + (N- DT (1OE.15) 


where Ty = Tet? when the source VSWR is zero and the receiver 


is noise matched and noise tuned 


N = flat-loss of the transmission line 
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Av = effective noise temperature of the receiver when 
it is noise matched and noise tuned 


a. = physical temperature of the transmission line. 


For small N, so that the approximation T. = Ty is valid, the measured 


Y-factor is given by Harris (1966) to be 


y= i ae (IOE.16) 


where : (J - Ill) 
aT ae 


rsa 
TS = reflection coefficient of the hot source. 


reflection coefficient of the cold source 


haa 
1] 


reflection coefficient of the receiver input 


— 
5 


reflection coefficient of the receiver input 


aa 
II 


correlation admittance (see Chapter IV-E). 


AT4 


Equation 10E.16 can be solved for the input noise temperature, Ty 


AT, -YBT, 
DY -c 


(IDE .17) 


T, = 


If G = qT, = 0, Equation 10E.17 reduces to Equation 9A.3. The effect 


of a nonoptimum source admittance on receiver noise temperature is 


accounted for by r. 
For small Le and Me Harris gives the following approximate 


5 ~ 
expression for Ty 


(%-9T tt tn lel ¥ gt) 
(Y-DF 27] (IR + iT) 


(1OE. 18) 


which will not be verified here. The reader is referred to the 
original paper by Harris. Equations 10E.16 and 10E.17 are exact 
when the transmission line is omitted and Ty is replaced by i 
Equations 10E.17 and 10E.3 can be contrasted to illustrate a very 
important concept. This concept is that the total receiver noise tempera- 
ture does not depend upon receiver input impedance (IOE.3) but that the 
accuracy of the measured value does depend on it. Conceptually this is 
very important to an understanding of sensitivity measurements. In the 
analysis of two-port noise theory, the two-port input impedance does 
not appear in the noise factor equations. Now we find that receiver 
input impedance does affect the measurement accuracy. It can be seen 


from (10E.17) that if the receiver input reflection coefficient is zero, 
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errors due to source mismatch are eliminated. This condition is rarely 
achieved in practice. 

Pastori (1968b) has derived a noise-figure uncertainty equation 
based upon Harris' work which gives the uncertainty in measured noise 
figure due to mismatch errors. Pastori's equation can be derived from 


(IOE.16) by using the approximation, 


L+T rhs! 


which is usually valid for small source VSWR's. 
Using this approximation in (IOE.16) and writing the equation 


in terms of the reflection coefficients gives: 


: eels 
Y [i-n np T (=|nf)s = (1OE.19) 


Solving (IJOE.19) for Ty and using the substitution 


n-nn’ 


M- [| -7T. n? (IOE.20) 
gives: 


7 (1-[EA- M¥ta Inf 
my -I 


(IOE.21) 
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The Y-factor in db is obtained from (IOE.19) as: 


. TE @- ni')+ 7. 
Vin = 10 Jog M + 10 reals! : ae J (10,22) 


The uncertainty [In Yap caused by source mismatch 1s computed from 


which is applied to (IOE.22) to give: 
= AM 10B.23 
Is Yy/ = + 4.34 " (1OE.23) 


The term Eval is the mismatch uncertainty assuming the nominal value 


of Mis unity. This term is given by the following equation 
Mh M | 


where M(max) is the maximum value of Mdetermined from the magnitudes 
of the reflection coefficients. The method for determining M(max) is 


analogous to that used in Equations 1O0D.5. This technique gives: 


. jee nyt + mf iel 
2 
1-2 (An + (TPR 


(1OE.25) 


Substituting (IOE.25) into (IOE.24) gives the mismatch uncertainty: 
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(1OE.26) 


2 
Ey (+ min 1 
Mi ee 
IM! (f -7QY [Ts 

This mismatch uncertainty is then used in (IOE.23) to compute the error 
in Yap: 
In many cases, the error in My is used to compute the error in 
measured noise figure due to mismatch error. The noise factor in terms 


of Y-factor can usually be written in the form of Equation 9A.7 which 


gives the following noise figure equation: 


Yolo 


NF = lOoyg R,, - 10 do (io * —1) (IOE.27) 


The uncertainty in NF is computed by: 


aNF 
F| = |—= ¥ 


Performing the differentiation 


Ye _ 
ONF = 10-2 Log (1070-1) _ — 
ay JX -Ydb 
db ( = i090” ) 


and substituting into the equation above gives: 


1S Yaw _ 


[SNFI - (1OE.28) 
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This equation gives the mismatch uncertainty in measured noise figure. 


2. Noise diode 

The error analysis of the noise diode method of measuring noise 
factor or equivalent noise temperature is very similar to that for Y- 
factor because the noise diode method is a special case of the hot-cold 
Y-factor method. In fact the Y-factor and equivalent noise temperature 
of Equations IOE.6 and IOE.9 can be simplified by applying the special 
conditions associated with the noise diode method. First of all, the 
source impedance is not switched so it stays constant and in almost all 
cases the diode's internal shunt conductance can be ignored. These con- 
ditions mean that the available loss remains a constant during the 
measurement Le., q, =f, =i. Secondly, since the source reflection 
coefficient is a constant, the additive noise temperature caused by a 
non-optimum source impedance, (IOE.8), is constant i.e., (aT), = 
(aT )1 = or. Finally, the hot and cold temperatures are related by 
the excess noise temperature of the diode i.e., T, = Tee + T e If 
these conditions are applied to Equations IOE.6 and IOE.9, the following 


equations, valid for noise diode measurements, are 


y - J+ Tex 
T, th ete) +(£-)T 


(1OE.29) 


Te. ah ted - AT, (1OE.30) 
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where Wg = the excess noise temperature of the diode given in 
Figure 4F-2 
Y measured Y-factor 


oH 
" 


available loss of the two-port between the receiver 


and the noise diode 


4 
II 


physical temperature of the two-port characterized 
by loss Z 

T, +T 

ex 1 

qT. =minimum receiver noise temperature 


aT. = increase in receiver noise temperature due to a 


nonoptimum source. 


The actual equivalent noise temperature of the two-port, which includes 
nonoptimum source effects, is the sum of ue and AE as represented by 
(IDE.2) and (IDE.8). This value can be measured directly using a noise 
diode but cannot be measured directly using a hot-cold noise source. 

In this section we will work with the actual value, qT. ''. The actual 
effective noise temperature for the receiver is measured by the noise 


diode to be: 


o TT -YT £-1 
Tt. - 2(¥-1) -7,(431) (IDE.31) 


The corresponding noise factor is obtained from (IDE.31) by apply- 


ing the definition, tT. = (F" - 1) To' to get: 
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Pale 


ie 
TY 
LCY- ) 


F"- | + 


(10E.32) 


we” 
-F 
oO 


For convenience of error analysis it will be necessary to obtain an 
alternate form of Equation 10E.32. First, the cold temperature is 
the sum of a error temperature and standard temperature i.e., T = 
To + 4T,. Second, the hot temperature is the sum of the diode excess 
noise temperature and the cold temperature i.e., T, = Ts + iy + 4T,. 


Using these relations in (10E.32) gives the more useful form: 


= AT l ‘f-1 
eS Se ant ee aot 
: ECY-)T. Pe & ) ( € ree 


This equation is more complicated than (9A.7) because it takes into 
account the two-port loss between source and receiver, the reference 
temperature error, and the two-port temperature. 

Applying the error and uncertainty criteria to Equation 10E.33 as 
was done previously in Equations 10E.11 through (10E.14) we get: 


a. Uncertainty due to 4 ee 


ex| (10E.34) 


[ 
ada: 


b. Uncertainty due to T, # To' 


[AT Cr, =, +7) (10E.35) 
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c. Uncertainty due to a, 


E-I L-L+1 Ag 
£°(Y-1) T, oes a! } - a) | 


+ Pu (10.36) 


d. Uncertainty due to Y, 


Vex | ¥| 
Sa ND 


£T.(Y-1)° 


(10E.37) 


The most important sources of error for noise diode measurements 
are those due to errors in excess noise, reference temperature T)> and 
measured Y-factor. To simplify the error equations we will assume that 
the noise source is connected directly to the receiver so that the 
available loss, Je is unity. For this case, the noise factor in Equa- 


tion 10E.32 can be reduced by letting ,=1 to give 


a ¥(2-1 


Te 
om 


which is the most convenient form to use to find the error caused by 


etal) 


(10E.38) 


T, # To' This error is computed by assuming that the measured noise 
factor is determined from Y by assuming T; = To' When this happens 


the measured value becomes: 
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Cam) 
(¥ -1) 


The resulting error can be evaluated by taking the ratio of the true 


(LOE.39) 


fk, 


value to the measured value which is the ratio of Equations IOE.38 and 


1OE.39: 


F"' ly T-T, 


F.., T, -To 


(IOE .40) 


The ratio is taken instead of the difference because it is more con- 
venient to convert into noise-figure error. The true value of noise 


figure is determined from (1OE.40) as: 


yoo 


NE" = NF, + 10 Leg [ -Y oT (1OE.41) 
a7 te 


The second term is the db error in measured noise figure caused by 
T) # T): 


Cb error = SNF, = 10 Lor | 1-Y aa (1OE.42a) 


The uncertainty in measured noise figure is simply the maximum error 
determined by (IOE.42). The error equation above has the measured 
Y-factor as a parameter but the equation can just as well be written 


in terms of measured noise factor by using (IOE.39) to give: 
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AT, AT, ] 
(10E.4Zb) 


SNF, = totey Uo Et 


From these error equations we can see that the error in measured noise 
figure depends upon the value of the hot temperature Ty the error in 
T > and either the measured noise factor De or the measured Y-factor ¥Y. 
This error can be plotted as a function of Y or Ff for any specific 
noise source with T as a parameter. A curve of error due to termina- 
tion temperature has been given by Pastori (1967) for a noise source 
where Ty = 10,000° K. Figure 10E-Z is a similar curve for a noise diode 
with an excess noise ratio of 5.Z db (T, = 1250° K). It is particularly 
interesting to note that for a typical laboratory ambient of 294-300° K 
(Appendix, Part 0) the error in measured noise figure is -0.05 to -0.12 
db for low noise figures. This means that, if this source of error is 
not accounted for, the resulting reported noise figures will be pessi- 
mistic. Figure 10E-2 also conveniently gives the uncertainty in 
measured noise figure for a given uncertainty in TY ° 

The error in measured noise figure due to an error in Y-factor can 


be analyzed by starting with Equation 9A.7. The actual noise factor 


and measured noise factor are respectively 


Fy = Rex (10E.43) 
Y-l 


and 


Rex Rex 
(¥ -1) 7 (y-1)+ AY (10E.44) 


a 
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a Theoretical limit (NF' « 0 db) 


ENR = 5.2 db 
0.3 T, = 1250° K 
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Figure 1OE-2. Error in Measured Noise Figure Due to a Termination 
Temperature which is not Equal to a 


where, Y = Y + AY, is the measured Y-factor, Yis the true value and 
AY is the error. 


These equations can be combined to give 


ee 
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which is then solved for F" and (10E.44) is substituted for Fh in the 


denominator to finally give: 


II Fe 


F es 
= hl 


(10E.45) 


This ratio form of expressing the error is convenient for getting the 


error in db. Using (10E.45), the error equation becomes; 


IVE” NF, 5 lohea] b= Gy _AY ] (10E.46) 


where the error in measured noise figure is 


SNF, = -10 Jeg [1 - an (10E.47a) 


or by using (10E.44) to replace Y - 1) we can get the error in terms 


of the excess noise ratio and the measured noise figure: 


S.NF,, = 10 berg | - AY z | (10E.47b) 
ex 


A plot of Equation 10E.47a is shown in Figure 10E-3. Note how the 
error in measured noise factor is drastically increased if the measured 
Y-factor is less than 2 db. The error line for the 3 db method is 
shown for use with manually operated noise diodes. The error 3 ay is 


determined in the manner discussed in Part S of the Appendix. 


486 


| ¥, 
db 
es) 
a \s 
| -) 
0.3 v 
: © 
ao 
0.2 pO? 
= 0.1 
| 
=| @) S 
B 
& 3 db Method 
a 0H 
0 
Ly 
Mi 
t 
| -0.2 
af 
oo =0.3 " 
NEY} ecNE 3 ONF 
-0.4 
-0.5 
-0,2 -0.1 O 0.1 
SY a5 - Error in Measured Y-Factor in db 


Figure IOE-3. Error in Measured Noise Figure Due to an Error in the 
measured Y-Factor 


The error in measured noise figure caused by an error in excess 
noise is easily evaluated by using Equations 9A.7 and 9A.1l. The 
measured noise factor is 

~ 
Rex 
Y -1) 


0.2 
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and the true noise factor is 


F'= 
~ (¥-1) 
where Rx is the actual value of the numerical excess noise ratio. Both 


equations in terms of noise figure are: 


NF. = ENR - 10 Leg (Y¥-1) (10E.48) 


NF" = ENR - 10 209 (¥-1) (10E.49) 


If the difference between the measured and true noise figures is taken 
where, ENR = ENR + 6ENR (in db), the noise figure error may be computed 


from 


NF ' = NF, + SENR (10E.50) 


where SENR is the error, in db, of the excess noise. 
The uncertainty in the measured noise figure due to the uncertainty 


in the excess noise ratio 1S: 
+ | SENR| (10E.51) 


A low value of ENR will result in a measured noise figure which is 
pessimistic while a high value gives an optimistic one. For example, 
a noise diode with a nominal ENR of 5.2 db actually has an ENR of 
5.6 db. When this diode is used to measure the noise figure of a 3.4 
db receiver, the measured noise figure will be 3.0 db which is 0.4 db 


below the actual value. 
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It should be pointed out that the errors given in Figures I1OE-2 
and IOE-3 are expressed as corrections to the measured value and not 
as errors on the nominal or true value. Both of the conventions will 
be used when convenient. Also, the measured value could be plotted 
against the true value to give the same information as the measured 
value plotted against the error. The latter scheme was chosen as being 


a form which allowed a simpler uncertainty estimate. 


3. Gas-discharge noise source 
The errors involved in using a gas-discharge noise source to measure 

receiver noise temperature or noise factor have essentially been given 
in the last two sections. The important sources of error and the appli- 
cable equations are now summarized: 

a. Transmission-line loss error, Equation 1OE.9 

b. Mismatch error, Equations 10E.16, 10E.26, and IOE.28 

c. Error caused by T # To' Equation 10E.42 

d. Error in measured Y-factor, Equation 10E.47 

e. Error in excess noise ratio, Equation 10E.50. 
For a discussion on the magnitude of the mismatch errors to be expected, 


refer to the article by Pastori (1968b). 


4. AM sensitivity 


The errors in the measurement of noise factor using the AM sensi- 
tivity method are caused by: 
a. Errors in the index of modulation, m 
b. Errors in the open circuit generator voltage, . 


c. Errors due to transmission line loss, > 


489 


d. Errors in the measured output signal-to-noise ratio 
(analogous to Y-factor errors) 
e. Errors caused by an incorrect source resistance 
f. Errors in the effective noise bandwidth, Bie 
The measured noise factor when the transmission line loss is unity is 
given by Equation 80.18. To obtain an equation for the measured noise 
factor when the loss is not unity, we combine (80.18) and (IOE.3) with 


the definition of noise factor to obtain: 


m2 E? 
' | G2 -) Jaen 8, “CEG 


For the purposes of error analysis we will assume that the generator 


is connected directly to the receiver so that £=1. The noise factor 
of COE.52) can then be written as 


za 
2 
m* E, 


(Sethe -1) [4k Te Rs 6.| 


(1OE.53) 


where the Kin the first term has been retained for purposes of showing 


the effect of very small losses. The noise figure from (1OE.53) is: 


il 


= 10 Log m® + 10 Lew, Eg - 10 Soa £ 
= 10 fo, (“222 ot No -1) — 10 Lerg [4k To Rs Be] (10E.54) 
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This equation can be used to illustrate the effect of the various errors. 
The error in the measured receiver noise figure is directly related, db 
for db, with each of the arguments of the log functions in (IOE.54). The 


error caused by errors in modulation index is: 
SNF, = 20 \+ Am (m - 
mo Soa, m m- m+ Am) (IOE.55) 


A plot of this equation for typical values of mand Am is shown in 
Figure IOE-4. 
The error in generator voltage is analogous to the error in excess 


noise ratio (Equation IOE.50) and this error can be computed from: 
"oo IOE.56 
NF” = NF, + SCE), ( ) 


A low value of generator output will result in a measured noise figure 
which is pessimistic while a high value gives an optimistic one. For 
more information on generator errors refer to Section C of Chapter IX. 
The effects of all the other parameters of Equation IOE.54 on 
measured noise figure can be evaluated in a similar manner. A few 
specific comments should be made on receiver noise bandwidth error 
effects. The error in measured noise figure due to errors in receiver 
noise bandwidth B. = 8. + AB) is obtained from (IOE.54) by separating 


out the term containing Bo: 


SNF = — [l0%eq B. — 100g Be] 
- 10 5a (I 7 | (IOE.57) 
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in db 


— Error in NF 
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éNF 
m 


4m - Error in Modulation Percentage in % 


Figure 1IOE-4. Error in Measured Noise Figure Due to an Error 
in the Modulation Percentage 


When the error is expressed as the number which should be added to the 
measured value, as in (IOE.50) or (IOE.56), the sign on SNE must be 
negative for positive errors in noise bandwidth. This reflects the 


fact that bandwidths too large give pessimistic values for the measured 
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noise figure. Figure 10E-5 is a plot of the error in measured noise 
figure as a function of the percentage error in receiver noise band- 
width. 

A comparison of Figures 10E-4 and 10E-5 shows that, for a compari- 
tive percentage error, the effect on measured noise figure is much 
more pronounced for modulation percentage. When trying to improve 
measurement accuracy, it is much more profitable to expend effort on 
improving modulation accuracy than on improving noise bandwidth 
accuracy. Errors due to source mismatch and transmission-line loss 


can be accounted for by applying the analysis of the previous section. 


5. FM sensitivity 


The errors involved in making FM sensitivity measurements are 
difficult to analyze because of their extreme dependence on detector 
characteristics. It is not practical to measure noise figure with an 
FM system. The error from sources other than the detector can be 
analyzed by techniques given previously by applying Equation 8A.1. 
Deviation ratio errors are discussed in Section B of this chapter. 

A few comments can be made about FM sensitivity errors in general. 
First of all, the sensitivity of an FM receiver will always improve 
with improvements in receiver noise figure. The receiver predetection 
SNR improves db for db with decreases in RF noise figure. Using this 
fact and a curve such as given in Figures 8A-2, 8B-1, or 8B-2, it is 
possible to predict the improvement in output SNR. Likewise, one can 
predict the effect of a lossy transmission line or noise bandwidth 


error using these curves and Equation 8A.1. The systems which employ 
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Figure IOE-5. Error in Measured Noise Figure Due to an Error in 
the Receiver Noise Bandwidth 


FM do not usually require accurately known sensitivities thus, for most 


situations, error analysis becomes a secondary consideration. 


6. Tangential noise 


The essential theory of tangential noise sensitivity measurements 


was presented in Chapter VIII. Since Equation 8A.I is used to determine 
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noise factor from tangential sensitivity it is used as a basis for error 
analysis. The principal errors in the measurement of tangential noise 
are caused by: 

a. Errors in the generator voltage, ES 

b. Errors due to transmission line loss 

c. Errors caused by incorrect source resistance 

d. Errors in the effective noise bandwidths, Be and Be 

e. Observer error. 
Observer errors are large in this method, typically ranging from 1-2 db 
so that errors due to other factors play a minor role in the total 
error picture. Errors due to the other effects listed above have been 


discussed in previous sections in this chapter. 


7. Antenna noise temperature 


The errors involved in measuring antenna noise temperature are 
directly analogous to those involved in measuring receiver noise 
temperature by the hot-cold noise-source Y-factor method. Starting 
with Equation 9D.1 and considering mismatch effects, the change in 


output power levels is: 


Ta Ra + Teg Re 
Ts Rs + Tes Rs 


M- (IDE. 58) 
: I 7] : : . 

The noise temperatures TeA and Tos are the effective receiver noise 

temperatures when the receiver is connected to the antenna and to the 

source. They are different because of mismatch effects caused by the 


transmission line connecting the receiver to the antenna and to the 
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source. The equations for TeA and ie are analogous to Equations 
10B.37. The difficulty involved in accounting for changes in receiver 
noise temperature caused by source mismatch has been amply discussed 
in the first part of this section. To simplify the equations we will 
assume that the antenna impedance and the reference source impedance 


are equal so that Equation IOE.58 can be solved to give 


hh - MTS + The (M-1) (1OE.59a) 


where Te is the total receiver noise temperature given by Equation 
10OE.3. sire accounts for the receiver noise temperature modified by 
the effect of transmission line loss. Substituting (IOE.3) into 


(OE.59a) gives the final result: 
“tl 
Ty = MT, + (M-1) [tT +&-NT] (IOE.59b) 


As was done in previous sections, the error involved in the measure- 
ment of each quantity in Equation IOE.59 will be expressed as a correc- 


tion factor to be applied to the measured value i.e.: 


T= Ty +4 (1OE.60a) 
=-=M+tAM (IOE.60b) 
T; = T. + AT, (lOE.60c) 
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t 


A£ (OE.60d) 


"+ AT. (IOE.60e) 


The error in i. due to an error in Mis computed from (IOE.59) by 


substituting M to give: 


Ne 


T= MT, +(8-1) [LT + (£-0T] 


Solving for nominal values using the correction factor equations 


above gives: 


Ty - AT, = (M-aM)T, +(M- om-1)[(£T'+ GOT] 
= MT, +(M-l) [£Te" +(t-l)Te.] 
-am {T, + [gt +(g-1) Te} 


From this equation, the error in measured antenna noise temperature is 


identified as: 


AT, = AM {T, + [x le +-0 TJ (IOE.61) 
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From this equation and (IOE.60a) we see that when 4M is positive, mean- 
ing the measured value of Mis smaller than the true value, the measured 
antenna noise temperature is smaller than the true value. In a similar 
manner we can calculate the errors due to the other parameters. 

The following error equations can be computed using (IOE.59) and 
(IOE. 60) : 


~ 
a. Error due to TT. 


AT, = MAT, (IOE.62) 


~ 


b. Error due to f, 


AT, = (M-1) [Te'+ T.] At (IOE.63) 


ott 
c. Error due to T 


OT, = £ CM-I) ATe- (IOE.64) 


The maximum uncertainty in c. is obtained by adding the absolute 


magnitudes of the errors: 
aTal= [aml (7, + [£te"+ Cent} 
+ |M|[ors] + [Te + Te] [mi fas 


+ £ [m-i| [ate"| (IOE.65) 
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The accuracy of the measured value of antenna noise temperature then 


becomes: 


Th = Ti + [OT | (10E.66) 


The following numerical example is included to help clarify the error 
equations. The system data obtained are 
M= 1.26 + 0.03 (1 + 0.1 db) 


aN — 295 + 50K 


Fe 130032 01024 (0.1 + 0.1 db) 
qT!" = 220 4 20° K 
T = 2959 kK 
Cc 
a and the total uncertainty in Te are computed from (10E.59) and 
(10E.65) as: 


T, = 1.26 (295) + (1.26 - 1) [(1.023) (220) - (1.023 - 1) (295)J 


429° k 


[Ar | (0.03) {295 + [(1.023) (220) - (1.023 - 1) (295)}} 


+ (1.26) (5) + [220 + 295J (.26) (0.023) 
+ (1.023) (.26) (20) 


=15.4+ 63+ 3.1 + 5.3 =30.19 K 
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The value of antenna noise temperature must then be reported as: 


T, = 429 2 30.1° K 


Notice that the largest error term is due to the error in M. It is most 
often true that the largest error is caused by the uncertainty in ™. 

It should be remembered that the largest possible error does not nec- 
essarily reflect system capability i.e., self-compensation of the var- 
ious errors tends to reduce the total error. Also the maximum error 
bounds are seldom acheived simultaneously. 

When using a comparison technique where the reference temperature 
is adjusted to equal the antenna temperature, measurement errors are 
caused by reference temperature errors and mismatch errors. 

The antenna noise measurement technique shown in Figure 9D-3 has 
additional errors associated with the coupler and excess noise tempera- 
ture. Equation 9D.5 is used to analyze measurement errors. The 


measured antenna noise temperature is: 


oA (T. + Tex) 


( ae Te” (10E.67) 


Using the same techniques applied to the other antenna noise measure- 
ment system, the errors due to the parameters of Equation 10E.67 are: 


Il 
a. Error due to T. 


AT, = - A's" (10E.68) 
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b. Error due to T 
ex 


AT, = o& AT, (IOE.69) 


c. Error due to & 


Te + Tex 
= —a Aad (1OE.70) 
ah (M-1) 


d. Error due to M 


- A (To + Tex) am (1OE.71) 


Aq, - eM -1)* 


F. Gain Variations 


If the total gain of the receiver changes during a sensitivity 
measurement, errors are introduced into the ratio measurement. The 
effect of gain changes can be analyzed by considering Equation 1OE.4. 
Since G, and G can be factored out as a ratio, it is possible to 


define a modified Y-factor such that 


Y : Y mc (1OF.1) 


and the error due to gain instability can be treated as an error in 


the measured Y-factor or: 


G 
Y - factor error in db = 10 log S (10F.2) 
2 


Output fluctuations due to gain changes are interpreted as additional 


input noise fluctuations by the measurement device and degrade the 
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minimum receiver sensitivity. For a radiometer as used in radio 
astronomy, the minimum detectable noise temperature of the system 
is given by Equation 6.50c. 

To account for gain fluctuations, this equation is modified to 


(Kraus, 1966, p. 248) 


(10F.3) 


where Gis the average power gain and AG is the RMS value of the gain 
variation during the measurement. 

For most sensitivity measurements, gain variations are rarely a 
problem because the measurements are taken over a time interval too 


short for significant gain fluctuations. 


G. Image Response 


When measuring the noise figure of a superhetrodyne receiver or 
any receiver with more than one RF input frequency, care must be taken 
as to how to report the noise figure. Generally the safest technique 
is to report the measurement conditions in detail and let the reader 
interpret the result. For a mixer stage there are two distinct 
responses, the signal response and the image response. If a noise 
source is used, noise power can come in on both channels and cause 
the measured noise figure to be as much as 3 db lower than the actual 
single-channel noise figure. 

The measured noise figure which results from a multiple-input 


receiver has been variously termed the "two-channel" noise figure, 
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the "radio astronomy" noise figure or the "radar" noise figure. The 
reason for this is that these systems usually employ both responses to 
get the best possible SNR. 

The "radio astronomy" noise factor can be computed from the single- 
channel noise factor by the following formula (Mumford and Scheibe, 
1968, p. 53 or Kraus, 1966, p. 266) 

-1 


en (Ie BL Ske SH cen 


where G and BL are the gain and bandwidth respectively of the nth 
image channel and G and B are the respective gain and bandwidth of 
the primary channel. 

For example,a noise figure measurement of a wideband mixer will 
indicate a value 3 db lower than the single-channel value. A wideband 
mixer with an effective noise temperature of 290° K at both channels 
will indicate a 0 db noise figure instead of 3 db. More complicated 
schemes can be analyzed using Equation 10G.1. 

A detailed discussion of the noise in a multiple-response receiver 


is given by the IRE Subcommittee 7.9 on Noise (1963b). 


H. Two-Port Devices 


The noise factor of a two-port device depends upon the operating 
temperature because of the internal thermal sources. If the Friis 
equation (Appendix, Part J) is applied to a passive two-port, the 


result is 
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Fi= e sy (1OH.1) 


where Ft is the total receiver noise factor, Ee is the receiver noise 
factor without the two-port, es is the noise factor of the two-port, and 
G=1/f is the available gain of the two-port. The total receiver noise 


factor is determined from (IOE.3) as 
4 
ee - +f£—% + (2-1) I (On 2) 
e 
and the receiver noise factor is: 


i Pa 
Fo= 14+ = (IOR.3) 
a 

uA 

Substituting (IOR.2) and (IOR.3) into (IOR.I) and solving for the noise 


factor of the passive two-port gives 
LA 
F= | t(£- (10R.4) 


which clearly indicates the dependence of passive two-port noise factor 
on operating temperature. 

The effect of ambient temperature on active two-port noise tempera- 
ture is much more complicated because the thermal noise sources inter- 
act with shot noise sources to give a net effective noise temperature. 


The noise factor of Equation 4F.57 should be written as: 
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B(T) 
F(T)- F(T) + Ge. [(G,- - Geogr) +(B, - Baal (IOR.5) 


to illustrate the temperature dependence. By applying the Nyquist 
Theorem to the internal thermal noise sources, it is discovered that 
the temperature effects can be accounted for by simple temperature 
scaling. In other words, the equivalent noise resistances in the 


model can be scaled as: 


r= — (IOR.6) 


where r is the equivalent noise resistance at To and Ty is the operating 
noise temperature of the device. This scaling technique is not to be 
applied to any noise resistance representing shot noise. As an example, 
consider the noise factor of a junction transistor as represented by 
Equation 4F.67. The temperature dependance can be accounted for by 
scaling the base spreading resistance Toy 
/ _ Ty 


= hye 


r {> 


bb! (IOR. 7) 


This is substituted into the noise factor Equation 4F.67 to give: 


505 


FOn)- 14 a Cw gt HF) 


$ 


Tas 

Rytve + Viet = 2 

i | © 

+3 Oo COR.8) 
2 Rs Ye Fo + 


The resistance Fs, is not scaled because it represents shot noise. A 
similar procedure can be applied to all the noise factor equations in 


Chapter IV. 
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XI. INTERRELATIONSHIPS OF MEASUREMENT METHODS 


This chapter is a summary of the important equations relating the 
various measures of receiver sensitivity. To keep the summary brief, 
the important equations will be listed but the detailed algebraic 
manipulations will not be shown. Several graphs will also be included 
to illustrate more clearly the features of some of the more useful 
equations. 

The important relationships are now summarized (definitions follow 
the equations): 

a. Relationship between noise factor and effective noise 


temperature (Appendix, Part E): 


r 
- = = ~- 
Felte or T, (F 1) qo (11.1) 


b. Relationship between noise factor and AM sensitivity 


(Equation 8D.7b): 


29 
F ea ene aM (11.2) 
SkT R BI 


c. Relationship between noise factor and tangential noise 


sensitivity (Chapter VIII-C): 


a 


TN 
Fs (11.3) 
4k TR, CK) V2 8, Br] 
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d. Relationship between receiving system power sensitivity 


and effective noise temperature (Equation 4D.9): 


ae =k (T, + TA] B. Sain (11.4) 


The following quantities are defined: 
B Q The effective noise bandwidth of the receiving system, Hz 
(see Equation 8D.18). 


: Predetection noise bandwidth, Hz. 


3 


Be A Postdetection noise bandwidth, Hz. 
Ea 8 aM sensitivity in hard volts RMS. Value depends upon 
receiver noise bandwidth and desired predetection signal- 


to-noise ratio. 


iC 


Em ® Tangential noise sensitivity in hard volts RMS. Value 


depends upon K»> B, and Bo (see Equation 8C.1). 


A : ae 
F = The noise factor of the total receiving system. 


1.38 x 10°23 watt-sec , 
; oK 
Sensitivity constant for tangential sensitivity. 


k a Boltzmann's constant, 


Ss 


m 4 Modulation index for amplitude modulation (0 < m< 1). 


> 


Receiving system power sensitivity, watts. 


> 


Source or antenna resistance for which the sensitivity is 
measured, oluns. 

A : F : s 
S, =Predetection signal-to-noise power ratio. 


A ne : , F 
= The minimum acceptable predetection signal-to-noise power 


Sa n 


ratio. Quite often arbitrarily chosen as unity. 


50B 


A ‘ ; ane 
Ty = Effective noise temperature of the receiving antenna, oK 


(see Equation 4C.6B) - 


A : : Pons 
The effective noise temperature of the total receiving 


4 
tt 


system, OK. 


T . Standard temperature, 290 oK. 


The notation for the equations above has been made as simple as possible 
and may not agree with various equations listed elsewhere. This compro- 
mise was considered necessary to achieve definitional simplicity. For 
more exact notation refer to the appropriate section elsewhere in the 


text. 
A. Noise Factor (Noise Figure) 


The following equations relate noise factor to the various other 
sensitivity parameters: 


a. Effective noise temperature, au 


T 
F=I+ - (IA.1) 


oO 


b. AM sensitivity, Ew 


2 E2 
Pog get SE os 11A.2 
“S4kT R BI CTE) 


c. Receiving system power sensitivity, Ps 


5. = T. (1IA.3) 
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d. Tangential noise sensitivity, En 


E 2 


_ IN 
4k qo R, [K 7/2 By B,J 


A plot of noise factor and noise figure as a function of effective 


F (11A.4) 


noise temperature is shown in Figure I1A-l. The graph is accurate 
enough to be used for most noise calculations. 

Equation I1LA.2, which describes the relationship between noise 
figure and AM sensitivity, can be specialized to a more convenient 
form by specifying some of the receiver parameters. It is common 
practice to fix the values of antenna impedance, signal-to-noise ratio, 
and modulation index when specifying the AM sensitivity of a variety 
of receivers. Nominally, the predetection SNR is related to the audio 


output signal-plus-noise-to-noise ratio as (see Equation 8D.18): 


The following values are commonly used standards for AM sensitivity 


measurements: 


= 10 (Corresponding to a 10 db ratio) 


R = 50 ohms 


m =0.30 (corresponding to 30% modulation) 


In the normal AM system, the predetection noise bandwidth is twice the 


audio bandwidth. If By is the audio bandwidth, then B. =2 By and if 


F cor NF 
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10 
9 T 
2 
es eae 
Oo 

8 NF = 10 log F 


NF 


Noise Figure 


F Noise Factor 


5 10° 2 5 2 


Effective Noise Temperature, T. in oK 


Figure 11A-1. Noise Factor and Noise Figure as a Function of 
Effective Noise Temperature 


bye 


this and the constants above are substituted into Equation HA.2 the 


result is* 


Bee 
F= 6250 = (11A.5) 
A 
where Eyy = the receiver AM sensitivity in hard microvolts 


RMS (see Appendix, Part Q) 


B, =receiver audio noise bandwidth in Hz. 


A 


A very useful plot of Equation I1A.5 is given in Figure IlA-2. This 
graph can be used to compare receiver AM sensitivity specifications 
against equivalent noise figure. For example, a receiver with an audio 
bandwidth of 3 KHz is measured with a 1 KHz tone modulated 50-ohm signal 
generator. The required input in available signal power is, -///.4 DBM 
or /.2 uv hard, for an audio output signal-plus-noise-to-noise ratio of 
10 db. The corresponding noise figure, from Figure HA-2, is 4.4 db. 
For any receiver with these characteristics it would be meaningless to 
report a sensitivity of less than 0.7 WV hard as this would require a 
noise figure less than 0 db. A scale of available signal power in DBM 
with a 50 ohm reference is given at the top of the figure while that 
for signal level in hard microvolts is given at the bottom. 

One must be careful to specify whether the sensitivity is in hard 
microvolts or soft because of the 6 db difference. For example, an AM 


sensitivity of -//3 DBM corresponds to 1.0 ¥V hard and 0.5 xV soft. 


*The convenience and simplicity of this equation was first brought 
to the author's attention in a private communication from D. B. Hallock 
of Collins Radio Company, Cedar Rapids, Iowa. 
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Typically a signal generator will be calibrated in DBM and soft micro- 
volts. If the sensitivity is read directly off the dial of such an 
instrument, the reading must be doubled before it is reported as a hard 


microvolt sensitivity. 


B. Effective Noise Temperature 


The following equations relate effective noise temperature to the 
various other sensitivity parameters: 


a. Noise factor, F 


jee eee a (11B.i) 
b. AM sensitivity, Eau 
2 2 
Teor S$ 4kT R BI +" ie) 
) 0 Ss 


c. Receiving system power sensitivity, Peg 


P 
e k B. Smin A 


d. Tangential noise sensitivity, Ew 


T =f 4 Ei ] (11B.4) 
5 0 oa 2 B, B,J 


Jibs 
es 
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C. AM Sensitivity 


The following equations relate AM sensitivity to the various 


other sensitivity parameters: 


a. 


Noise factor, F 


1 
E = gull S 4kT R B)\ 
AM r,t 0 ae 


Effective noise temperature, qT. 


E 
AM 


Receiving system power sensitivity, P 


AM s LSU 


n 


Tangential noise sensitivity, 


D. Receiving System Power Sensitivity 


—i 
=o [4k (T, +7) RO BD 


Pp 
ae rs 
E =e R | k (T, - ") aJ 


EIN 


rs 


(11C.1) 


(11C.2) 


(11C.3) 


(11c.4) 


The following equations relate receiving system power sensitivity 


to the various other sensitivity parameters: 


a. 


Noise factor, F 


Peet k[Q+@-2 r, | BLS 


min 


(ID.1) 
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b. Effective noise temperature, 1 
P =k (I, + TA] B.S (11D.2) 


rs c min 


. AM sensitivit E 
c sitivity, E)), 


D> 22 
m Ea 

De =k B. S ain [tat TiS IGE TE DT [ak TRB ‘ (11D .3) 
P o s ¢c 


d. Tangential noise sensitivity, Ey 


2 
E. 
Prs 7 B. Smin B + To = 7 ij 
4 k I, R. [K,/2 B.. B_1 

(11D.4) 

A special form of Equation IID.2 is used to describe the power 
sensitivity of a receiving system. First it is necessary to introduce 
the concept of absolute sensitivity (Saad, 1966). Take the log of both 


sides of Equation I1D.2 and write in terms of db: 


P_,(db) = 10 log P__ = 10 log|k (T, + ,)| + 10 log B, + 10 log S_, 


(ID.S) 


The factor, 
S = 10 log|k (T, + 1) (11D.6) 


is referred to as the absolute sensitivity. It is the power sensitivity 


of a receiver which has a 1 Hz bandwidth and a minimum acceptable 


Acsclute Sensitivity in dom pHz 
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Figure 11D-1. Absolute Sensitivity as a Function of Noise Factor 
for Various Antenna Noise Temperatures 
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predetection SNR of unity. For any Band Saln’ the receiving system 


power sensitivity can be written as: 


Prs(db) = S + 10 log B. + 10 log Smin (UD.7) 


A plot of absolute sensitivity as a function of receiver noise figure 
for various values of antenna noise temperature is shown in Figure 11D-1. 
This figure illustrates several of the interesting features involved in 
the trade-offs between receiver noise figure and antenna noise tempera- 
ture. As an example, consider a receiver with a noise bandwidth of 1 
KHz, a noise figure of 2 db, and a required minimum SNR of 10 db. When 
the antenna noise temperature is 100° K, the available signal power at 
the antenna must be greater than Fs Using Equation 11D.7 and Figure 


11D-1 we calculate: 
P.., (dbm) =- 174.2 + 10 log 1000 + 10 ¢ - 134.2 dbm 


An increase in the antenna noise temperature from 100° K to 1000° K 
results in a Fes (dbm) of -127.8 dbm. Calculations of this type can be 
used to determine where improvements in sensitivity can be most econom- 


ically made. 
E. Tangential Noise Sensitivity (Pulse Code Systems) 


The following equations relate tangential noise sensitivity to the 
various other sensitivity parameters: 


a. Noise factor, F 


Eng =| F [4 kT R, K,+/2 B, B\ (11E.1) 
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b. Effective noise temperature, Tq, 


Ew * 4k (To + Ta> Rg Kyi? B, 2! \ (11E.2) 


c. AM sensitivity, Eu 


E 2o ) —i: (11.3) 
‘NAM Be By 


d. Receiving system power sensitivity, Lae 


Evy * k R, Ky 2 BBL at 2 : - Ty + r, (11E.4) 


ec min 


For a 50-ohm system, the constants k and Ty can be substituted into 


Equation ILA.4 to give 


Ee 


-. 1.25 —L— (11.5) 
My? Ba 
where Ew is in hard microvolts RMS and the bandwidths are in MHz. An- 
other convenient representation is to express the tangential sensitivity 
in available power at the input. The power sensitivity of the receiver 


is (from Equation 8C.2) 
S, (dbm) = - 114 + 10 log F + 10 log Ky + 10 log+/2 B. a 


= —- 114 + NF + 10 log K) + 10 log./2 Bh B, (11E.6) 


where values of K) are given.in Table 8C-l. The quantity 1/2 B, Be is 


sometimes defined as an effective receiver bandwidth (Klipper, 1965): 
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B_ =4/2 B, B (HE.7) 


For a square-law detector CS = 7), Equation I1IE.6 can be simplified 


to: 
S,(dbm) =- 105.5 + NF + 10 log B, (11E.8) 


Equation IE.8 is used to generate the graph of Figure IIE-I. Since 
the value of the sensitivity constant, Ky depends on an observer evalua- 
tion which is no better than 1-2 db, the accuracy of the graph is limited 
to the same error. 

As an example, consider a pulse receiver with predetection band- 
width of 20 Mhz, a postdetection bandwidth of 0.1 Mhz, a noise figure 
of 8 db, and a square-law detector. From Equation I1E.7, the effective 
receiver bandwidth is 2.0 Mhz. From Figure IIE-I, the tangential 
sensitivity is -94.5 DBM. This is a voltage sensitivity (in a 50-ohm 


system) of 8.3 WV hard or 4.15 ¥#V soft. 
F. Noise Quieting (FM Sensitivity) 


A relationship between FM sensitivity and the other sensitivity 
parameters given in this chapter was not established in Chapters VIII 
or IX. The reason for this is that the comparisons are too dependent 
on detector and signal properties. It is because of this that comparisons 
among the various FM sensitivities were not made. No literature refer- 
ence that treats these problems was found. Further investigations are 


needed to provide information about these comparisons. 
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XI. SUMMARY 


Noise theory and sensitivity-measurement theory have been discussed for receiving 
systems and circuits. The topics were presented from the viewpoint of a design engineer 
working with high-frequency systems and circuits. Emphasis has been given to the circuit 
analysis of noise problems in each basic block of a complete receiving system. The main goal 
of this work has been to provide a self-study guide in these areas for engineers and scientists 
with very little background on noise theory. 

The basic questions: 1) what is receiving system sensitivity, 2) how does it relate to 
signal-to-noise ratio, and 3) how is it measured, were answered. The functional blocks of a 
receiving system were described in detail as to their operation and effect on sensitivity. The 
physics of noise generation, how it is characterized and the physical sources of noise were 
presented in great detail. The fundamentals of two-port noise theory were emphasized 
throughout the text. 

The overall picture of a communication system was discussed in Chapter II. Each 
component of the system was described and the reasons for studying the noise in receivers 
and antennas were stated. In Chapter III, the receiving system was presented and each 
component of the system was related to the overall performance. A detailed block diagram of 
the receiver was presented. 

A large part of the writing and research was concentrated in Chapter IV on noise in electronic 
circuits. The physical properties and physical sources of noise were discussed in detail to 


provide the user with as much background information as possible. This background 
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was then used to discuss the topics of system and circuit noise and noise theory for two-port 
networks. Many of the more important equations were derived in this chapter. The last part of 
the chapter dealt with noise in electron devices. The most important device noise information 
was condensed so it could be used for self-study. 

The discussion on RF translator noise in Chapter V was a summary of information 
scattered throughout the text. Translator noise was discussed separately because the RF 
translator is the most important sensitivity determining component in a receiver. The chapter 
was con—cluded with an interesting graph showing state-of-the-art noise figures for 
commercially available broadband RF amplifiers. 

The most technically demanding topic was the discussion of noise power detectors in 
Chapter VI. Detector theory was heavily involved in determining the resolution accuracy of a 
noise measurement. The different types of detectors were analyzed and the relationship 
between predetection signal-to-noise ratio and output measurement was presented. 

Chapters VII through X dealt with the theory of sensitivity measurements. The 
common measuring methods and the errors associated with those methods were given in 
detail. 

The relationships among the various sensitivity specifications were presented in Chapter XI. 
Of special importance were the graphs comparing; noise figure and noise factor with effective 
temperature, noise figure with AM sensitivity, noise figure with absolute sensitivity, and noise 
figure with tangential sensitivity. 

An extensive appendix was given to provide the fundamental definitions of many of 


the quantities used in the study of noise theory in electronic circuits. 
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XIV. APPENDIX 
A. Power Spectral-Density Function, (w) 


The power per-unit-bandwidth (watts-per-hz) of the frequency dis- 
tribution of a random signal, X(t), is called the spectral power because 
its variation with frequency produces a power spectrum. The concept of 
a spectral density is particularly useful for noise studies because it 
provides a means of describing the noise behavior of a network using 
linear system theory. This function is discussed in textbooks on 
communication theory (Beckmann, 1967) and linear circuit theory (Brown 
and Nilsson, 1962). 

Before defining spectral density it is necessary to define the 


-Fourier Transform Pair to be used in this report: 


gw) — pme dy - F ete 
re oO (A.1) 
Fw 4- 
f(t) = = gwye dw - Foe] 


Other equally valid definitions are sometimes used which distribute the 
21 factor in a different manner but the above seems to be the most 
conunon. 

The definition for the power spectral-density function of a random 


signal X(t) is that it is the Fourier transform of the autocorrelation 


function of X(t): oS 


_jJwt 
J (w) = R(%) Cc : av fies is real. (A.2) 


Pr) 
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The autocorrelation function of X(t) is a measure of how well the 
function X(t) is correlated with itself after an elapsed time, tT. 
This function is obtained by the average of the product, X(t)X(t-T), 


over a time period, T, as T goes to infinity; 


7s, 
REt) = Bien t | XeK(E-¥) dé, (A.3) 
- 


If Fourier analysis is to be used, the random signal X(t) must be time 
stationary, i.e. its statistical properties must not vary with time. 
This requirement is satisfied by the Gaussian white noise produced in 
a linear resistor (thermal noise) but not by a noise source with a time 
varying mean-square value. This is the usual assumption made in 
receiver noise studies and when Fourier techniques are applied to 
noise problems. 

For the thermal noise produced by a resistor, the power spectral - 
density function is obtained from the quantum view of radiation. Nyquist 
(1928) produced a theoretical basis for resistive noise power using 
thermodynamic and statistical mechanics. He assumed thermal equilibrium 
and applied the equipartition theorem to obtain the available power- 


per-unit-bandwidth as: 


g.(#) - kT watts/hz. 
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When Planck derived the black-body-radiation law he found that the kT 
product in the equipartition law must be replaced by the Planck factor 
(van der Ziel, 1954) defined by Equation A.4 which is also the power 


spectral-density for a resistor 


watts/hz. (A.4) 
a0) 
Ye) € =| 
where h = Planck's Constant, 6.63 x ig* joule-sec. 


k = Boltzmann's Constant, 1.38 x 10°23 joule/°K. 
TR = Thermal temperature of the resistor, OK. 
f = Frequency, Hz. 


X(t) = Thermal noise voltage, Volts. 


Equation A.4 is valid over all frequencies and temperatures but is 
seldom used in that form at radio frequencies. The Rayleigh-Jeans 
approximation to Planck's radiation law is used at radio frequencies. 
This approximation can be obtained by expanding the denominator of 


(A.4) in a power series to obtain: 


hf 
Th a _for £ ¢ 400 hz/K. (A.5) 
le OR ie / Tr 


The power spectral-density function for a noisy resistor can now be 


written in its simplest and most commonly used form by substitution 


of (A.5) into (A.4) to get: 
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G(4# kTe watts/hz (A.6) 


It is interesting to compute the total power available (Appendix, Part 


C) from a noisy resistor by integrating Equation A.4 over all frequencies: 


Total noise power = Fae df watts. (A.7) 


O 


By using the substitutions, z = a and dz = ie df, equation A.4 be- 
R 
comes: 


oO 
2 a 
Total rover“ KTaI | 2.d = (k Ts)" a 
h e*-| h 
° 
k> tyr? a a 
= cs oe Tr 4.72 X 10 - ie watts. (A.8) 


In the real physical sense, this power is not available to the user be- 
cause one never has an infinite bandwidth. At standard temperature, 
Ty = 290°K, Equation A.8 tells us that the total noise power available 
from any resistor is about 4 microwatts. With this equation we can set 
the upper bound on available power for a noisy resistor. 

For a finite bandwidth, and using the Rayleigh-Jeans approximation, 


(hf«kT), the available power for a noisy resistor can be computed by 
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He 


= - Ja (F) df = kT AF watts (A.9) 
‘.¢ 


LV ie 


where Af is a small bandwidth about the frequency f. From this repre- 
sentation the mean-square noise voltage for the bandwidth, Af, and the 


Nyquist equation are: 


ALTRAF (Volts)7*  (A.10) 


The ideas of power spectral density and Nyquist's equation are useful 


for many of the derivations that will be presented in this appendix. 
B. Noise Bandwidth 


The noise bandwidth of a linear, noiseless two-port network is 
defined in terms of the noise power available (see Appendix, Part C) at 
the two-port output due to a noise source of constant spectral intensity 
at the input. The concept of an equivalent noise bandwidth is a con- 
venient one for noise studies because it eliminates the integral equa- 
tions that result from applying Fourier techniques. The circuit of 
Figure B-1 illustrates the basic elements needed to derive an expression 
for equivalent noise bandwidth. 

For a time-stationary input such as white Gaussian-noise, we can 
apply steady-state Fourier analysis which relates the input and output 


spectral functions: 
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Noiseless, Linear, 
Time-Invariant 
two-port, Network 


go) = Fe] 
Vag =4k Ty Rg AF Vaio = 4k Ty Ro Jo Br 


Power-spectral-density function of the noise 


5 () 
input to the filter ¢ sy 


Power-spectral-density function of the noise 


a4) 
output from the filter. 


g(w) = Steady-state transfer function (complex). 


Figure B-1. Noise Bandwidth Determination 


Pow) - Pp (w) [ gear FP watts/hz. (B.1) 


The available power in an incremental bandwidth df at both input and 


output is obtained from the power spectral densities: 


a 
d st _ AN, - BF) df watts. (B.2) 
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output 


d(¥=)- dN. G.(4) gen" ‘ (B.3) 


Integration of (B.3) gives the total output power 
f Ee) | lds dq : 
F) | EF) gf [gm df, (B.4) 
° ° 


where Ty = Noise temperature of R, 
g(f) = Steady-state transfer function. 
From Equation B.4, the effective noise bandwidth for a two-port 


network can be determined by examining the integral: 


foo) 


a 
I9(f)| dt. (B.5) 


° 
If we let the amplifier response Ig(f) Pes be normalized to unity, at a 
convenient reference frequency f,' by dividing by the amplitude g02, at 


fo. the integral of (B.5) becomes 


f ls df Jo Bp (B.6) 
ce] 


where the effective noise bandwidth or normalized noise bandwidth is 


B,, - aa | Igcy| df. (B.7) 
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Effective noise bandwidth can also be written in terms of transducer 


gain, G(f) = Ig(f) /2, as (IRE Subcommittee on Noise, 1960a): 


8, = — +26 df (B.8) 


oO 


Part (a) of Figure B-2 illustrates the concept of effective noise 
bandwidth for a smooth passband. Notice that the 3db bandwidth is 


not the same as the noise bandwidth. 


G(+) G(f) 


Figure B-2. Effective Noise Bandwidth, BL 


Part (b) of Figure B-2 illustrates a passband shape which is not smooth. 
For a smooth passband, the peak amplitude is usually chosen for normal- 
ization but for passbands with ripple, it may be convenient to choose 


some other reference. BL could just as well be normalized around the 
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average gain while still keeping the total output power constant. Com- 


paring the two methods we get: 


n max 
@ 
= k T, Gig B= (ods (B.9) 
Gran 
Ave, G = Chg : 
2 f / \ 
No =k T, GB i a {ow df (B.10) 


ie) 


The factor of normalization does not alter the fundamental meaning or 
the value of the integral of Equation B.5; however, most authors use 
the definition of Equation B.9. 

Whenever any difficulty arises due to the definition of effective 
noise bandwidth, the user should resort to the fundamental definition 


of output power: 


a 
N.- kT Ff |gcs| df (B.11) 
0 
It is convenient for purposes of calculation to normalize the 
effective noise bandwidth with respect to the 3db bandwidth. Numerical 


integration can be used to compile tables of the ratio K: 


K- 


ss (B-.12) 
Bwsclb 
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Tables for passband responses that have well defined maxima, such as a 
Butterworth response, can be found in Kraus (1966, p. 265) and Lawson 
and Uhlenbeck (1950, p. 177). For more discussion on the computation 
of integrals such as Equation B.5 refer to Bennett (1960, p. 18). 

A simple noise bandwidth calculation will now be made to illustrate 
the technique. Figure B-3 shows an RC filter for which the noise 


bandwidth will be calculated. 


Ew) E(w) 
R 


Figure B-3. RC Filter 


The transfer function is: 


| 
Ao 
E, (w) : Gu 7 re ee (B .13) 
E, (w) 
RR ya 


The maximum value of g(w) occurs at w=0, so 


_R_ 
R+ Rg 


mon = 


and normalizing g(w) we get 
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Gg (w) ) 
= Ww B.14 
3 Ja / + | we RRs 
R+ Ry 
RR ' 
Substitute, T= CR+ = and obtain the effective noise bandwidth by 
g 
the integral: 
Ww 
; a 
B, = dom (w)| dw (B.15) 
: W—r oo IJn | 
° 
Squaring g(w) integrating over zero to W 
fo wo] 
| | -! 
—, 90 = = Zan (wt) 
[+ wT T 
ie) 
and taking the limit gives; 
Ba = dim te tam! cyny = at (E) 
= SS | B.16 
The 3db bandwidth is evaluated from the condition 
gw = 4 ! 
w)f =— ——— (B.17) 
g. ( =) + w* 7? 
and we conclude that: 
BW 5, = rad/sec (B.18) 
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Finally, the ratio of effective noise bandwidth to 3db bandwidth is 


taken: 


ee ee es) (B.19) 
BWagp a 


From modern filter theory (Karni, 1966, p. 345) the rational function 


approximation for a transfer function is of the form 


nc 
Sr | = | + Q (w?) 


where Ow”) may be any of a whole class of orthogonal polynomials 
(Karni, 1966, p. 360). 

To the best of this author's knowledge, no tables comparing 
normalized noise bandwidths with the 3db bandwidths exists for the 
common functions of modern network theory. 

It is suggested that further investigations into the topic of 


effective noise bandwidth be made. 
C. Available Power 


The concept of the power available from a Thevenin's voltage 
source or Norton's current source is useful for communication engineer- 
ing, especially noise factor studies. This idea is used in many papers 
on noise theory and is presented here to familiarize the reader with 
this concept. By definition, the available power is independent of the 
load and is the maximum power that can be drawn from the source by 


arbitrary variation of the load, 


553 


Actual Power Delivered < Available Power. 


The definition of available power is a direct result of the maximum 
power transfer theorem and is illustrated with the help of Figure C-l. 


E and I. are RMS generators with internal impedance Z° 


+ Zz e 
3 Available P | EI (C.1) 
Valladle ower = a a? fae NS a 
: 4. Re(Z,) 
Thevenin 
+ 


JI,” 


iG Available Power = ————— (C.2) 


4 Re (Ys) 


Norton 


Figure C-l. Available Power Network Theorems 


Since Z, and Yare functions of frequency, it is necessary to 
include frequency variation effects if the source, E or I. contains 


more than a single frequency. 
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For noisy resistors, the available power is defined with the help 


of Figure C-2, where Wi" and ac are mean square noise voltages and 


currents. 


—— Available Power nn 
(in bandwidth = ZR, =| kT, df (¢.3) 
Sf) 
f 
Vr =4kT, RAF 
kh = Power Spectral density 
—_ $+ AF 
Available [° df 
Power a 
ht G, @ OOK (in band- — 4G, = }k Te (C.4) 
width 4£) 


i; —- 4k mR, AF 


Figure C-2. Available Power Theorem for Noisy Resistors 


The bandwidth Af is an incremental bandwidth which actually repre- 
sents the noise bandwidth over which the available noise power is being 
measured. When the noisy resistor is connected to a noiseless two-port 
network, the available noise power at the output can be obtained by 


combining Equations B.4 and B.6 
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C= k te Ba (C.5) 


where TR = Temperature of the noisy resistor, oK. 
gmax = Peak amplitude of the steady-state transfer function. 


B = The effective noise bandwidth defined as; 


00 


B. =i 1 Jn (w) 1 dw (C.6) 


oO 


se (w) = Steady-state transfer function normalized to its 


maximum value, Bax’ 


The power delivered to a complex (RLC) load should also be defined. The 
real power delivered is determined by taking the magnitude of the 
current, squaring, and multiplying by the real part of the load imped- 


ance. Figure C-3 illustrates the derivation of the power equations * 


2 
= I,|° Re (2.) EA R «.) (C.7) 


+ 
p=] 
Pr 
Re) 
I 


ate Re(X.) (C8) 


JE.\* Re (YL) 


bi 
a) 
T 


Figure C-3. Power Delivered to a Complex Load 
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D. Insertion Gain (or Loss) 


Two-Port 


Network 


E, Zi, 


Figure D-l. Insertion Gain - Defining Quantities 


When a two-port network is inserted between a source and a load, 
the degree of impedance match between them mayor may not improve. Also, 
if the two-port is active it may introduce a power gain or if it is 
passive, a power loss due to resistive dissipation in the network. 
Finally, the two-port may modify the bandwidth of power transfer be- 
tween the source and load. This could result in a reduction in the 
total power available at the source due to an attenuation of some parts 
of the spectrum. This is particularly true if the input is noise be- 
cause the output power would then be directly proportional to bandwidth. 
In any case, the net effect of the insertion will be to increase or 
decrease the power delivered to the load. 

If the power delivered is larger after insertion, we call it an 
insertion gain. If the power decreases, it is an insertion loss. Taking 


the ratio of power output after insertion to that before insertion, a 
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ratio greater than unity denotes a gain while one less than unity 
denotes a loss. The effect of inserting the two-port can be described 
in terms of the network's voltage or current gains as will now be shown. 

The voltage across ZL when the two-port is removed and terminals 
2-2 are connected to terminals 1-1 is 


o Zi 
Earns Z+ Zi (D.1) 


and when the two-port is inserted it becomes 


Zz, 
E,= AVE, zk z, (D.2) 


where A, is the terminated voltage gain (E,/E,) of the network. The 
terminated gain of a two-port is the gain which actually exists between 
terminals 1-1 and 2-2 when the two-port is terminated with the desired 
source and load. A, can be written in terms of the two-port parameters 
as will be shown later. 

The insertion gain is now computed by taking the ratio of powers 


delivered to the load under these two conditions as 


z Re (Z.) 


IE] 
INSERTION GAIN = Rs te Jel” 
~ ip’ Ie! |? Re ( 2) (e,1* 
‘ F Ale 
and from (D.1) and (D.2) 2 . 
- 2 F a lZs + %] 
= JAILS] ig eae Co 
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Insertion gain can also be described by taking the current ratios before 


and after insertion. The corresponding equations are 


E, i (n.4) 
eee, 8) Peet gg, te 


2 
INSERTION GAIN = R Tel Re(#.) 11.12- 
Ro ITF Re (%) Tab 


2 |Z + z.l~ 


and from (n.4) = JAr] iZ+z \@ 


(n.5) 


For a value of insertion gain less than unity, we say the insertion of 
the two-port has caused a power loss while values greater than unity 
mean a net power gain. We conclude that gain or loss is only differ- 
entiated by the magnitude of the ratio PIP: being greater or less than 


unity. 


Insertion gain is often expressed in db as determined by (n.6): 
p 6 
(INSERTION GAIN)db = 10 Loy ( si ). (n.6) 


’ 
Insertion gain is closely related to another measure of two-port 


gain called transducer gain defined as: 


Transducer Gain = The ratio of the actual power 
delivered at the output of a two-port to the available 
power at the source. 
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Using Figure D-1l and output power in terms of the current gain Ai 


Actual power at ZL 


TRANSDUCER GAIN .. 
Available power from the source 


IT.1° Re (21) Pea 
le \? VE 1E./? Re (4) Re (2s) 
4 Re (Zs) 


and substituting for 1, from (D.4) 


2 
ee 
_ 12s +2,1* _ ALAY® 
=4 TEP Re(Z.) Re (Zs) = IZ. +z] Re(#.) Re(#s). (0.7) 


In terms of voltage gain A: 


2 Re(*i) 
lEa| \z.)* 


1E51* 
4 Re(Zs) 


TRANSDUCER GAIN - 


i 4 Reo (21) Re( Zs) 
zs +7,]* 


z, 


Zz. (D.B) 


= IAv)* 


It is worthwhile to compare transducer and insertion gains. 
Seldom is the input circuit of a low-noise amplifier power matched 
to the source impedance so that transducer gain has less practical 
meaning than insertion gain. Also, insertion gain is easier to measure 


but the fundamental definition of noise factor as first presented by 
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Friis (1944) requires the use of transducer gain (see part H of this 
section). The equivalence between these two gains can be obtained by 


taking the ratio of (D.8) to (D.3) 


TRANSDUCER GAIN _ 4. Qo (ey) RG) 4Rs Re 


INSERTION GAIN lZ5+ Z.|* (Rg +R.)* 


«. 1(D9) 


and it can be concluded that the transducer gain is always less than 
the insertion gain. 
Other gain specifications are often used in two-port discussions 


and these will now be briefly mentioned. The Available Gain of the 


two-port is the ratio of power available from the two-port output to 


the power available from the source: 


_1Eel" 

4 Re (2a) IE.I Re (2s) 
AVAILABLE GAIN = le,F Esl? Re (#) 

4 Re (2s) 


godt. Vea: Re (Zs) 
= eeeea® eee cae 


The Maximum Available Gain (MAG) is determined by conjugate impedance 
matching the two-port after it has been unilateralized. 
From network theory (ITT, 1956, p. 504) the gains and impedances 


needed to compute insertion gain can be described in terms of the chain 
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matrix (ABCD matrix) and the admittance matrix elements. The following 


(EI 


equations are included for convenience: 


GE) (8 BY) (tw 


0 2 1, Yer Yee 


Ee 
Chain or ABCD Admittance 
IN = Niles ao Yor Yu 
Input impedance, Zl. 
Z, _ Ak + 7 = a Ve + Ye 
CZ.+D ! At + Yu YX. 
Output impedance, Z2; 
Zs = AZ +B Z7= Yi + Ys 
CZ,+A PNY, 


Voltage gain, AY 


ee i= Ye. 
on BrAZ. . Yee oe Noe 


Current gain, Ai; 


— Yar Yo 
A; = ———_ Ag SET SENS FF aaEY 
CZ .+D At + Yu Ve 
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E. Equivalent Noise Temperature 


Nyquists Theorem states that the noise power available at two 
nodes of an RLC network at uniform temperature, TT » 1s simply the noise 
power available from the real part of the driving point impedance Zdp' 
This theorem defines the equivalent noise temperature of a one-port 
network. Any impedance, Zdp' can be represented by a Nyquist equiva- 


lent noise source as shown in Figure E-1. 


R(f) 


vi - 4k, Rat 


Figure E-l. Nyquist Equivalent Circuit for an RLC 
Network 


Z,, = R(4) +5 X(4) 


Since the real part of the driving point impedance will generally be a 
function of frequency, it will be necessary to represent the noise 
quantities by their Fourier coefficients (Smullin and Haus, 1959, 

p. 190). For this representation, the thermal noise generated by the 
network can be represented by a mean-square noise voltage generator 
ue and we consider R(f) to be constant over a narrow frequency range 


f to £+A4f and at a temperature T. For these conditions, the tempera- 


ture T. properly depicts the available noise-power-per-unit-bandwidth, 
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kT... from the network and is therefore called the Equivalent Noise 
Temperature or sometimes the one-port noise temperature. 

In some applications it is necessary to consider the output 
terminals of a two-port network as a one-port; however, for a two-port 
network, the equivalent noise temperature is a more difficult concept. 
For this case, all of the noise at the output due to the internal 
noise of the two-port is accounted for by adding an additional noise 
generator to the input resistive termination. Figure E-2 shows the 
terminated two-port with all the two-port noise referred to the input 


and represented by the noise voltage generator ve 


Noiseless two-port with 


all internal noise 


Ri 


accounted for by the 
v2 


noise generator ae 


Source fF Noisy two-port »| Load 


Figure E-2. Two-port Equivalent Noise Temperature 


The definition for equivalent noise temperature can be derived in 
terms of noise factor by applying the basic definition obtained in 
section IV-E on two-port noise theory. It must be kept in mind that 
noise factor (and hence effective noise temperature) is a function of 
the source resistance R. For this reason, the equivalent noise voltage 


source Var is over simplified and cannot be used Indiscriminately for 
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noise calculations. For a complete discussion, refer to the two-port 


noise theory section. 


The noise factor for the system of Figure D-2 becomes 


F V2 + Var 1 4 Vor E 
a, Sage = A 
ve Gt (ae 


and if we let these mean-square noise voltage generators be represented 


by their Nyquist equivalent sources (Section IV-B) we have 


Ve = 4k Ra Ag 


(E.2) 


Vir a 4k} Rn Af 


which upon substitution into the noise factor equation gives the final 


expression relating two-port effective noise temperature and noise 


factor: 


F- /+ a ()" (F-1) TT (E.3) 


The single noise generator, Ve and equivalent noise temperature, 
T.> account for all the noise generated in the two-port without regard 
for the generating mechanism(s). The deceiving aspect of simply stating 
an equivalent noise temperature is that T. is actually a function of all 


four noise parameters of the two-port as well as R, so that; 


Pumetion of CRa, Ve, ie jy V" (=? 
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When specifying the equivalent noise temperature (or noise factor) of a 


two-port network it is always necessary to also specify the source 


resistance. 


F. Equivalent Noise Resistance 


The equivalent noise resistance is another means of specifying 
the noise performance of a two-port. The idea of an equivalent noise 
resistance is used because of its notational convenience and conceptual 
simplicity. Actually, the equivalent noise resistance is obtained in 
the same manner as equivalent noise temperature. Referring to part E 


of this section we have the noise factor of the two-port as: 


F-/]+ —) i) 


Now instead of defining the Nyquist equivalent sources in terms of an 
effective noise temperature we can consider the referred amplifier 
noise source, ae as being represented by a resistance Rg at 


standard temperature T- Doing this gives 


= 4kT. R. Af 
Ve = 4k Te Ra AF 


which upon substitution into F.1 yields 


F Pe ihe fies (F .2) 
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Any Nyquist generator can be represented by an equivalent noise 
resistance at standard temperature. This concept is used extensively 
in analyzing vacuum tube circuits (Pappenfus, Bruene, and Schoenike, 
1964, p. 251) and for specifying two-port noise parameters (van der 


Ziel, 1970, p. 32). 
G. Excess Noise Ratio (Excess Noise) 


The excess noise ratio of a noise source is a measure of the amount 
of additional noise a source contributes in excess of what it would if 
the source resistance were at standard temperature. The increase in 
available noise-power-per-unit-bandwidth that is caused by thermal heat- 
ing or by the addition of a shot noise can be accounted for by an in- 
crease in the effective noise temperature. When the source is at 
standard temperature, the power spectral density is kT. When the 
effective power is increased, the spectral power becomes kqr + Tags 
ie is the increase in effective temperature above standard temperature 


and is called the excess noise temperature. 


The excess noise ratio is the ratio of excess noise temperature to 


standard temperature: 
76 
ae (G.1) 


or expressed in decibels, 


ENR(db) = 10 log (R- (G.2) 


567 


The excess noise temperature for a resistor heated above standard 
temperature is illustrated in Figure G-l. The rise might also be 
caused by the addition of shot noise by a noise diode. The effective 
noise temperature of the source, qT: is composed of two parts, the 


standard temperature, Ty: and the excess noise temperature, Te 


Rs 


= 4k Tx R AF 


Figure G-l. Excess Noise Ratio Conversion 


The idea of excess noise is also used in discussing the noise out- 
put of a two-port network. The noise output above that which is due 
only to the source resistance is called excess noise. All the noise 
output caused by the noisy two-port is accounted for by an equivalent 
noise temperature T. or by the excess noise factor (F.-1). Figure 
G-2 will help illustrate the concept. 


The noise power output is: 


N_=EF kT GB, (G.3) 


E 
Ore 
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Figure G-2. Two-port Excess Noise Factor 


which is the sum of the noise of the source multiplied by the gain and 


the internal noise of the two-port referred to the input 


N. = kT GB + kT GB (G.4) 
oO 0 Tt 


=k TL+T)) GB, (G.5) 


and we see that T. is the excess noise contributed by the source. 
Equation G4 can also be written in terms of noise factor using the 


substitution (F_- 1) T =T._, 
r 0 r 
N= kT GB + (F. - 1) kT GB. (G.6) 
re) 0 r 0 
The factor ce - 1) is called the excess noise factor. 


H. Noise Factor (Noise Figure) 


D. O. North wrote his famous paper on the Absolute Sensitivity of 


Radio Receivers in January, 1942, fourteen years after Johnson (1928) 


and Nyquist (1928) had first experimentally and theoretically verified 
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noise voltage fluxuations in conductors. It was fourteen years after 
Johnson had reported a "disturbance which is called ‘tube noise’ in 
vacuum tube amplifiers" before a quantitative and absolute method of 
comparing receiver sensitivities was developed. Many qualitative 
descriptions of amplifier noise had been given in those intervening 
years but the definitions depended on various circuit variables and this 
made it difficult to directly compare receivers. North's proposed 
method of specifying the internal noise of a receiver was attractive 
because it depended only upon the antenna or source resistance to 
which the receiver was connected. 

Two years after North had defined the fundamental noise properties 


of an amplifier with a measure called "noise factor", H. T. Friis (1944) 


published his classical paper on the Noise Figures of Radio Receivers 
in which he derived a rigorous definition for noise factor in terms of 
a terminated two-port network and developed the famous Friis Equation 
(see Part J of this section) which determines the total noise factor of 
a cascade of noisy two-port networks. 

These two papers formed the foundation for the study of noise in 
two-port networks and the concepts they developed are still important 
and very useful in receiver noise studies. To fully appreciate the 
simplicity of the idea of an absolute sensitivity and to illustrate its 
utility for amplifiers we will present the noise factor definition much 
the same as did North and Friis. 

Before showing the basic derivation of noise factor, it is appropri- 
ate to discuss a disagreement in terminology. The problem is that the 


quantity which North called noise factor, Friis called noise figure. 
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Quite often the two terms are used interchangeably as they were in the 
beginning but it is now common practice in industry to distinguish 
between the two and we shall do so in the following way: 
1. The numerical factor, F, which North called noise 
factor and Friis called noise figure we shall call 


Noise factor. 


2. The noise factor in db as is commonly specified 


in the literature we shall call noise figure (NF) 


thus; NF(db) = 10 log F. 
The reader should be cautioned that these definitions are not universally 
accepted and therefore one must determine a particular author's usage 
when reading in the literature. As a general rule most formulas and 
calculations use the numerical noise factor, F. The following derivation 
of noise factor is based on the simple presentations of North and Friis. 
Modern definitions and terms are used but we will avoid a rigorous pre- 
sentation in the hope that a better intuitive idea of the concept of 
absolute sensitivity may be developed. 

Suppose it were possible to build two receivers identical in every 
respect except that one contained internal noise sources and the other 
was noiseless. Furthermore we must stipulate that the receivers are 
linear and that we can describe them with two-port circuit theory. 

Since they are identical, they will exhibit identical gain and port 
impedances under identical terminating conditions. Figure H-1 will 
illustrate the following definition of noise factor. 

First, the noiseless receiver is inserted between the source and 


the load and the output noise due only to the source noise amplified 
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Noiseless 


Receiver: 


Gain =G 


Source 


Noisy Receiver 


Gain = G 


Source | Load 


Figure H-l. Noise Figure Definition 


by the transducer gain, G, is measured to be Noy watts. Then the noise- 
less receiver is replaced by the noisy one and the noise power output 


Noo’ 


internally in the receiver, is measured. North (1942) defined noise 


the sum of the noise due to the source and the noise generated 


factor as the ratio of the noise power output of a noisy receiver to 
that of a noiseless receiver when the terminating conditions are 


identical; 


N 
Noise Babtor: Rue me (H.1) 
I 
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We know that the output power for the noisy receiver is the sum of 


receiver noise and source noise which may be separated to obtain 


ne (H.2) 


Fel+— (H.3) 


Equation H.3 for noise factor illustrates the important ideas that a 
noiseless receiver (Np = 0) has a noise factor of unity and a noise 
figure of Odb. 

Friis presented noise factor by a different method which helped 
workers already familiar with AM sensitivity measurements of signal-to- 
noise ratio to better understand the new concept. We recognize the 
need for the highest possible signal-to-noise ratio at the output of a 
receiver from considerations of communication theory. By intuition, 
it seems that the ideal noiseless receiver will preserve the signal- 
to-noise ratio from input to output and the noisy receiver would 
degrade it. Also we realize that any definition of noise factor must 
account for the fact that receiver terminations will affect the re- 
ceiver noise performance. Friis accounted for both of these by defining 


noise factor as: 


Available signal-to-noise ratio at the source 
F 
Available signal-to-noise ratio at the output 
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(S'/N;) 

is IN ) e (H.4) 
o 0 

The available ratio accounts for variations in terminations by defining 

the maximum signal-to-noise ratio under any terminating conditions. 

Friis' definition can be compared to North's by simply adding a signal 

voltage generator in series with the noise generator v of the source. 


Then we can define the signal and noise terms as: 


Signal Power available from the source. 


N; = Noise power available from the source. 
S) =G S; (G is the receiver transducer gain). 
N = 


pe: GEN ees Nop Ng 
Taking the ratio defined in Equation H.4 we get by substitution of the 


noise and signal terms 


Ss. N N N,, +N 
F = (—4) (-2) - 9 OLR 
fe) j. i O01 
and finally: 
N 
ae a (H.6) 
OL 


This is a form identical to that which was developed in Equation H.3, 
thus we see that the definitions are consistent. 

The actual computation and measurement of noise factor is difficult 
without developing the concept with more mathematical rigor. In doing 


this we will look at the meanings of average and spot noise factor and 
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develop two useful noise relationships. The concept of a Nyquist equiva- 
lent for the noise power of the source will be used. The incremental 
noise power output in a differential bandwidth, df, at a frequency f in 


the passband of a noiseless receiver, would be 
d No = G(f)kTodf watts, (H.7) 


which is simply the product of the transducer gain, G(f), at frequency 

f and the noise power available from the source in bandwidth df and at 
standard temperature. If the noiseless receiver is replaced by a noisy 
one, that has the same two-port characteristics, the internal noise will 
be added to that produced by the source to increase the output noise. 
The multiplication factor used to account for this increase is the spot 
noise factor, F(f). The total incremental noise output due to both 


receiver and source becomes: 
d N, = Ff) G(f) kT, df. (H.8) 


The incremental noise power at the output due only to receiver internal 


noise is obtained by subtracting (H.7) from (H.8) 
d Np = [FCf) - 1J G(f)kTodf (H.9) 


and is often referred to as excess noise. 
The spot noise factor, F(f), at a frequency f, will be defined as 
the ratio of total incremental power output to that due only to the 


source: 


DD 


Spot Noise Factor, F(f) = dN =1+ ae (H.10) 
Ol Ol 
The relationships of (H.B) and (4.9) are useful in device noise calcula- 
tions and will be used in deriving noise factor formulas. 

Another definition of noise output leads to the concept of average 
noise factor, F. It is defined as the ratio of total noise power output 
to that due only to the source. Average noise factor is obtained by 
integration of (H.7) and (H.B) over all frequencies. Because of this, 


the average noise factor, F, can be thought of as an average over the 


the entire amplifier bandwidth 
Cc 
mee Gf) df 


No 
F Ne, ——— (H.11) 
kk| GCF) df 
o 


which leads to the definition for average noise factor as given by the 


IRE Subcommittee 7.9 on Noise (1963b): 


co 


(rcp G(f) df 


(H.12) 


G(t) df 


ie) 


It will now be shown that (H.12) is consistent with the concept of 
effective noise bandwidth and that the noise factor definitions of 
North and Friis are valid for average noise factor, F. 

Integration of Equation H.B gives a relationship between noise 


output and noise factor that is widely used (Friis, 1944) and 
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(Pappenfus, Bruene, Schoenike, 1964, p. 343). It is necessary, however, 


to know the conditions for which it can be applied. The total noise 


output is 
00 
N, =kT, fFOQ)GC)df (H.13) 
oO 
which leads to, 
N = F kT GB (H.14) 
Ne) on n 
where F = Average Noise Factor 


G, = Value of Ig(f)1 : with which B, is normalized. 
Also G. is the transducer gain at the frequency 
of normalization (see Appendix, Part B). 


B. = Effective noise bandwidth. 


To show the validity of Equation H.14 we remember that noise bandwidth 
is defined from the equation (see Equation B.8): 

oo 

G(f£)df = GB (H.15) 

° 

On brief examination, Equation H.12 appears to be just a convenient 
way of defining a product which will lead to Equation H.14. A more 
satisfying way to define "average" noise factor, and at the same time 
time verify (H.12), is to obtain the mean (or expected) value of the 


function F(f) as in the probabilistic sense. Because average noise 
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factor is obtained by integration over the total amplifier bandwidth, 
this author chose a probability density function, P(f), which is defined 


using the equivalent noise bandwidth in the following way; 


CP(f) df = Io df -4 (H.16) 


oO 


The mean value of the spot noise factor, F(f), is found by integrating 
the product of F(f) and the probability density function of (H.16), 


(Beckmann, 1967, p. 80) 


les) oo 


F — Perce PCs) df fre G(F) _ df (H.11) 


ie) 10) 


and upon factoring out GB and substituting (H.15) we get: 


{ F(f) G(4) df 


F 7 (H.18) 
] G(t) df 


oO 


It is important to note that the average value of F(f) was determined 
for the entire receiver bandwidth by averaging with a probability 
density determined by the transfer function, G(f) = Ig(f)1 7+ 

In certain applications, such as in the Friis equation, it ls 
necessary to use still another concept for average noise factor--the 
average over a small bandwidth Af. This average is used in the computa- 


tion of noise factor for a superheterodyne receiver. By direct 
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application of the Law of the Mean for Integrals we obtain the average 


noise factor F over a small bandwidth Af. 


Of 
f+ 


F + f Fmat (H.19) 


f- 4f 
i 
The difference in F and fF is that the former is a weighted average 
using the bandpass characteristic Be while the latter is an average 
over a small bandwidth. 
Each of the three types of noise factor have a definite role 

in noise calculations and they have been presented in this section to 
aquaint the reader with their differences. In closing, we note that 
the average noise factor, F, and spot noise factor are related by the 


following limiting process: 


Lim Fo F(f) a 


I. Spot and Average Noise Factor 


A distinction needs to be made between two different types of 
noise factor measurement and specification. When the noise factor of 
a complete receiver or a narrowband RF amplifier is measured, the noise 
contribution over the entire bandwidth is averaged to give a net noise 
power output which, when used in the noise factor definition, will give 
a value referred to as the average noise factor. On the other hand, 


for a wideband amplifier the noise factor is usually measured over a 
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narrow portion of the total bandwidth and if we consider the bandwidth 
infinitesimally small at a specific frequency we have the spot noise 


factor. The term spot noise factor will be represented by the symbol 
Spot Noise Factor = F(f) 


and is used in emphasizing that the noise factor is a point function of 
frequency. Usually the distinction is not made when the context of the 
application makes it clear which noise factor is being used. 


The quantitative relation between average and spot noise factor is 


F(¢) GCF) df 


Average Noise Factor, F = —~—————_- (1.1) 


Jow df 


fa) 


where f is the receiver input frequency and G(f) is the receiver trans- 
ducer gain. Refer to the Noise Figure section of this appendix for 


detailed derivations of the concepts. 


Noise factor and noise temperature are related by the equation 
Dev > 4). 7,. (1.2) 


and it follows that noise temperatures must also have spot and average 
values. This distinction is not made in many papers on noise but it 
is important to realize that spot and average noise temperatures have 


the same application as their noise factor counterparts. 
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J. Friis Equation 


The Friis equation (Friis, 1944) relates the noise factor at the 
input of a cascade of two-port networks to the noise factors and gains 
of each individual stage. Figure J-1 illustrates the connection for a 


series of n cascaded stages. 


Figure J-1. Cascade of n two-port networks with noise factor, 
Fy transducer gain, G. and equivalent noise 


temperature, T, ° 


To derive the Friis equation one needs to determine the available 
noise power output for each two-port and solve for the total input noise 
factor, FT. The available output noise power for the first two-port, 


assuming an optimum source resistance at standard temperature, is 


Ny = FykTyG,B (J.la) 


1 1 ol 
or in terms of noise temperature, 


Ny = k(To + T,)G,B. (J.1b) 


where Fy = Noise factor of the first two-port 
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G = Transducer gain 


B, = Effective noise bandwidth normalized at G 
T, = Noise temperature of the first two-port. 


1 


To be able to derive the Friis equation in its original form, it is 
necessary to assume that all two-ports in the cascade have the same 
equivalent noise bandwidth. We now let this common bandwidth be denoted 
by B and continue the derivation. Also, to be completely correct, the 
noise factors and noise temperatures in Equations J.1 through J.5 must 
be average values. The super-bar denoting average has been left out 
to make the equations look like those commonly seen in the literature 
and because, for some special circumstances (Equation J.8), the equations 
are valid for both spot and average values. 

The noise power output from the second two-port can be obtained by 
multiplying the noise output of the first by G, and adding the excess 
noise (Appendix, Part Gand Equation H.9) power output of the second two- 


port. Doing this we get 


N, GN, +(Fe-1l) KRG, B 


F, kKTe G, G 8 +(F-!) kT. G, B (J.2a) 


or, 


N, =k (%+T) GG. B+kih& B, (J.2b) 
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To obtain the total noise factor of the cascade, the noise factor 
definition as: the ratio of total noise power output to that due only 


to the source, is applied to give 


Ne (F.-1) 
kT. GG, B G, 


(J.3) 


where N, is obtained from (J.2a) and the output power when the two- 
ports are noiseless is found from (J.2a) by letting F and F, be unity 
or from (J.2b) by letting YT and T, be zero. 


Continuing this procedure leads to the generalized Friis equation 


which applies to a cascade of n two-ports: 


A - | F, -l F-I 
a ae Sa a Sr ae 


(J.4) 
For additional information on the Friis equation refer to Kraus (1966, 
p. 262) and for a discussion on the applicability of the Friis equation 
and its analog for noise measure, refer to van der Ziel (1970, p. 33). 
The Friis equation in terms of the noise temperatures in the 
cascade can be obtained by substitution of the relationship between 
noise temperature and noise factor (Equation E.3), i ie = Csi - DTo 


into Equation J.4: 


Th Ti a Th 
= + G ‘Ca i es (J.5) 
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The Friis equation in the form of (J.4) is useful for computing the 
total effective noise temperature of a cascade of linear two-port 
networks when they have nearly identical passband characteristics. 
It may also be applied to an RF mixer if the mixer model can be 
represented by an ideal unity-gain frequency translator followed by 
a noisy amplifier of similar gain, bandpass, and distortion character- 
istics. 

When the two-ports have dissimilar passband characteristics the 
actual integrations over gain and noise factor must be carried out. 
In an incremental bandwidth, df, at frequency f, the incremental 


power output of the first two-port is 


dN, = kT UF, (£)G, (£) df (J.6) 


L 


where F (f) =Spot noise factor at frequency f 
G, (f) = Transducer gain or the absolute value of the 


transfer function squared, Ig) (f)1 a 


The incremental noise power output from the second stage would become; 


dN, =G,(H)dN, +kh CR —1) Ge) df (J.7) 


The ratio of, 
1) the incremental noise power output due to amplifiers and 
source to, 
2) that noise due only to the source, will give the Friis equation 


for the spot noise factor at frequency, f 
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F (ft) Ff) + ra (J .8) 


which is of the same form as Equation J.3. From this we conclude that, 
for spot noise factor, the Friis equation in the form of (J.4) is 
valid even if the bandpasses are not identical. 

When the average noise factor is measured, the error caused by 
dissimiliar bandwidths may be considerable and the only way to compen- 
sate for it is by direct integration. The average noise factor is 
obtained by taking the ratios of the total powers--not the incremental 
powers. The total noise power output from the second stage is found 


by integrating Equation J.7 after substitution of (J.6): 


N. = KTol 4) ¢.cr) Gate af +kt [(Rw-l) @ df 


Oo (J.9) 


The total noise power output due only to the source is: 


kTIo #£G.(#) G.(4) df (J .10) 
ie) 
The ratio of Equations J.9 and J.10 defines the average noise factor 


for the two two-ports in cascade: 
= Jr (f) GGA) GCF) dF WAG (f) - UG, (f) dt 

F ° SS ° = 
io. (#) G, (¢) df 


(J.11) 
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This equation can be extended to more two-ports in cascade but 
performing the integrations would not be practical. There are two 
simplifications that can be made to Equation J.11 which will simplify 
it to make calculations easier. First, assume that the bandwidth of 
the first two-port is much wider than the second and that the equivalent 
noise bandwidth of the second is completely contained in the bandwidth 


of the fRrst. The integrations will simplify as 
io) 


F. (f) G.(f) G. (4) df F (£) G(f.) | G(s) df 


Be G.gydf = G (ft) aes df 


oO 


f 
UF. (4)-1) G, (F) df 
: = (F -J) (1.1Z) 
i Ga. (Ff) dF 


where it has been assumed that the noise factor and gain of the first 
stage is essentially constant over the noise bandwidth of the second 
and that fo is the center frequency. 
Substitution of these simplifications into (J.1l) yields 
F ( f.) + (A=). (J.13) 
G, (fe) 

where FIC,) and Gl(f,) represent the spot noise factor and gain of the 
first stage at frequency fo and Fo is the average noise factor of the 


second stage. 
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Now we assume that the bandwidth of the second stage is much 
larger than that of the first. For this case the integrations wilt 
simplify to: 

oo 


frm GN Git df Gx (Fe) fr (FGF) elf 


(J.14) 


sd co 


fc (f) G.(f) df = G59] ee df z G(h)G, (f.) 8, 


oO 


Substitution into (J.1]) gives 


[-*) 


cxf (f) GCF) dF Se (4)~-J) G() df 
+ ) 


- oO 


‘fy o fo 6) 


cut] G, (f) df cxtof G.(f) df 


6 O 


[ee -|) G, (f) df UG, {f) df 
a i rr 
| G (4) df Gus) Ga) dF 


° 


G2 ( ¥,) B. 


= fam R- 
at Gel fs) GR) B, 


(A -)) B. ee | 
= -F, e G, (Fe) ; 8, re ‘B, ~ ee 
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where B and B, are the effective noise bandwidths of the first and 
second stages. The results of Equation J.15 illustrate the increase 
in noise factor caused by the wide noise bandwidth of the second 
stage. 

Equation J.13 is representative of the results obtained with a 
superhetrodyne receiver where the IF bandwidth is much smaller than 
the RF bandwidth. Equation J.15 illustrates the error in noise figure 
that can be caused by using a postamplifier with a noise bandwidth 


larger than the preamplifier noise bandwidth. 
K. Noise Measure 


Although the specification of noise factor has remained adequate 
as a criterion for specifying the low-noise performance of a complete 
receiver as originally envisioned by North and Friis (see part H of 
this section), it has limited usefulness for individual amplifier 
stages. The principle difficulty is that, in trying to eliminate gain 
as a variable, North eliminated an important functional property of 
the amplifier--to provide gain. Intuition tells us that a low-noise 
amplifier with low gain is not as useful as one with a slightly higher 
noise factor but a much larger gain. This intuitive feeling can be 
quantitatively verified by using the Friis equation to evaluate the 
noise performance of an amplifier stage. Haus and Adler (1958a) were 
the first to formulate a measure of noise performance which accounted 
for both noise figure and gain. The theory of noise measure as 


developed by Haus and Adler will be presented here to illustrate the 
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concept and to demonstrate a useful application of the Friis equa- 
tion. 

Suppose that two amplifiers are to be used in cascade and that 
a choice has to be made, on the basis of lowest noise factor, as to 
which will come first. Figure K-Il shows the two different ways of 


connecting the amplifiers. 


Amplifier - 1 Amplifier - 2 


(a) Amplifier No. 1 is First 


Amplifier - Z Amplifier - 1 


Fy 


S 


(b) Amplifier No. Z is First 


Figure K-l. Noise Measure Definition 


Writing the Friis equation for both connections: 


K- FI 
oe eee ee, oe 


Ee -/ Fs = ] 
a (K.2) 
Fay. = Fas Ge tee 
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To compare the two connections and determine the best amplifier 
to be inserted as the first stage we can specify a criterion such as 


Foy > Fio and obtain: 


Fl F-I 
Ge eee as a (K.3) 


Rearranging to get amplifier I and amplifier 2 terms separated gives 


Fo F, -1 


J - —ne 


G, G, 


(K.4) 


and we conclude that the amplifier that should be inserted. as the first 
stage is not the one with the lowest noise factor but the one with 


the lowest Noise Measure as defined by: 


Noise Measure, M* ---------- (K.5) 


In summary, the specification of noise measure is best applied to the 
situation where two amplifiers are to be connected in cascade and the 
choice as to which connection will be made is one of choosing the 


amplifier with the lowest noise measure to be first. 
L. Noise Merit 


After a careful analysis of the problem of choosing between two 
amplifiers for a particular low-noise application it is the conclusion 


of this author that there is no single factor of noise merit which can 
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be specified in advance that will indicate the best choice. Noise 
factor as a single specification is inadequate because it does not 
account for the gain which may be needed to overcome the noise of 
succeeding stages. Noise measure is adequate for specifying which of 
two amplifiers, that are to be connected in cascade, should come first 
but it will not indicate the best single amplifier for an application. 
The only way to make the proper choice is by a direct application of 
the Friis equation. To compare two amplifiers for a specific applica- 
tion it is necessary to solve the Friis equation for each one and then 
select the one that yields the lowest total noise factor. Figure L-1 


is used to demonstrate how to compare two amplifiers. 


Amplifier #1 


Figure L-1l. Total Noise Comparison 
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The respective total noise factor equations are: 


F, 


I 
a 
g 


(L.1) 


F. 3 = F. he B-/ 


These equations have been manipulated to try and develop a single factor 
of noise merit but all attempts were fruitless. Any expression compar- 
ing the amplifiers always contains the noise factor, F,, of the succeed- 
ing stage which makes any choice depend on three variables; amplifier 
gain, amplifier noise factor, and the noise factor of the succeeding 
stage. 

It was discovered in the investigation of this problem that it is 
possible to set reasonable criteria on the selection of system variables 
to produce the best possible noise factor. The following scheme was 
developed which can graphically illustrate the trade-offs that exist 
in amplifier selection. Figure L-2 shows the system to be analyzed and 


defines the system variables. 


* 
Post amplifier 


p 


Figure L-2. Circuit Connection for Amplifier Selection 


*In a superhetrodyne receiver, the post amplifier is called the Intermediate 
Frequency (IF) amplifier, or simply the "IF." 
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The approach used is to select the values of preamplifier gain, 


G,, 


amplifier noise factor, FA' by a fixed amount. Setting fixed percent- 


and postamplifier noise factor, Be which will degrade the pre- 


age increases in noise factor or fixed db increases in noise figure 
were not reasonable because they tend to degrade the lower noise pre- 
amplifiers more than practically necessary. To set a reasonable level 
of degradation it was discovered that a fixed precentage of noise 
temperature gave the best results. 

With this scheme, amplifiers of all levels of noise output receive 
the same degradation. A ten percent noise temperature degrading scale 
was devised. The derivation of the applicable equations will now be 
given. 

If the noise temperature of the amplifier is to be degraded by 
ten percent, the Friis equation written in terms of noise temperature 


must be determined 


T, = T, + T,/G (L.2) 


where for ten percent, 


T)/G, = 0.1 Ty (L.3) 


and 


T, #1.1T (L.4) 


A’ 


Substituting the relationships between noise factor and noise tempera- 


ture, T= T, (Fp - 1) and T 


ae T) (Fy - 1) yields: 


T 
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Using the Friis equation in terms of noise factor and equating with 


(L.5) gives: 


Fr = 1K - 0.7 ee ee (L.6) 
Ga 


and (L.7) 


Fp -I 


AR- y+ Sl Gp 


For less than ten percent degrading of noise temperature, Equations L.7 
can be solved to give the following conditions; 


Fa-] 


specify FA and G,, then: Fs =] +t Ga TO 


or 


aT | 


specify FA and Fy! then: Ga = /O 7 (L.9) 
A = 


A plot of equation L.8 for the condition of equality is given in the graph 


of Figure L-3. Noise figure in db is given for convenience. The 


BIq OSTON ATT Tdwy 3scq 


.d 
qP° AN - 94n 


1O+ int “i050 | Noise Temperature »10 


oe 


2 2 
5 
0 5 10 


Preamplifier Gain - GA,db 


Figure L-3. Trade-off Curves of Gain and Noise Figure 
Noise Amplifier 


[ Preamplifier Noise Figure - NFA,db 


Degrading Curves va 
| F Hie ay . 
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selection of either NFA and G, or NF and mee will specify a point 
from which the necessary condition on either NS or Gy may be read 
directly. As an example suppose a preamplifier has a noise figure of 
6db and a gain of 6 db. Then a postamplifier noise figure of less 

than 3.4 db will degrade NFA by less than 0.3 db (the noise temperature 


is degraded by less than ten percent) and the total noise figure will 


be less than 6.3 db. 
M. Noise Matching 


From two-port noise theory (Chapter IV-E) we know that noise 
factor depends upon the source resistance, R., for the two-port input. 
Also it is known that there exists some optimum value of source 


resistance, R which will give a minimum noise factor. We also 


sopt’ 
discovered the condition for maximum power transfer, R, = R. , was 


not generally the condition for minimum noise factor, i.e. the optimum 


source resistance, Reopt?t not equal to the two-port input resistance, 
Re 
tn 

In high-frequency amplifier circuits that are used for low-noise 


applications, an adjustable matching network is usually provided as a 


means of adjusting for Nope When this network has been adjusted so 
that R, = Roop! the noise factor is a minimum and the amplifier is said 
to be noise matched. To illustrate the importance of noise matching, 
refer to Figure M-l which is a plot of noise figure as a function of 


normalized source resistance. It should be emphasized that minimum 


noise factor does not occur at maximum power transfer, Bont # R.° 


For the example in the figure, RL =2.8 R ° 
in sopt 
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Frequency: 120 Mhz. 
Bandwidth: 50 Khz. 


Input Tuning: Tuned for max gain. 


Configuration: Common Source. 


5 Bias Conditions: Vai = 20 v. 
Ids = 3 mao 
R 700 ohms. 
sopt 
4 Rin: 2000 ohms. 
3 
0 
a 
o 
<i 
a) 
of 
fy 
nT) 
H 
0 
Zz 
{ 
J Nia 
0 
0.1 2 5 1.0 2 5 10 
R, 
Normalized Source Resistance, 
sopt 
Figure M-1l. Noise Figure as a Function of Normalized Source 


Resistance for a VHF FET Amplifier 
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N. Noise Tuning 


It was shown in the section on two-port noise theory that, in 
general, the characteristic noise generators are partially correlated 
(Section IV-E). Because of this correlation it is possible to provide 
a reactive termination at the input and actually effect a reduction in 
noise factor. In high-frequency amplifiers this is accomplished by 
tuning the input tank circuit off resonance. When using an automatic 
noise figure meter it is possible to tune for a noise factor minimum. 
This process is referred to as noise tuning. This author's experience 
has shown that, for low-noise transistor amplifiers, the tank should be 
tuned below resonance so that the input is presented with a capacitive 
reactance. 

Figure N-1 shows typical NF contours for an amplifier which first, 
has the input tuned for maximum gain and then, capacitively noise 
tuned for minimum noise figure. These numbers are typical and illustrate 
the improvement which can be obtained by noise tuning. 

The improvement in noise figure of 1/2 db represents a decrease in 
the effective noise temperature from 148°K to 1OloK. In low-noise 
applications, the improvement in noise temperature is worth the effort 
of noise tuning. For both noise matching and noise tuning, an automatic 
noise figure meter greatly reduces the labor by allowing direct observa- 


tion of noise figure when adjustments are being made. 
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Tuned for 
maximum gain 
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5 Noise tuned for 
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Source Resistance, Rs - Kilohms 


Figure N-l. Effect of Noise Tuning for a Two-Port 
Network 


O. Reference Temperature, Ty 


A standard reference temperature needs to be defined when discussing 
noise theory in communication circuits. Concepts such as Noise Factor 
and Equivalent Noise Resistance are formulated on the basis of a 
specific reference temperature. se - 290°K is the reference temperature 
which will be used in this report because it is the one most commonly 


used today. 
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Table O-1. "Standard" Temperatures 


Source oK (Approx) °F(Approx) 


IRE Subcommittee 7.9 on Noise (1963b), the most 


accepted standard for noise studies 290 62.6 
Earths average surface temperature, (Kraus, 

1966, p. 342). 290 62.6 
Healthful room temperature 293-295 68-72 
Typical laboratory ambient 294-300 70-80 
Smullin and Haus (1959, p. 189) 293 68 
Lawson and Uhlenbeck (1950, p. 99) 292 66 
Phillipsa (1962, p. 68) 300 80 
Alley and Atwood® (1971, p. 19) 300 80 


aTransistor theory texts. 


When reading literature on noise theory it is important that the 
reader know what the author means when he says "standard temperature”. 


" 


Table O-1 lists some commonly used "standard" temperatures for the 
reader to compare. An arguement for retaining 290°K as a standard 
could be based on the fact that the earth's average temperature is 
about 290°K, (Kraus, 1966, p. 342). It is difficult to maintain a 
constant temperature in the laborabory where sensitivity measurements 
are being conducted. When necessary, the few percent error introduced 


by making measurements at temperatures other than 290°K can be compen- 


sated. Experience by this author has shown that the error involved is 
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usually within measurement accuracy and therefore is not accounted for 
in most practical situations. 
P : 0 
To this author's knowledge, the first author to adopt a 290 K 


standard was Friis (1944). 
P. Sky Temperature 


The solar system and the galaxy are filled with radio noise sources 
much the same as they are filled with optical sources. It is possible, 
at times, to have a receiving antenna oriented such that it will receive 
enough energy from these noise sources to cause an important increase in 
effective antenna noise temperature. These sources of noise can cause 
a reduction in signal-to-noise ratio and should be considered in a low- 
noise receiver installation. 

All the noise that is induced in an antenna and caused by extra- 
terrestrial noise sources will be termed sky noise and its contribution 
to the effective antenna noise temperature will be called sky temperature. 
This definition is not universally agreed upon and when reading any 
article on antenna noise it is advisable that the reader determine the 
author's usage of the term. The major sources of sky noise are the 
sun and the galaxy (notably from Cassiopeia A). Other sources which 
are weaker but may cause interference under certain circumstances of 
antenna orientation and gain are Jupiter bursts and extragalactic noise 
from Cygnus A. 

The discovery of galactic noise by Jansky in 1932 was the birth of 
radio astronomy and also signaled the beginning of an awareness that 


this noise could ultimately limit the sensitivity of a receiving system. 
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Sky noise contributions from solar radiation are most noticeable during 
high sunspot activity because solar flares can cause high intensity 
radio noise (Kraus, 1966, p. 8). 

The calculation of sky temperature for a particular antenna 
installation would be very difficult. One would have to specify the 
antenna orientation and directive gain D(8,9$), (see section III-A). 
The calculation would also depend on time of day and year. Even after 
all of these are specified, the noise power at the antenna can only be 
obtained by integration, over the entire visible sky, of the antenna 
beam power pattern and the flux density of all the sky noise sources. 
For these reasons it appears that one must measure, not calculate, this 


contribution for each individual antenna installation. 
Q. "Hard" and "Soft" Microvolts 


When measuring the AM sensitivity of a receiving system, the 
magnitude of the voltage from the sinewave generator must be determined. 
Since there are several ways that the voltage level may be reported it 
is necessary that a standard be adopted. This will help avoid any con- 
fusion as to how to report the generator level. There are three meaning- 
ful voltages which may be used: 

1. The open-circuit or Thevenin voltage of the generator. 
This is the so-called "hard" microvolts output. 

2. The output voltage when the generator is power matched 
by the load. This is the actual receiver input terminal 
voltage under power matched conditions and is the so- 


called "soft" microvolts output. 
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3. The actual terminal voltage at the input to the 
receiver under test conditions. This voltage may 
differ considerably among different receivers of 
the same sensitivity and also from either the "hard" 
or "soft" voltage. 


Figure Q-1 is used to illustrate these three different specifica- 


tions. 


6 db reduction 


(a) Hard microvolts, ey (b) Soft microvolts, 5 - 


Rs # 
e, e.=e 


(c) Variable R. > variable e, 


Figure Q-l. Microvolt Specification in Receiver 
Sensitivity Measurements 
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For most cases, the hard-microvolt specification is the one that 
should be used. It's advantages are that: 
1. It is equivalent to the Thevenin voltage. 
2. It is a measure of the available power and hence 
closely related to the noise voltage generator of 
the Nyquist equivalent. 
3. It is the open circuit voltage of a receiving 
antenna. 
4. It remains constant for variations in the receiver 
input impedance. 
Comparing receivers with different input impedances may seen incon- 
sistent but, as shown by two-port noise theory in Part E of Chapter IV, 
each receiver should be optimized to provide minimum sensitivity from 


the same specified source impedance. 
R. Single and Double-Sided Power Spectra 


The use of Fourier transform theory in the study of noise in 
communication systems is a very valuable technique but to properly 
apply this theory one must be careful to distinguish the mathematical 
tools from the physical concepts. For the most general applications 
we know that the double-sided power spectral density function and the 


autocorrelation function are a Fourier transform pair: 


v 


g~) - Rx (T) al dt (R.1a) 
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R, (w) Le fg (w) & ae du, (R.1b) 


For general transform theory it is necessary to work with the complex 
transform but when dealing with random processes that are real, both 
the autocorrelation function and power spectral density function are 
real and even (Papoulis, 1965, p. 388). Since the random processes 

for noise in communication systems are real, we can take advantage of 


the properties of even functions to reduce the integrals to the form 


¢. w) = J Rx(T) coswre AY (R.2a) 


-o 


Ri, (w) sh fs (~) cos we dT (R.2b) 


~ 


where the exponential is reduced using Eulers relation and the jsinwT 
part of the integral is zero because the sin function is odd. The 


double-sided power spectral density function is even so 


J, (09) : $, (-&) 


and it has amplitude for both positive and negative frequencies. Of 
course the spectra that we deal with in the real world are only defined 
for positive frequencies so how are the real spectra and the double- 


sided spectra related? To represent a real spectrum we will define a 
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"real" or single-sided spectrum to be that either measured or defined 
for positive frequencies only. The symbol, S(w), will be used to 
represent the power spectral density function of a single-sided 
spectrum. 

The double-sided or "mathematical" power spectral density function 
is obtained from the single-sided or "real" one by the amplitude- 


scaling and even-function transformations of: 


4 Sy) for WO 


J, (w) = (R.3a) 
4, S(-w) for wdo 


2 g (w) for Ww2o 
(R.3b) 
Oo for ow 20 


—_— = = —-— |—- aw» 


Wo 


(a) Single-sided spectrum (b) Double-sided spectrum 


Figure R-l. Spectrum plots for both single and double-sided 
power spectral density functions 
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This transformation is obtained from the requirements that the function 
be even and that the mean-square value computed using either o (w) Or 
Ss. (w) be the same. Figure R-I represents the spectrum plots for both 
the single and double-sided spectra of a real process. Note from the 
figure that the double-sided power spectral density function is even 
and that the spectral amplitudes are scaled so both spectra yield the 
same mean-square value (equal areas) for the variable they represent. 
Because the transforms are even functions, the transform pair of 
Equations R.2 can be reduced to just positive frequencies to give: 


Jw - Ja Rit) coswt dt (R.4a) 


Bx (w) = f $,.(w) cosw t dw (R.4b) 
6 


Now that we are exclusively in the positive frequency domain it follows 
that the single-sided power spectral density function can now be sub- 
stituted for the double-sided one to give the single-sided or "real" 


transform pair: 


O 


S, (Lu) 4 | Rutt) cos we dt (R.Sa) 


Rx (%) ee S.(w) Cos wt dow (R.Sb) 
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Equation R.5a is the common form of the famous Wiener-Khintchine 
theorem (van der Ziel, 1954, p. 316) which relates the real power 
spectral density function to the corresponding autocorrelation function. 

We now see that there is a choice, when one works with power 
spectra and transform theory, of dealing with only positive fre- 
quencies or extending the analysis technique to negative frequencies. 
The choice of which transform pair to use is strictly up to the user. 
As a general rule it seems more appropriate to work with the single- 
sided spectra since then we only deal with real frequencies but some- 
times it is easier to do the integration of the complex form. The 
user should decide which equations are the most appropriate, in terms 
of simplicity, for his particular application. 

Both single and double-sided power spectral density functions 
must give the same mean-square value of the time function they repre- 
sent. Knowing this, we can obtain the following formulas for the 


mean-square value: 


Double-sided Single-sided 


neko ae 


X(t) Rx (0) X#) - Rx (0) 


as [ (w) dw -_ +5 im dw 


«hase dw 
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where a particular value of Xi is used to determine the slope at that 
point. 

The total error in the function due to incremental errors in the 
measured variables is the sum of the products of the slopes and the 


incremental errors (by the chain rule of partial differentiation): 


= at AX, + oy ake ue a AX, (S.5) 


The total uncertainty of the measured variable Y is the absolute 
magnitude of Equation S.5. From the triangle inequality, we know that 
the absolute value of the sum of n variables is less than or equal to 


the sum of their absolute values 


2 Zy| & = [Z| 


which is applied to Equation 8.5 to give: 


[AY| 4 


oy ay [SY 
va [Ax,| + Bx |Ax2| + Sy | [AXn| (8.6) 


Larger upper bounds may be found for | AY| by applying algebraic methods 
to (S.1) but ©.6) is the smallest of the upper bounds so it is referred 
to as a least upper bound. The slopes in (8.6) are evaluated at the 
nominal value of each of the variables while the error values are the 
maximum possible error. In this respect, the uncertainty is defined as 


the maximum possible error. 
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In actual circumstances, the measurement error is seldom as large 
as the uncertainty so reporting the uncertainty of a measurement gives 


the most pessimistic estimate. When the variance, q 2, 1S known for 
i 

each of the variables xX the variance for Y of Equation S.1 becomes 

(Young, 1962): 


2_ (aY¥ \oe, (dV Vr, fay Vee 
ow = (2E)o5, + 3y,)or + (Se \on a (S.7) 


Reporting both the uncertainty and the variance for Y is better than 
reporting either alone. The variance gives information about the most 
common magnitude of error and the uncertainty gives the maximum possible 
error. More sophisticated techniques of error reporting such as deter- 
mining confidence levels will not be discussed. 

Consider as a simple example, the two variable function of Equation 


S.7: 


Y¥(x,3) +3 (ltx) + x? (5.7) 


The slope of Y for each corresponding variable is: 


be 
¥ 
+ 
ray) 
x< 
Ee 
~< 


1 +X 


oe 
WN 


The error in Y(x,z) at the nominal values of x, and Z becomes 
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AY (%, Je) = (30 +2Xo) AX + C1+x,) A3 (S.8) 
and the corresponding uncertainty is: 


[AY | = |Z +2Xo| JAx| + [\+ Xe] {A3| (S.9) 


These results could also have been obtained from (S.7) by letting 
a xX + AX, Z) =Z+4Z, ignoring higher order terms and solving 
algebraically. This method may be preferred when higher order effects 
must be accounted for but care must be taken to avoid obtaining too 
large an upper bound. 

Sometimes it is necessary or more desirable to express the error 
or uncertainty in decibels rather than numerically. This is accomplished 
by taking the difference of the logarithms of the measured and true 
values. For the measured variable X = X + OX, the true value is X and 


the numerical error is AX. The error in decibels is determined as: 


10 Log (X+ AX) — 1OLey X 
= 10 deg (| + a) (S.10) 


In terms of the uncertainty in X this becomes: 


§X = 10 og ¢ t om) (S11) 
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The §—notation will be used to denote error and uncertainty values in 


decibels. 
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